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Hydrodynamic instability of flames of -
Thermo diffusive phenomena 2nd day
Thermal quenching and flammability limits

Flame kernels and quasi-isobaric ignition

Thermo-acoustic instabilities. Vibratory flames fifth day 4
Turbulent flames I lecture
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Lecture 1: Orders of magnitude

Overall combustion chemistry
Combustion waves in gaseous mixtures

Arrhenius law

Hydrocarbon /air flames

Instabilities of flames
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1-1: Overall combustion chemistry Lavoisier 1777

reactants — products + heat release

binding energy of small molecules ~ a few eV
leV /molecule ~ 23 kcal /mole = T, —T, ~2000 K
(C) ~ 10cal/mole/K)

reaction time 7,.(T") extremely sensitive to temperature:
T < 500K : 7-(T) =~ oo (frozen mixture of reactants)
T ~ 2500K : 7,.(T) ~ 10~ Fs. Euler 1738

thermal feedback = combustion waves

Propagation J
Cold (frozen) velocity Hot burned gas Davy 1830
Reactive mixture U +— (equilibrium) ‘\
Reaction

front Ignition
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1-2: Combustion waves in gaseous mixtures

Bl

- &

A

a@len /oxygen
Flames: 10cm/s—10m/s, Ap/p~ —107"

Laminar propagation

V& et

Mallard, Le Chatelfer 1883

Laser Tomography
L.Boyer 1980

Bec Bunsen
J. Quinard 2000

Fast deflagrations: ~ 100 m/s, Ap/p = —10~1

Turbulent peragation John H.S. Lee 1990
Detonations : = 2000 m/s, Ap/p~ +30 Berthelor, Ville 1354
3000 m/s

Cellular structure

Shchelkin 1960



Marcelin Berthelot (1827-1907) Paul Vieille (1854-1934)

Ernest Mallard (1833-1899) Henry Le Chatelier (1850-1936) Yakov Borisovich Zeldovich (1914-1987)
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Back to the kinetic theory of gases

Binary collisions of molecules

4\5 distance >= 1

mean free path Maxwell 1867 Bolzmann 1877 Einstein 1905

;< velocity >=V = /3kgT/m

speed of sound: a =~V

RVl < time >= 1o = 1/V

{ Teon - collision time = relaxation time
P4

Equilibrium state. The Maxwell-Boltzmann distribution

m : mass of molecules, n : number density, 1" : temperature, kg : Boltzmann cst.

3/2 ,
f(GQ) (v, n, T) Bvddr = n—=> e~ MIVIT/(2kBT) g3y @3r

_— S (2mkpT)3/2

velocity of molecules element of volume

Molecular diffusion = Random Walk

1 o—T> /4Dt D=1V = 12/7-00” ~ @’ Teoll
(47 Dt)3/2

spreading :
Diffusion coefficient
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Parameters

chemical energy/unit mass ¢,, = T1p/T, =5—10
sound speed, ap/a, = /Tp/ T,
reaction rate 1/7,.(T,) = 1/7(Tp) =3 x 10°s™

molecular and thermal diffusion coefficients D ~ D
(length)? /time

Detonation= shock driven reaction wave; Flame=reaction-diffusion wave

Dimensional analysis
detonation: D = \/q,, = ap

/ ~ 1000 m/s
\

chemical energy/mass

(gm] = (Velocity)2

propagation velocity supersonic D/a, > 1

—_— 3 2 1
D] = (velocity)” x time laminar flames: Up ~ /D/7.(T})
10~ °m? /s ~1m/s
9 subsonic Ur/a, <1
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1-3: Arrhenius law

Overall reaction rate: highly sensitive to temperature, Arrhenius law

Products

\

Collision in gases Ic
CO D11

Rectants

Maxwell-Boltzmann distribution

E
kgTy

Kinetic theory of gases = Arrhenius law

m'u2 1

Energy

Q.

oo

T o0

20

<3
% <
—
< | Regtants =&
) A
= ==l
2 =
= Products
aa) Progress variable

large activation energy

e E/kBTy oy g« 1074

Ty/T, =8 = e B/kTu 1.6 x 10728

high thermal sensitivity

1 —E/kpT| elastic collision rate 1/7.,; ~ 10%9s71

1
MB distribution xe 2%8T =

Tr(T) - 7-colle/v

Arrhenius factor ~~

Kinetic theory of gases = Flame properties

sound speed N

D =~ a® Teoll = l2/Tcoll a =~ 1/Teol

laminar flame velocity \

Up =~/ Dr/7 subsonic

dr, =~ Dr /UL | macroscopic structure

flame thickness

/ men free path

sound speed

<ﬁ Ve E/ksTy « 1
dr ~ [V eE/ksTh > |
7 N

10 mean free path

T,/T, =8 =

={1/7.(Ty) =~ 3 x 10°s~*
7(T,) ~ 10" years !!

Unburnt mixture

Flame

Temperature /]
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Molecular diffusion = Random Walk

A < distance >= Maxwell 1867  Bolzmann 1877  Einstein 1905
e mean free path
) . 1 —r? /4Dt
7 < velocity >=V = /3kgT/m spreading : e
(47 Dt)3/2
a~V
Vd < time >= 7oy =1/V 2 2
:/ D=1V =1 /Tcoll%af Tcoll
)

Flame
Ur Up-Up -

Flame structure

Unburnt mixture Burnt gas
at rest

UL ~ \/D/TT(T(,) UL/a, ~ \/e—E/kBTb < 1 fo}o\m
]_ ]_ . Temperature "F/'
7 (Ty) B e P dp/l =~ Upt. [/l = /D1 [l = v eB/keTy > ] Tu/

Teoll - e >
Arrhenius factor L

'Tb

Limitations of the dimensional analysis

e ~ 3 x 10 10 — 50 cm/s
Ur =~ 8.6m
a ~ 500m/s } = L /s too large hydrocarbon/air

~ —5
I ~10"m dr, ~ 0.6 x 107°m too small

1—-10"' mm
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1-4: Hydrocarbon/air flames

Methane-air flame

[ T T T T T
40 [ ]
Methane-air flame 5 |
£ 30
S L
o I
m L
8. I
e | h\:
L 10 X O Bosschaart & de Goey Q
- Cg O Vagelopoulos )
r X van Maaren
r Konnov chemical scheme
0 r GriMech chemical scheme

0.60 0.80 1.0 1.2 1.4 1.6
Equivalence ratio

near to the flammability limit

Lean methane flame

0.20 e —— 0.02
Qb — 065 - O I NP -CQ e H
- ==
%) - e “H2 oo
” : ” © _
thicker flame” $o1s it 5
S 8&4 P S
- —H20 A/ ol @
e ——CO02 Vo S DR - ¥
S 0.10 0.01%
(2} 1 D
c o
s 1 1 B
3 0.05 [-CHas CO, %-
Dq‘_'J I »
j Hy A0 S OH ]
0.00 Llucsas TrJ T R g ook LT 0.00
-0.2 0 0.2 0.4 0.6

Chain reactions in combustion

Semenov 1934

ﬁ;F + ?93_02 = P

Equivalence ratio

¢ =

NF/NOQ

Ve /95,

¢ = 1: stoichiometry
¢ > 1: fuel rich
¢ < 1: fuel lean

dr, =~ Upt.-(Tp)

~ \/DTTT (Tp)
~ Dy+\/7-(T})/Dr
Dr /Uy,

U\ dp.”
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1-5: Instabilities of flames

Intrinsic instabilities

Planar flames are linearly unstable:

- hydrodynamic instability of the flame front

induced flow Propane lean flame

- thermo-diffusive instability

~
~ 9
Y

Cold fresh gas

Stable

Pu = Pb

VAR

Linearly unstable Linearly stable

Nonlinearly unstable

AN

Dy < D

Unstable inner structure Propane rich flame

13

Cusp formation
Huygens construction
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1-5: Instabilities of flames

Intrinsic instabilities

Planar flames are linearly unstable:

- hydrodynamic instability of the flame front

induced flow Propane lean flame

- thermo-diffusive instability

~
~ 9
Y

Cold fresh gas

Stable

Pu = Pb

VAR

Linearly unstable Linearly stable

Nonlinearly unstable

AN

Dy < D

Unstable inner structure Propane rich flame

14

Cusp formation
Huygens construction
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System instability (combustion in a cavity)

The coupling of flames with acoustics can be unstable

Thermo-acoustic instabilities (Rayleigh criterion)

. Lord Rayleigh 1878
Combustion chambers

Rocket engine

(Gas turbines
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Vibratory instability of flames in tubes

Lean methane-air flame

Acoustic instability

¢»=0.73 Ur =23 cm/s -

6=0.8 U, =30cm/s PremixediEiames

© IRPHE
G. Searby

G. Searby IRPHE 2006
G. Searby (1992) Combust. Sci. Technol. 81 pp 221-231

Tomography cut: L.Boyer (1980) Combust. Flame 39 pp 321-323

16



Effect of geometrical parameters on thermo-acoustic instability
of downward propagating flames in tubes

Ajit Kumar Dubey, Yoichiro Koyama, Nozomu Hashimoto, Osamu Fujita

Division of Mechanical and Space Engineering, Hokkaido University, Kita 13 Nishi 8 Kita-ku, Sapporo, Hokkaido, 930-8555, Japan
Received 1 December 2017; accepted 19 June 2018 Available online

<4 Electromagnet
Igniter =—

MM] <= Combustion tube

High speed
camera

= €= Microphone
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Eftect of acceleration

Gravity

Propane flame propagating upwards Slow downwards propagating flame slightly faster

Effect of an acoustic field on a Bunsen flame

Methane rich Bunsen flame in the presence of equipotential surface
=15 an axial acoustic field in the absence of flame

18
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continuum medium

‘ l rmal condition : i
(Gaseous mixtures in normal conditions in local equilibrium

mean free path < macroscopic length

many microscopic particles € a fluid ”particle”

relaxation time towards equilibrium

of fluid particles < macroscopic time scale

A\

internal structure of shock waves



PClavin Il

2-1.
2-2.

2.6.

Lecture 2:  GGoverning equations

(simplified form, see de Groot et Mazur (1962) or Williams (1985) for more details)

Conserved extensive quantities

Continuity

. Fick’s law. Diffusion equation
2-4.
2-5.

Conservation of momentum

Conservation of total energy

Thermal equation
Inviscid flows in reactive gases
Conservative forms

One-dimensional inviscid and compressible flow

Entropy production
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2-1. Conserved extensive quantities

: . B 3 mass weighted distribution a(r,t)
extensive quantities Ay = pad’r ,
mass density p(r,t)

constant volume

conservation equation V fixed  dA/df — / / / 0(pa) /0t Pr = (AA/dt); + (dA/dt),

e
n (dA/dt); = — / / n.J,d%c (dA/dt), / / / G (T
@ J, constantzsurface

D (dA/dt), / / V.J,d’r  Gauss-Ostrogradsky theorem
V

vector field J,(r, )
d(pa)/dt = —=V.J, + wq

conserved quantities : no production terms w, =0 No volumetric production
(mass, momentum and energy)

conserved scalar a(r,?) d(pa)/0t = —V.J,
conserved vector a(r,t) d(pa)/ot = =V .Ja
tensor field L( 1) 4
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2-2. Continuity

mass is a conserved scalar (classical mechanics)

dp/ot = —V.J J=pu dp/0t = —V.(pu)
V.(pu) = u.Vp+ pV.u

D 0 1 Dp
material (convective) derivative — = — +u.V —-— =—V.u
( ) Dt~ Ot p Dt o .
continuity equation
1 Do
v=1 -— =V.u
/P v Dt

volume/unity of mass

convection flux

Lagrangian form of conservation equation

4
d(pa)/dt = =V.Jo+wa | pDa/Dt = —V.J", + &, Jo = pali ; J4
X

conserved scalar: \ diffusion flux ?/

(definition of the diffusion flux in the equation for energy is slightly different)
5 see slide 11

O(pa)/dt = =V.Jq, pDa/Dt = —V.J/ 4
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2-3. Fick’s law. Diffusion equation

mass fraction Yi = pi/p Z Y, =1
inert mixture mass fraction of species is a conserved scalar
/
pDY; /Dt = —V.J ZJ =0

Kinetic theory of gas (binary diffusion in an abundant species)

Fick’s law : J. = —pD;VY;
D; >0

pDY; /Dt = V.[pD; VY]

diffusion equation

archetype of irreversible phenomenon

(random walk)



PClavin 11 Diffusive damping. Dissipative phenomenon

Diffusion eq. (linear) [)Y/@t — DAY D>0 D] = (length)Z/time
Fourier anaysis
Y(I‘,t) — fok(t)eik-r I — ‘k‘ wave vector
k

dVic(t)/dt = —(DE*)Yac(t)  Vie(t) = Vie(0)e P

Green function Self-similar solution Fourier 1824
0G /ot = DAG
1
b= 05 G0 = 3() Gl = e =l [[[ o -

probability distribution of the test particle
expanding Gaussian: mean thickness d = Vv Dt

—_

number density

on/0t = DAn
n(r.t) = NG(r. ) n(r.t) = / / / (', 0)G(r — ', )d*r’

7
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2-4. Conservation of momentum

Momentum is a conserved vector (isolated system)

pDu/Dt = —V.II —pge;,
surface force (stress tensor) Il =pl+ 7 gravity (body force)

thermodynamic pressure  (isotropic)

Viscous stress tensor r = _277(@)(3) _ £<f —2n/3)V.u

Navier Stokes equations gravity
v
pDu/Dt = =V (p + pgz) + nAu+ (£ +1/3)V(V.u)

Viscous shear diffusivity Dyis =n/p

Euler equations
pDu/Dt = —Vp

non dissipative equations



P.Clavin Il )
2-5. Conservation of total energy

total energy per unit mass e, = [ul?/2 + er + €chem + ... der = cy T
internal energy
internal energy, Cint = €T + Cchem

(Additive in a gas when interactions are neglected)

thermal energy, chemical energy (chemical bonds),
(kinetic + rotational & vibrational energy)

total energy is a conserved Scalar
3(petot)/8t = —-V.J IODGtOt/Dt = —V. J/et . Jl@tot = Jetot — PE¢otU

Question: what is the expression of J

€tot

Gtt

pDu/Dt = —Vp [nviscid flow
1 D
Euler equation = §pD—\u\2 = —u.Vp = —V.(pu) +pV.u

Inert flow  (1stlaw of thermodynamics)

without internal viscous dissipation

internal energy = thermal energy | pDer/Dt = —V.J, — pV.u pV.u = pp(Dp~t/Dt)
heat \ work done mass conservation
. heat flux,
Four].er 1aW (simplest form of heat ﬂuX) Fourler equatlon
I = _ inert material e.pe,, = cst.
Jg = AV " OT /9t = Dy AT

thermal conductivit’y no flow u =10

der = cy 0T thermal diffusivity ¢ Dp = A/pey [D7] = (length)? /time



PClavin Il Question: what is the expression of J¢,_, for a single component inert and inviscid flow ?

Internal energy Heat flux ~ Compression

Ist law: pDeT/Dt = V()\VT) — pV.u Momentum (1/2),0D|L1|2/Dt = —V.(pu) —I—pV.u
pD [er + [u]?/2] /Dt = V(AVT) — V.(pu)

8(p6t0t)/8t — _V'Jetot Jetot — J/Gtot —|_ /OetOtu pDetOt/Dt — _V‘J,etot
J.. =-AVT+pu
° diffusion compression induced energy flux

Thermal balance of an inert and inviscid flow

dep = ¢, 0T Cy ~ cst. (for simplicity, can be easily removed)
v v pe,DT/Dt = V(AVT) — pV.u
D D D
continuity = —pV.u = %D—tp =50~ pD_t[(Cp — ¢y)T]

ideal gas law p = (¢, — ¢)pT.

pc, DT /Dt = Dp/dt + V.(AVT)

T compression conduction



reaction rate
nb/(volume X time)

Fick law
3, = —pD,;VY;

Reactive flows

elementary reaction

ITA +.. . +I9TA, = VA FO00A, +Q.

W) = ( Jjj) — J(_j)) and z9§j ) = (0;0 ) _ ﬁ:“(j )), stoichiometric coefficient

conservation equation for the species

pDY;/Dt = V.3, + > 9P m W),

J

DY;
Y

J .
sum over the reactions

equation for the chemical energy

heat of the j th reaction
n

QY = Z(ﬁEjH — 97 )miha(T,).

€chem = ; th; i—1 /

sum over the species
enthalpy of formation per unit of mass of species ¢

pDechem /Dt = =Y " V.(h:J}) = > QUWW
i J
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€chem = Z h;Y; pDechem/Dt = Z h;V. J/ Z Q(j)W] J = —pD VY,

heat released by the ]th reaction 7 N rate of the j* reaction

(number per unit time and unit volume)

1st law without internal viscous dissipation

€int = €T| T €chem pDelnt/Dt =—V. J - pv u
work done by volume change

~V.J, =V.AVT) = > h;V.J,
diffusive flux of internal energy i contribution of the species to the diffusive flux of internal energy
pD(er + echem)/Dt = V.(AVT) — Z hiV.J, — pV.u I

Thermal balance of inviscid flow of reactive gas
der = c,0T Cy ~ cst. (for simplicity, can be edsily removed)

va(eT + echem ) /Dt = pe, DT /Dt — Z h;V.J, — ZQ(J)W(J)

pc, DT /Dt — Z/x/ — ZQ(J)W(J) — V.(A\VT) — Z%J — pV.u

pc, DT /Dt = WT) pVau+) QUWW
A

ity = T p D D D e,
continui — M= ———p0 = —
Y b oDt T D! T Pt P A

CU)T] < plp=(cp —c,)T

pc,DT /Dt = Dp/Dt + V.(AVT) + Z QU ()

compression conduction chemistry
12
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Governing equations for inviscid flows of reactive gas

1%_ Du

— __§7 —:—v f— — Cy 27
Pr T = Dy + V.(AVT) + Ej QYWY
DY; _ E : (9) i7(5)

i N stoichiometric coefficient
Conservative form of the energy equation (inviscid approximation)

€tot = €int + |u|2/27 €int = €T 1 €chem

pD(er + €chem)/Dt = V.(AVT) = Y ~h;V.J; — pV.u (1/2)pD|ul?/Dt = —V.(pu) + pV.u

2

pDeyoy /Dt = —V. |J +Zh.] + pu

J,=-A\VT = (I, =T+ > hJj+pu
Lagragian form i

O(petot) /0t = —V.[puerr +up +J, + Z hiJ;] =|-V.[pu(ewr +p/p) + Iy + Z h;J:]

Eulerian form

progress variable N convective flux of enthalpy diffusive flux of total energy

pmDY/Dt =" QUVWY) € [0,1]
- .

heat released per unit mass

etor + p/p = c, T+ [u]?/2 — gt




PClavin II Viscous flow:

shear Viscosity\ U=pl+r o bulk viscosity
r=—2n(Yu)'® - I(¢ - 2n/3)V.u
O(petor) /0t = =V.[pu (¢, T + [ul*/2 — gm1p) + I, + u.1]
Ideal gas:  p = (cp — ¢y)pT

Compressible reacting flow in planar geometry (conservative form)

T = —puou/0x
dp d(pu) Opu) 0 2 Ju\ | = 477'L/LS —I—/f
%~ o Tot T o \PTP T gy
8(p6tot) o 0 2 8T 8u
o Oz pulepT +u”/2 qgw)a\lf)\ dr Mu@x]
—pP qm;’—x

Jumps across a planar wave between 2 uniform flows o, = 1, 1, = 0
(inner structure in steady state !!)

pu]t =0 [e,T +u2)2— gme]t =0 [p+pu2]t=0"

burned gas pb/po*';
u=(po/p)D, T/To = (p/po)(po/p)

/Pot

propagation velocity >
R
Po’ P Po Po \ P
Rankine (1870) Hugoniot (1889) Michelson (1893) Rayleigh (1910) .
dm — 0 qm > 0 Po/ﬂb 1 P()/Pb ,00/,0

burned gas



Compressible and viscous flow in planar geometry

Conservative form

0 0
Mass @ = —a(pu) Momentum (,OU) -~ — = (p + pu2 .
ot ox ot Ox additional term

viscous term < for a reacting\Ij flow

O(petot) 0 5 oT il
Energy = —— |pu(c, T +u”/2 — qgp) — A= 0
ot Oz reacting flow O
Lagrangian Form % _ % L “ag

v 1 Dp ou Du op
_— T —- — l- G —
ass Dt = . Momentum P Dt = : +

Op(c,T + u?/2)] O] pu(c, T + u?/2) + up| N O(NOT /Ox) N O(pudu/ox)

Inert flow: ot Ox Ox Ox
etor = T + u? /2 D[(c¢,T +u?/2)] _8(up) n O(NOT /0x) N O(pudu/0x)
p Dt o ox O Or reaction rate

+qmw

Energy: extended Ist law D<C”T) — _pD(l/p) + 1 0 [)\gT]
xr

Dt Dt p Ox
heating by

compression heat flux internal viscous dissipation

variation of the volume
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2.6. Entropy production

s(p,T,..Y;,..) ideal gas
— v
entropy is a function of state that is not a conserved quantity (s = 50) —1n ( p/p fy)
d(ps) /ot = —=V.Js + ws, Cv Po/po

2" law of thermodynamics dissipative effects = [ws > 0

Tos = der + pov — Z 1;0Y;

Ds  Der D(1/p) DY;
T VIR TR I

8 1 Mg 1 s
inert mixture: | Ws =Jg.V (f) - ZJ;-V (T) — 7L (V)™

Simple fluid in planar geometry:

2 2
(inert flow) J. — . ia_T T K % i a_T
S pus T 8:6 ) Ws T +

w >0, A>0

Ds _ 0 (A 5’T> - Ds 0 (,0 ou\ >
/0_ — A p———— +w8 = _—
Dt 0z \T Ox pTDt 0x (AﬁmT) s (8x>

16 heat flux internal viscous dissipation




Various forms of the governing equations



DZ/Dt = 0Z/0t + u.VZ

szw

pDZ /Dt =

Inviscid reacting flow

1 Dp Du
J— . _— = — — — Gy T
oD V.u, QDt Vp, p=(p—cu)p
D(u2/2) 1Dp 1DT 1Dp 1DT
P~ = VP 5T TDr T ,Di TDE V"
progress variable
D Dy .
pD—f = V. (pDV) + pw Y € 10,1] Dr DAY +w
DT D Lagrangian form of the energy eq.
pey—— = =L L (AVT) + gppii 1DT _(y=11Dp , Dr ., an
bt Dt T Dt v pDt T c,T
d(pZ) /0t + V.(puZ) Dr = X/ (pcp) 4
9 Conservative form of the energy eq.
875[ plceT+u®/2—gmp)] = =V. [pu (¢, T + u*/2 — gmyp) — AVT + pDg,, V|
€tot :CUT+U2/2—Qm¢ Etot +p/P:CpT+U2/2_Qm¢
Ist law + heat release.
DT :
e = —pV.u+ V.(AVT) + pgmw
1Dp 1DT 1 Dp D
——=—_——-V. —— = — —AT
pDt T Dt vao = vp Dt Vit +cpT "
o
1Dp ~Dp Dr dm .
—— — —— =7—AT +y—w
p Dt p Dt T 1
Non dissipative case= isentropic
D(p/p?) Ds
D = 0 D = 0 dr(t)/dt = u(r,t) = s(r(t),t) = constant



1-D COMPRESSIBLE and NON-DISSIPATIVE FLOW

(1/p)0p/0x + Ou/0t + udu/0x =0 (a®/yp)Op/0x + Ou/Ot + udu/Oxr =0  momentum
2
TP == pa (1/vp)[0p/0t + udp/dx] + Ou/O0x = (O  energy+mass

sound speed

characteristic equations

1 |0 0 0 0
d da — + + +a)— | u=
—dp:—p—|—2; pa [3t+(u a)a]p L‘?th(u a)(‘)x]u 0
P P | 5 acoustics: 0P = padu
1 y 1\ 1 da “dp = d
—dp = —dp (1 — —) —dp =2— p — e
p p v/) p a pa -1
isentropic 2 0 0 0 0
— | = +a)—|a=x + =0
7—1[8t+(u a)a ]a [6t+(u a)aw]u
0 0 2
— + + =0
) . . [8t+(u a)ﬁx] [’y—la u}
Riemann invariants
2 0 0 0 0
Ji = + J. =0 — —a)—|J_=0
+ [7— ‘ “] [875 (““‘)a] + [m”“ a)ax]
: : : dXp
Piston set in motion from rest = = X, (¢) : u:Up(t)ET
2
simple compression wave: & = 0O : J_:’y—lao t<0: Up=0, u=0, a=ag
2 2 —1 2
J__ - — :fy
7_1a U 7_1% a 5 u + ag 1J+ 7_%ao—|—2u1
y+1 v+ v+ Y+
u+a= 5 U+ ag 5 J+:?u—|—7_1a0
y+1(9 0 _ 97 Za_Z:() ZEW+1u+a
5 {(%%—(u%—a)@—x Jp=0 = 5 t 45, 5 0

Burgers equation without dissipation
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Lecture 3: Thermal propagation

3-1. Quasi-isobaric approximation (Low Mach number)
3-2. One-step irreversible reaction
3-3. Unity Lewis number and large activation energy

3-4. Zeldovich & Frank-Kamenetskii asymptotic analysis

Preheated zone

Inner reaction layer
Matched asymptotic solution

3-5. Reaction diffusion waves

Phase space

Selected solution in an unstable medium
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3-1. Quasi-isobaric approximation (Low Mach number)

order of magnitude p(uViux —-Vp = p = pudu

prpa® = 0op/p~ u/a®=M? < dumu

slow evolution 0/0t ~u.V < a|V|
-+ very subsonic flow M*<1 = §6p/p<éT/T =0(1)
p
pcpT
1Dp| |1DT
»Dt| S |TDE ' <%ﬁ

pc, DT /Dt = [9@ + V.(AVT) + Z QW W)  quasi-isobaric flame structure

(in open space) ’

pc,DT/Dt = V.(AVT) + > QUWUN(T, .Y;,..)

Pl = p,T, I o oo
©% pDYy/Dt = V.(pDiVY;) + Y 9P mWON(T, .Yy,

J




1-D flame in a tube
one end is closed and the other open

Quasi-steady inner structure: Velocity of the front / Fresh mixture Uy = cst.

Propagation towards the closed end ﬁ Propagation from the closed end
2, I I — " »
wa
burned gas " burned gas burned gas
u, =Up, — UL Uy = (T,/T,) UL UL u=20 u=U,—-Up
-— u=20 -— -— T
T N\y (T—" - 1) UL
(T_u - ) L u
reference frame of the lab reference frame of the flame reference frame of the lab

wall at rest wall at rest

conservation of mass: pU = cst.

quasi-isobaric approximation: p1' = cst.

P_u
Pb
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e Problem set up of the steady inner structure of a planar flame

o pD/Dt = md/dx
U, U, _ ass: pu = constant
Unburnt Burnt mass flux across the flame
mixture gas
m = p, UL = ppUy, Up/Up = Ty /Ty, =4 —8

reference frame of the flame .. . . .
quasi-isobaric approximation: p1' =~ cst.

Lean methane flame

[ g ar d (. dT
a3 & . D)
€ oo 5 energy: mc 144 (T,..Y;.
% 0.1% gy g dx dﬂf ( ) Z Q ) m?
gsoo g . dY d dY ( ) &
5 : = 9 MWUNT, Y.
S § species 1 < T ) Z i (T, );
02 . °° 0'2 Kem® 06 closed system of equations for 7" and Y;
axis oriented towards the burned gas
boundary conditions: eigenvalue: flame velocity
() unburned gas
r=-00: T'=1Ty, Y=Yy, WY =0 frozen state

burned gas

r=+o00: dT'/dx =0, Y; =Y}, W) =0 equilibrium state
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3-2. One-step irreversible reaction

Flame
R—P+Q ” " .
. . . Unburrﬁ Burnt -
R in an inert ; Y = mass fraction of R mixture gas

Velocity and structure of the planar flame

(reference frame of the flame) pu = constant (mass flux)
mcpi_i _ % ( )\i_z) — quW q, = energy released per unit of mass of R
v d e . m = p,Ur, unknown
m— — — | pD— —pW
dr dz ( )

dz
+o00 )
r— —oco: Y=Y, T=1T, unburned mY“:/_OO pWdz
xr — +00: Y =0 g—iz; =0 burned Cp(Tb o Tu) = dm = qRYu
Arrhenius law
. Y 1 e_E/kBT 1 e_E/kBTb
pW = py = =
Tr (T) Tr (T) Teoll Trb Teoll
1 1 Typaq E T, T—-1T,
= — e~ TA00) B = <1—— 0= —— €10,1]

™ (T) T kT Ty Ty — T

Reduced activation energy Reduced temperature
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Reduced temperature

>

- Reduced temperature and mass fraction

T7-—-1T,
9:Tb T € [0,1]
a0 d W
ar PTae leu

r=-—-00 :0=0,9=1,

Y
= 1
e s (%)
dy  pDr d*¢ W 1% "
- = =P = op — 2 B(1-0)
deB Le dz2 Y, pY = Pb Trbe 7
T = 400 I@Zl,@b:() Lze_E/kBTb
Trb Teoll
Yp=1-10
14 W 1—0) =
mdx £ Td val’u,7 pYu pb Trb ¢
xr =400 :0=1,
: : pYU I Trb
| : U]/(H) ~ (1 . 9)6_'8(1_0)
0 (reaction rate is non negligible only when T ~ T})

v=1-0
r=—00 :0=0,
Preheat Reaction
zone zone
S>>
\ i =~ Aw’
0 | | 0 = 1* o w (6)
| - g
| | c
I I _g
Unburnt I ' &
gas [ [ o
[ [ °
| | 3
| 3| (b
| [0)
0 = o
|

dy'=d
4 L/B

Reduced
. temperatur
<« Thin reaction zone

/_.

—0=0(1/8)
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3-4. Zeldovich & Frank-Kamenetskii asymptotic analysis
Ya. B. Zeldovich, D.A. Frank-Kamenetskii Acta Phys. Chem. (1938) 9, 341-350

E T
Pone gone — 00 b= (1 - —u)
0 :<—><—> ) w'(6) /8 k’BTb Tb
| e
qé' Unburnt : % : : d9 d20 W m?
] I o i m— — =
g : 3 I dz 7T a2 leu7
3 3 ® |
Flo=0 I» =l 10 r=—00 :0=0, x=+00 :0=1,
! tomporatare
. W/Ye = pyu! (6)/ L_ e ten
w/(e) ~ (1 o e)e_ﬁ(l_ ) s v = o Trb a B Teoll
preheated zone W =0
mdf/dxz — pDpd?0/dz? = 0 pDr = cst. 0 — o™mx/pDr
origin x = 0 : Iocafion of the reaction zone 6 = 1

dL EpDT/mZDTu/UL

matching condition

heat flux into the preheated zone
pDrdf/dx|g—1 = m

should be equal to the heat flux from the thin reaction layer

8



. 0 d2
P.Clavin Il m _ p 0 Py a0

Inner reaction layer
1-0=001/8)| w/(6)~(1-0)e "9 =0(1/p)

Preheat Reaction UL 0.€ DT/dL
zone zone
6 w'(6) bD m = pDr/dr,
o 2 — am—
§ g —>1|/Bl<— 1" L 59 = 1/5 d < dL
% Unb;;nt % : : D D prTb 1
= g % Il Pb Tb d ~ Pb Tb d2 d2
3| @ 3 ® ' Py Pb pp 1 D1yt
€ g =0 & 0 /(9) —00 ~ —— Tolrh

0 Reduced 1 \ Tb /8
temperature

Ml pDrd’0/da® = 22 (1~ g)e 0 ~7)

Dry d (dO\? 1 51—y A0
T () 2 —(1—0)e P =
2 dz (dx) Trb( )e dx

2 B(1-0)
O=p1-0 = 7y DT <d_9) %/ (1 —0)e P94 = 12/ S ()
2 dz 2] ﬂ

Asymptotic solution 3 — oo [ ecee-1

upstream exit of the inner layer  3(1 —6) — 0o :  Dppdf/dz — /(2/32) D1y /T

downstream entrance of the external zone 6 — 1: ppD7pdf/dx|g=1 =m

matching

m = py\/(2/B%)Dro/Trs, | UL =m/pu, = |d,/dr, = O(1/B) X UL~ v/ Dry/Tro

5 dimensional analysis




SUMMARY

Flame=quasi-isobaric reaction-diffusion wave.
The flame velocity is highly sensitive to temperature

ZFK result for a one-step first order reaction in the limit 5= £ (1 _ ﬂ) > 1

kgTy b
6 Trb Trb Teoll

% — 1\/2e_E/kBTb <1

~ 2 — =
D1y = ayTeolr a,  f

E :
> 1: markedly subsonic
high thermal sensitivity U, ~ 2 T}’

Laminar flame velocity/unburned gas U, = (T.,/T,)U, € [15 cm/s — 9 m/s]
Transit time 77 = (d.,/UL) € [107%s — 107 3]
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3.5) Reaction-diffusion waves with a smooth reaction rate ' Flames

non-dimensional form o0 020

— — w(f 6>0 00,1
TEi £ = v or  0&? w(6) 0.1
T, v D, for example: w(é’) = 9(1 — 9)
propagation of steady state 8 = 1 into steady state 6 =0
0“

steady state: w =10 ¢ o + Lo t%,oo

stable: dw/df < 0,
unstable: dw/df > 0,

(equilibrium state) =1, w=0 stable steady state

stability of steady states

two different cases depending on the property of the initial state 6 = 0

(I): 6=0, w=0 metastable steady state (less stable)

initial state:
initial state (II): #=0, w=0 nunstable steady state  (out of equilibrium)

30 ro(0)

dd/df = —w(6
« / (0) =~

(1) (1) tabl
meta-stable ab unstable \ al
=0 =1 I 7=0 =1

Metasgble state Stable equilibriuﬁw state Unstable state Stable equilibrium state
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propagating planar wave at constant velocity
2
00 _ 90 = w(f) traveling wave solution (from right to left)
ot  0x? 06)
0 < [0,1] 8/0t = pd/de
i i : = t
Larangian coordinate: & = + 0/0z = d/d¢
2
propagation velocity ? ODE: ude . d=o = w(0)
2
@ is an eigenvalue of the problem dg  d§ d®/df = —w(0)
E=—00: 0=0, w=0, v ?“)
initial state PN
() (I1)
E=400: 0=1, w=0 meta-stable | unstable
ﬁnal e uj'librium State Metgst:ab(l)e state Stable equilibﬁu:: slt e Ungaﬁeostate Stable e uilibgusz Slt te
(e ) stable "stable
ft unknown, number of solutions 7
S 10 6 =1
“g Upstream Downstream
& | unstable state equilibrium state
ZFK flame model: w > 0, case (I[) £l 9=0 01
9 w =10 w =10
§ ! w() §=x+ put
£ =—00 E=0 § =+o00



Peaindl - Number of solutions 7 phase space, phase portrait

6>0 5
5 _ dX d°X
eumam - X =0, Y = pd0/dg Pae ~ aer ~ wX) pt
_:§ unst::e;tate equmbnuem:st?te dX/d§ — Y/,Ll/ dy/dé- — M [Y . (U(X)]
g w=0 w(h) iu:()
O ! E=x+ ut 9
dY JdX = p2[Y — w(X)}/Y
second order system
Linearisation about |[X =0,Y =0land X =1,Y =0 wy <0
fixed pojnts; dX/dg — dY/df =0 € — — O 5 — 0 (equilibrium state)
Y =0,dy/d¢ =0 Two eigenvalues rpand r_ and two eigendvectors kiand k_
dY/dX =0/0 OX =A ™ +A e, Y =k A et 4k A €7
d5X d25X 2 ! . 2 / I d d@
'udf — i = wypd X pr —r° —wy =0 2re = p 4/ p — dwy wy = dw/d0g=0,1
dX dY
Y =p——r [—] = ks ky = pry
d¢ dx |,
case ([) ; . j&%flo - case (I1) §
stable initial state wy = d—cg oo <0 :Sc’” e unstable initial state

Y

Metastable or / Equilibrium
equilibrium state 0 <0 state wp <0

£ — —00 £ — o0

r- <07+ >0 ry >0, r_ <0

One solution

A
& dw
;o YW Focus
=z ge(\e(&e Saddle k. Wy = a0 lo—o >0 Saddle k.,
06
/Q
N7 Y =0 C ?\
X X
3 K> pKpp 1< ligpp

_ 1 k_ k_

hy/ X = / X = / X=0 / X =1
Unstable state wy > 0 Equilibrium state wy < 0 Unstable state wy > 0 Equilibrium state
E’—>—oo0 £ o £ — —00 € — 00 wy<0
ry>r_ >
[ 7+ ry >0, 7 <0 | Imr_ #0,Imry #0Rery >0 74 >0, r_ <0

Infinite numbers of solutions
One particular solution
13

No solution (6 >0)



P.Clavin III Unstable medium 4

H 4 wave velocity

/A\; 2ry = p 4/ p? — 4wy
X=1 "

Equilibrium state

soft nonlinear term w(6)

Wmini ==  Mmini = 2\/ dw/db)|,_, lower bound :

dt le=0

continuous spectrum with a lower bound

> 0

Infinite number of travelling wave
solutions (continuous set)

Kolmogorov 1937

ry=7r_=p/2 ki =k_

soft case = collapse of the 2 eigenvalues

the lower bound solution is selected fimini = 2\/ dw/df|,_,

90/0t — 9%0/0¢* = w'h, where w) = 0w/80|,_, >0

Foot of the temperature profile

(¢, 1) = Z(&,t)etwot  0Z)ot — D Z /D2 =0

£

7 6—52/415/\@ 0 o< exp|—&2/4t + Wit —In(t) /2]

£~ 4w't?

1
Ufiame X \/2/ w(0)do
0

OK for a soft term w(6)
Wrong for a stiff term w(6)

The lower bound solution changes of nature when w(6) get stiffer
Clavin, Linan (1984) in NATO ASI Series B. Physics vol. 116 pp 292-338

Soft w(f) = (1 — 6)

Stiff w(b, 3) = (5 /42)9(1 — e P19 5> 1



2025 Tsinghua Summer School
July 06 - 12,2025

Dynamics of Combustion Waves
in Premixed Gases

Paul Clavin

Aix-Marseille Université

Institut de Recherche sur les Phénomenes Hors Equilibre
ECM & CNRS

Lecture IV
Hydrodynamic instability of flames

Copyright 2025 by Paul Clavin
This material is not to be sold, reproduced or distributed
without permission of the owner, Paul Clavin



P.Clavin IV

Lecture 4 : Hydrodynamic instability of flames

4-1. Jump across an hydrodynamic discontinuity

4-2. Linearized Euler equations of an incompressible fluid
4-3. Conditions at the front

4-4. Dynamics of passive interfaces

4-5. Darrieus-Landau instability

4-6. Curvature effect: a simplified approach
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IV —1) Jump across an hydrodynamic discontinuity

flame considered as a discontinuity A>dp, o,
flame thickness and curvature neglected Py < Puy E

Flame is treated as a surface of discontinuity (zero thickness) separating two incompressible flows
Low Mach nb approx + inviscid approx: Euler eqgs

dp/0t = —V.(pu) pDu/Dt = -Vp < 0(pu)/ot = —V.(pl + puu)
tilted planar front

1
8

reference frame of the flame r=(z,2), u=(u,w)

Jp/dt = —0(pu)/0x — 8(@(}/82’,
O(pu) /0t = —(p + pu?) /0x — D(puy]/ 0z,
O(pw) 0t = —0(puw) [0z — O(p PFw?) /02

lim a(z,y,t)de =0

dr, — 0 g
L
jumps in the normal direction (reference frame of the flame) fmz if a(r,t) is regular
lpuZ =0 pu = pu UL = pUs T:y
+ L X
[p+pu*]" =0 - :
1i e =
pu#0 = [w]f =0 T e B ]t
3




P.Clavin IV

Uy Uy

\ 4

v

Pu Pb

reference frame of the flame front

Upb  pu  Tp

UL Pb Tu

conservation of mass + isobaric approx

Pu > Pb

Piston effect

UL

Unburnt mixture
at rest

Burnt gas

Zoom

A

Temperature /7
Ty

Y

/:dHL
Flame front
Uy
Fresh mixture Burnt gas
< at rest
U,—-Ug

”instantaneous” modification of the flow field, both upstream and donstream
(low Mach nb approx: the speed of sound is infinite, a ~ c0)

tilted front
ER

Inclined flame front . S U
U},’,' .

Burnt gas

Fresh mixture

deviation of the stream lines

A

Unburned gas p,,

Burned gas pp

A>>dL,

Flame front

instability mechanism
dL/A — 0

U_ ‘A < Uy
flame motion
(—

U_ ’B > Uy,
flame motion
—>
ox Ug/A




P.Clavin IV A equation of the perturbed front| = = a(y,t)
. ( reference frame !)
Unburned gas Bumed gas flow velocity at the front ur = (ug, wy)
p .
> 1
2, nyg = , up =upny = (up — agwy)/y/1+ al?
o ,/1—!—04’2 ,/1—!—04’2 )
é y ’ wig = (wy + ayup) /y/1+ a7
wy 1 [p— .
D ay = 9a/dy normal velocity of the front
U Gy = 0a /Ot Dy = Gy
1 12
reference frame of the planar unperturbed flame Ve

z —a(y,t)] — (z = 0)
flow velocity relative to the perturbed front

UnEun—Df:(uf—dt—a;wf)/ 1+04;f Wiy = wyy
normal component tangentail component
conservation of mass
P U =70

- <uj7 — O — a;w;) =7 (u}f — Oy — aéw?)

conservation of momentum

27t
[p+pUs] " =0 (Wigl™ =0
— . / — 2 _|_ . / + 2
= __<uf—ozt—ozwa> — ot _+<uf—ozt—awa> < +au>— +au+
Py +p =p; +p f f
f 1+ /2 f 1+ a2
Y normal Y tangentlal

5



P.Clavin IV

Lecture 4 : Hydrodynamic instability of flames
(G. Darrieus 1938, L. Landau 1944)

. Jump across an hydrodynamic discontinuity

. Linearized Euler equations of an incompressible fluid
. Conditions at the front

. Dynamics of passive interfaces

. Darrieus-Landau instability

. Curvature effect: a simplified approach



Linear

Linearized Euler equations

0 0

for an incompressible and inviscid flow

—sut + —owE =0,
ag gy 5 p g external force per unit volume
—a out = —— ot
_ ——E—Jré - (p o ™ 333) ! or""  xE =pt —pret)s,
ﬁi + T — 5W:|: v 57T . acce eratlgn _

Ot oxr oy in the normal direction

x — 400 : disturbances remain finite, 0’ 0’ 0’ Snt —
: Ox? i Oy? i 9.2 ) " 0

x — —o0 : no disturbances, Jdu~ =0

Laplace equation for the pressure

Linear problem
Fourier decomposition of the flame surface x = a(y, t)

ph T A a(Y7t) — &(t) eik‘y
b d
urned gas wave vector k = (27 /A)ny
Y e N
freshirr_lixture QLD "= |k| - 27T/A

D

N wave length

transverse coordinates

>

da(z,y,t) = a(z,t)e™y

a(y,t) = aft)e ey

o~

The Fourier compone

nts depends also on k
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j: — —+ 2 2 2
=p" —pg(t)z, ”? L9 PN
Ox? + 0y? + 022 om
x — 400 : disturbances remain finite,
x — —o0 : no disturbances, ou~ =0
7 1 Fourier d ition: a(y,t) = a(t) e’ Y
burned gas ourier decomposition: a(y,t) = a(t)e
Y N\ ~ L~ wave vector k = (27/A)nk k=|k| =2n/A given !
D N —
. A
fresh mixture :
G o7 (2,3, 1) = 7 (3, ) €
2~+
pressure o°r= k?7% =0 ﬁi(x,w ]jc:( )e¥|k|w
Ox?
Laplace equation value at the front © = ()
flow VGIOCIty 5u:|: (aj, y, t) — ,ai (33 t) ezk y 5W:|: (x, y, t) _ \7V:t (:U, t) ezk y/
9 0 L0 0 0
%&Li_{_g&wi:() (p §+mf8_x) 5ui——%57(i
1
ou* (0 L0\ 4 e k
il — tat— ) at(x,t) = £|k|7L(t)eTlklz
w0 pt (T ) E e = kO




7 (x,t) = ﬁ?(t)eqclk'w
ont . (0 L0\ . 3 N
W pikwt=0 7 (5wt ) e = £k (e

ox

general solution to the homogeneous equation + particular solution of the full equation

U (x,t) = a5 (x, t) + ip(z, t)

general solution to the homogeneous equation

iify = 4 (t — 3/T%)

vorticity of the burnt gas flow

Oy, Oy, IR _
R gtk —0,  af =a(t—a/ur), ip =0,

ot Ox
u (x,t) = up(x,t)
potential flow in unburned gas
particular solution
look for a particular solution of the form SOUI‘CGt{l‘fAH
d
i) = a0, = gt (G FTE) G0 = £k
kx ﬁi(a:,t) _ ﬁ?(t)eﬂk'x

r — —0O0

3 unknown functions:|u7 (t), y (t), 4l (t) iy (t) =1, (1)

corresponding to the flow at the front x = 0




P.Clavin IV
Linear solution of the Euler equations

3 unknown functions: u (¢), U, (1), ) (t)

flow on the front

r<0: §

Unburned gas flow

x>0: o

Burned gas flow \

Boundary conditions on the front

4 boundary conditions at the flame front involving the additional unknown &(t)

2 for the conservation of mass (inner flame structure not modified)
om; = 5m}" =0 m = p(u — da/0t)

2 for the conservation of normal and tangential momentum
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Lecture 4 : Hydrodynamic instability of flames

4-1. Jump across an hydrodynamic discontinuity
4-2. Linearized Euler equations of an incompressible fluid

4-3. Conditions at the front

conservation of mass
P UL =0t

- <u; — G — aéw;) =7 (u? — Gy — a;w?)

conservation of momentum

p+pU2] " =0 (Wil " =0
( = - D gy — 2 + : ! ot 2
U, — o+ — o,W U, — o+ — Oo,W
- -\ b f) - —+(f b f) <w_—|—o/u_>=<w+—|—o/u+>
Py +p 1+ a2 =Py tp 1+ o2 d v .f v
Y normal v tangential




a(x,t)

notation
ar(t) =alx =0,1)
'/
y

transverse coordinates

IV-3) Conditions at the front
Mass 7 (“f — - %@f) =p" (U}r — &y —%uj!) =0 da(z,y,t) = a(z,t)e™

iy (t) = ay (t) + 4, (t) = da/dt

aly,t) = a(t)ey

p_ (5’&_ — Oét) = ﬁ—'— <5U+ — Cl{t> =0 — ou, = 5u+ = dt . .
f f f f Do O potential urotatlonal
daf  diy N d*a
0/0y Tangential momentum dt dt = dt?
o o N_0, .. ., R I SIS S
8—y(wf—|—ozyu ):8—y<wf—|—ozyu ) = ku;(t)—i—ﬂJr " + kfiy (t) = my 5 k“a(t)
i i 0 elimination of da! /dt U
ikw (z,t) = —ki (z,t), ikw'(z,t)=——a"(z,t). —
/ L ox 1 d p) ot — 1 1 125 1 d*a L
Do, [0y — —k2a(t) — ki + (1/m,)dd /dt T F) =T\ oF o= R T ae T
A I
Normal momentum _ da
[t =p* e _ o

5p; + 257, (5u>< &) = opt + 257wt (P )

(A (1) = iy (e tH, / I

r<0 L ki~ (z,t) = —p~ <% —i—ﬂk) iy (t)eth, . ;
(1 (1 o N
(At (z,t) =4 (e ™ +a (t —x/a"), = " (ﬂja a k) ty + s <ﬂ__a i k)Tuf = (7" =P Dkg(t)a)
o \ KT (2,1) N 7 (% a Tk) iy (t)e_im’ elimination of ﬁ;’ U da _
Linear dynamical Equation for the frontV aly,t) = a(t)e’
2 ~ N
o ok Y (5 =gtk + @ —a)msk?] 6 = 0

. . — -t aa
i; =da/dt = (P~ +p )dt2 +2mfkdt




SUMMARY
Equation for the Fourier components of the front

Fourier decomposition of the flame surface r = a(y, t)

pt 74 aly,t) = ag(t)e™
burned gas “~The Fourier components depends also on k
A e\ /~
D— A\/ g wave vector k = (27/A)ny
ffesh;{lixture — wavenb k = |k| =27/A
h wave length
. _.d*a __ da . _ o
(P~ +0") 5 +2msk— — [(p~ =0 gk + @™ —u )mek’] a =0
dt dt .
__ _ gravity
myg = p_ UL

Ordinary differential equation of second order for the Fourier component
of the wrinkle labelled by the wave number

g (t)



P.Clavin IV

Lecture 4 : Hydrodynamic instability of flames

4-1. Jump across an hydrodynamic discontinuity

4-2. Linearized Euler equations of an incompressible fluid
4-3. Conditions at the front

4-4. Dynamics of passive interfaces

4-5. Darrieus-Landau instability

4-6. Curvature effect: a simplified approach
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Dynamics of a passive interface m; =0

_ - _..d% da o o )

(P~ +7") g + 2P — K7~ =7 )g(t) + (@ = skla =0
Rayleigh Normal mode analysis &(t) — G et aly,t) = at)e™Y
Re(o) <0: linearly stable Re(o) > 0: linearly unstable

Rayleigh-Taylor instability

g = cst. (ﬁ_—ﬁ+)g>0 0'2—At]€g=O, Ay >0

Rayleigh-Taylor bubble (upwards propagation)

g>0, A =P""Pr-0 o=\ Agk  Upupe = 0.361/29R

p— TPt ok with dimension Nonlinear analysis
Gravity waves w=Imo %0
g=cst. (p~ —p")g <0 a(t) = ae™  w=B\gk B= Ep+;p‘;
P+ T P—

Faraday (parametric) instability. Mathieu’s equation
_ d*a
g(t) oscillating FT) + @2 [1 +ecos(wr)]@ =0
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Lecture 4 : Hydrodynamic instability of flames

4-1. Jump across an hydrodynamic discontinuity

4-2. Linearized Euler equations of an incompressible fluid
4-3. Conditions at the front

4-4. Dynamics of passive interfaces

4-5. Darrieus-Landau instability

4-6. Curvature effect: a simplified approach



raentv———|V-5) Darrieus-Landau instability of flames

pae 9=0  m—pw =g
125 1a introduce the growth rate
: (P~ +p" )= 5 +2mik— — (U —u )mpk*a =0
Landau Darrieus dt dt a(t) = ae ¢
”UbEﬁ_/ﬁ—'_ :ﬂ—l_/ﬂ_ > 1 (ﬁ_—l—p )0 +2mfka—(u+—ﬂ_)mfk220
o 1
u_ =Ug Uk 1+U1[—1i\/1+vb—vb1] o=AUrk, A>0

dr,/A — 0 :no length scale in the problem; dimensional analysis = ¢ «x Upk

pu>>py: 0= UULk (pu —pv)/pu <1: 0= (U, —Ur)k/2

k=2n/A shorter is the wavelength stronger is the instability !?
however the analysis is valid only in the limit dy /A — 0

Stabilisation at small wavelength, A ~ d; ,

Cold fresh gas RN . \ g Y
—> l ,—>:X (?;—B TZ(;. oaif = 1/Tap = —BDrk* = —BULk(dLk) Y B=0

first order correction B >07

Unsiable

k,*

kdyp <1: O/ULZAk_Bk2dL+“' | A\ Sta]:IZ

17
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Lecture 4 : Hydrodynamic instability of flames

4-1. Jump across an hydrodynamic discontinuity
4-2. Linearized Euler equations of an incompressible fluid
4-3. Conditions at the front

4-4. Dynamics of passive interfaces

4-5. Darrieus-Landau instability

4-6. Curvature effect: a simplified approach

The full analysis can be found in
P. Clavin & F.A. Williams (1982) Journal of Fluid Mechanics 116 pp. 251-282
P. Pelcé & P. Clavin (1982) Journal of Fluid Mechanics 124 pp. 219-237
P. Clavin & G.Searby (2016) Combustion waves and fronts in flows Cambridge University Press pp. 61-69, 471-473



PClavin IV Curvature effect: a simplified approach
G.H. Markestein (1964) Nonsteady flame propagation New York: Pergamon

modification to the inner flame structure omy (t) = omy (t) # 0
first order in perturbation analysis dr,/A <1 dm, /p~ = (0u; — &) = —BDrd%a /0y’
my (t)/my ~ Bdpk*a(t)  Dp =Urdg

Normal momentum opy +Rp_u; (0uy — cu) |= opf +{2p 1y (du; — cu)

modification of the mass flux introduces new terms<n1the mq entum eq.

o o my(t) + (pu — po)g(t)a(t)

equation for the flame front (correction due to curvature, finite thickness effect kdy # 0)

d%a déa
(Putpy) =5 +2mpk— (1 + BRdg) = ka(pu—ps) [9(¢) + UpULk (1 — 2Bkdy)]
dt? dit
curvature effect /

(flame notations: T — py, D — pu, Pu > Pb) 7:("f_|_ — ﬁ'f_ = —2mf

flame propagating downwards g < 0 N
1 424 da (p P Nk
— =98Bd 1+ 2 ) 28 ok — = (2 1)k |y + U2k (12 )| &
km k ( - Pu) dt? e d¢ (Pb ) [ Pu 91+ UL km “

non-dimensional parameters — q, =5 /T =5t /u- >1  Froude number
s=071, k=kd, km=1/2B) Go=(pp/p)Fr~ " Fr~!=|gld/U?

(1+v, 1)s* + 2ks — (vp — 1)k [—go + K (1 — K;i)] =0
Stability limits of flames propagating downwards
marginal W_avenumiaer [_go 1k (1 B i)] _ 0,
s=oT1,= 0 Kom

|19



P.Clavin IV Stability limits of flames propagating downwards

non-dimensional parameters x = kd;,  km = 1/(2B)  Go = (op/pu)Fr™" Fr~ ' = |g|dy/U?

§=0T[L (1+wv, 1)s* + 2ks — (v — 1)k [—QO—I—/{(l—i)]:O
Km
- Re(o)] s Horeasing Flamo spoed
marginal wavenumber g = () [—go + K <1 — a)] =0, R .
quadratic equation for the marginal wave number H/ I\+ k
gravity stabilizes the large wavelengths of slow propagating flame /m;\ _Stagble
curvature stabilizes the small wavelengths 7 Go > o o

the planar flame is stable (at all wavelength) beyond a stability threshold, namely for slow flames Uz < 10cm/s

Marginal wave number K. at the instability threshold U}, ~ 10cm /s

k.d Em
Goc = L’ ke=— ULc= &M
OK with experiments 2 2 pu ke

G. Searby and J. Quinard (1990) Combust. Flame, 83 (3-4) 298-311

Slow flame propagating downwards

Flames propagating upwards: bubble flames

20
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PClavin'V

Lecture 5:  Thermo-diffusive phenomena

Hh-1. Flame stretch and Markstein numbers

Passive interfaces
One-step flame model

The second Markstein number

0.0
p=1 0=1
5-2. Thermo-diffusive instabilities
Le= Dy /D  Planar flames for Le # 1 Urbut gze / Bumt gas
Jump conditions across the reaction layer
=0 / 6=0
¢=-VLe €=0 £

Linear equations and linear analysis
Cellular instability (Le < 1)

Oscillatory instability (Le > 1)



PClavinV 5.1, Flame stretch and Markstein numbers

Two mechanisms modify the inner flame structure

A Unburned gas px \ Burned gas py pu TET pb
A UL = A% Ui §
¥ Ur B "
y a(y,t) dL
transverse diffusion transverse convection
One-stepmodel R—-P+Q (B>1
A single scalar: the Markstein number AA
(Un_ — UL)/UL =5 —M(TL/TS)
U, normal flame velocity in the fresh mixture 1/7s rate of stretch of flame surface

U, =u, —Dys, u, = nf.u]?

n n



rcavinv  Stretch rate, strain and curvature of a flame
Passive interface (0 thickness, fully convected )

1 1 dé? o
element of surface area §2%s T . 4 tS dry/dt = u®(ry)
i 1 d
element of volume 83r = §%s 0C 7—537“ = V.u®;
v\ 5 T dt . '
coordinate normal to the front ¢ thickness of the element A/)ntmulty
1 d 1 d 1 d
— = ——57 — —0( =V.u®
Frat’ " msal T aat =Vl

Ins| =1 normal to the front

N
do¢/dt =mny. [u(ry +6¢ny) — us(ry)]

flow velocity X

6 < 1:u(rf+dCns)~u(ry)+0¢ ng.Vu®

1
—i(sc = nf.Vue.nf/

5¢ dt
1 1 d
’7'_3 = %Ecps:v.ue\f—nf.Vue\f.nf. v

Flame (first order correction) dr, /A < 1

flame moving with the normal velocity U,

ngny =1 flow velocity relative to the flame U.e(I'f) = 11; —U f
n;.Vn|rny =0 1/7_ B flow velocity in the laboratory frame
s

= —ULV.IIf -+ V.u_4|f — nf.Vu ]f.nf



PClavinV
1/7'3 = —ULV.nf + V><|f — nf.Vu_|f.nf
incompressibility

differential geometry —V.ny =1/R=(1/R; +1/R3)

Imploding u
flame

v |1/7s=Up/R—mn;.Vu |;.ny W ssidwa)

Burnt gas

front curvature strain rate e

"
y
Outflowing

burnt gas

Quiescent
fresh gas

u =0

First order correction to the laminar flame velocity R — P + @
TL/Ts <1, 1L =d /UL, (U, —UL)/UL < 7L/Ts

Clavin,Williams, JFM (1982) 116 p. 252-282, Clavin, Garcia, J. Méc. Théor. Appl. (1983) 2(2) p. 245-263,
Lewis number Le = D / D Asymptotic analysis: 3> 1 [ (Le — 1) — 0(1)

(Up, —UL)/UL = —M(1L/7s)

Vp = pu/pp > 1 0= (T-"T,)/(Ty —T,) | =p(Le—1) heat conductivity \(6)
gas expansion = hydrodynamics kinetics + diffusion
. Up [ D
M= vb—1j+2(vb—1)
(vp — A - Y (vp — 1)A(0) In b
J = / 1-|-vb—1 b= /0 1+ (v — 1)0 49,

5



P Clavin V The second Markstein number

multiple-step flame model
Clavin, Grana-Otero, JFM (2011) 689 p. 187-217,

(U, —=UL)/UL = =Myc(dr/R) + M (Trny.Vu™|rny)

front curvature flow strain rate

Mfc ?A Msr

. . . . A Unburned gas p,, ) Burned gas pp
, difficulty with the finite thickness:
bll ~ - - — - - A Ur R 3 Uy -~
A, [Mg, varies with the position inside the flame structure §
UL - ; Ub g
” ~fa(y,t) g

RN

Fresh gas Burnt gas — L \4
R<0 Mg (0. Vu™ | f.nys) = cst. y "
Fl front
ame fron M k e b ° h b d " Flame front
arkstein numbers 1in the burned gas
Flame + —I— + ‘I‘ prrj # pr:
0, 0o U =u, —Dy uy =ngu’(ry) A
Unburnt Burnt é‘
mixture gas (U_|_ . U ) d _ é
n b L + L + + U, #UL | ¢ Ut # U,
u, T — _Mfc_—l_MsrTLnf-vu \f.nf 2
= U R g
U, T, b
+ — + — v
Mfc # Mfc Msr 7é Msr dr,
Steady flame — numerical and experimental data Expanding flame " " (ZT, - 1) <0
Pb
Dy =0
o n=Un D;=0, U, =u, u, =0 Ul =-Dy = = Un + |uy |
uu jwqf:n Uu--U _ _.d Ur —U d Qﬂiﬁscear;t u =u,n
?retgh gasg & UL e = —Z(Mfc - MST)R_i = Ub b = —2M}”+_CR_[]; i _,_t_g 0 ’
%utﬂ?vging Cf)utﬂﬁwing
urnt gas 6 resh gas




PClavinvV 5.2 Thermo-diffusive instabilities

instability mechanism = hydrodynamic instability
oT = poT,  PeDT/Dt = V.(AVT) +ZQU>WU>(T Y.

equations + fluid Mamics
pDY;/Dt = V.(pD;VY;) + S0 mWO(T, Y,
J
Thermo-diffusive flame model for a one-step kinetics
T — T E Tu 1 e_E/kBTb
= = = 1 —— =
0 Ty, — 1, [0 1] ¢ Y/Yu g kT ( Tb) Trb B Tcoll
@ — D7 Af = ie—ﬂ(l—@ 8_1& — DAy = _ie—ﬁ(l—G)
p = cst. ot Trb ot Trb
pu = 0 in the lab. frame | 2=-00:0=0,9 =1 r=+00:0=19=0
Unperturbed (steady state) planar flame Le# 1
(- Do ot (frame attached to the flame front)
~ dr(Le=1) Mde ~d% _ 52%_5(1_9) d"¢ 1 d%y _ _5_2¢ —B(1-6)
U dé  dez 2 Hae ~ TLe de2
= ?
UL (Le = 1) ¢ .
reaction layer
— = 2 29
_d_g ~ ﬁ_2¢e—5(1—9) d_2 + i_w — 0
Unburnt gas : / Burnt gas d£ 2 mat Ching dg L d€
— 5’/@ = 1= VvULe (first order reaction rate)

reduced laminar flame velocity
7



Mathematical model for analyzing the thermo-diffusive instability Le#1:

T-1T, B E T, 1 e B/keTh
p=gpelonl  w=ve = (-p) =
00 Y _pa— oY Vg
DA = e B(1-0) Y DAY = —  o—B01-0)
o T _— at Y=—1e
r=-00:0=0,¢v=1 r=40c0:0=1,19=0

Lewis number Le = Dr/D  Asymptotic analysis:  g>1 B(Le—1) = 0(1)

Sivashinsky, Combust. Sci. Technol. (1977) 15 p. 137-146,

Joulin, Clavin, Combust. Flame (1979) 35 p. 139-153

Unburnt gas Burn

y “ burnt gas competition of transverse diffusive fluxes of species and
X N temperature for the flame temperature on the reaction sheet

D

=0 / 9=0 lT
E=—Vle £=0 3

shifted longitudinal profiles
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Flame temperature of curved flame for Le # 1
le#£1 = (9f £ 1 perturbed flame temperature (reaction layer)
B>1|Le—1=0(1/8) = (6;—1)=0(1/p) 9, = Ty =T, 7
unperturbed flame temperature /Tb Ly

the thin reaction layer of curved flame is quasi-planar

2 2
- ﬁ ’ —B(1-90) d_@ 4 1d — 0| & = non-dimensional normal coordinate ¢= —
d£2 ¢ d€2 Le d£2 ) drp(Le = 1)
h G2 deg? 2

plOy —1)=0(1)  d#/dfor = O(1/3)  integration and matching df/dg|,_,_ ~ Lel/2 o—B(1—05)/2

jump conditions across the reaction layer

Y=1 S U
| d0/de|,_,_ = e~ PA=01)/2 do PN -
Unburnt Burnt 5 dg Le dg 0
valid at the leading order valid up to 1% order
y=0 )0 Joulin, Clavin; Combust. Flame (1979) 35 p. 139-153
EoVie fm0 Clavin, Searby, Cambrige University Press (2014) p. 390-393

Preheated zone

non-dimensional equations in the reference frame attached to the unperturbed flame

_ ~ _ 89 L 00 8¢ Lo 1
f:x/dL, n—y/dL, T:t/TL ag AO = (95 LeA¢_O

f:—oo:@z(),wzl, =00 :0=1,9=0.

boundary conditions: jump conditions and



PClavin'V )
reduced coordinates:

reference state=steady flame dy,, 77,

Linear equations
frame of reference attached to the reaction sheet (¢,7n,7)

reduced equation for the wrinkled reaction sheet: & = a(n, 7)
¢=E&—aln,7) ¢ = 0 : reaction sheet
change of variable: 0 _ _ 0 2 0 0dad 3 0 dad
oc o¢ ong Onp Ono¢ or O 0TI
linearization 0=0(C)+30, 0p=1+005, o =1(C)+0)
(IR IR O
. or  OC acz  on? or d¢
external equations
8 0 1 [ 02 82 5 da 1 0%\ dv
or " o¢ e \oc "o )] T \or T Lean?) dc
harmonic analysis a(n,7) = a1 50, (n,7) = paelirnt<T)
(normal modes) )
s=o07L, k=kdg 5 = )(¢)aelinntsr) 60 = 0(¢)aelinnteT)
complex number real numbe
unknown given d 421 - . 4o
— | 2\ 9 s
(R)? [dC dC2] Q)+ (s + &%) 6(¢) (Q“Jr/-az)dC
reduced linear growth rate d 1 d*7] - K2\ - B k2\ dy
[dg =GP0+ (s+ 20 = (s+ ) T
boundary conditions: jump conditions and (= —oo : 6 =0,9 =0, (=400 :0=0,0=0

10
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[i—d—Ql 0(C) + (s +x2) 0(¢) = (§+fﬂz2)d—§ .
external equations d¢  d¢? d¢ R glvel
d 1 4217 - K2\ - 2 d@ q and ef ?
[dc T d@] vl + (C+ E) wi) = <g+ E) &

Linear solutions in the external zones (preheated and burned gas)

particular solutions 0 =do /d¢ ) = dep /d¢

0 — e §+:1 " _ 1 _ oled @+:0

boundary conditions

( — Fo0: =0

— 0(¢=0) =0 0= = d§i/dC * <9~f - déi/dqco) eri\c

, 1 general solution to
r?—r—(c+ k%) =0 rt = 5 {1 T \/1 + 4(§ + /12)} the homogeneous equation

c
S
T
s
ES
Q
[
»
Q

e mass fraction in the preheated zone zone burned eas:
(= —00: =0 urnf, ga_s.
Y(¢=0)=0 g =dg ja¢— (g jd¢|,_)e ¢ ¢>0: $=9=0
L ( “2> _ Le 4 K2
et T\t ) 70 s = i 1 — R
ke Le i 2 + + Le (g + Le)
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d6/d¢| e~ B(1=0y)/2 do L dy o —0
jump conditions £=0— e T o e |, ¢and 0f 7

valid at the leading order valid up to 1%* order
asymptotic analysis 3> 1: Le=1+1/8, l=p(Le—1)=0(1)
Bl —8r) =0(1) 89y = 0(1)

.. _ (rF =17) = =1+ 4(c +#?)
2"4 condition Of(r™ —r7)=(s" —r7)+ (1 —Le) L
Le—1: s —r— =0
to leading order in small values of (Le-1) = O(1/8)
i (Le — 1) 1 26 + 4K?

~ +
! 2 V1+4(c+ k?) 1+ 4(s + K2)

linearized 1%*condition dd~/d¢|c—o = 86;/2 1—r~ =7" =p60;/2
valid to leading order using 7 = O(1/73)

B0; =1 —/1+4(c + x2)

dispersion relation ((k)

root of —% {1— V1+4(<+/€2)+2<} = [1— \/1+4(q+/<;2)} [144(s + x%)]

12



P.Clavin 'V _% {1 _ \/1 +4(s + Kk2) + Zg} = {1 — \/1 +4(c + /?2)} [1 +4(¢ + K2)]

et — 57 linear instability: Re ¢ > 0 (Re o > 0)
Cellular instability for Le = Dy /D < 1

Weakly curved limit. Small wavenumber expansion ~ = kdy, < 1

k=0:¢(k) =0 |¢|]=|olTr <1

;= (Le — 1)x? s=—(1+2)K*/2|0 = C/TL is real
| = 5(Le — 1) > -2 o< (0 stable [ = ﬁ(Le — 1) < =2: o> 0| unstable
- M <0
da B(Le —1)+2 0“« da 82a
O B(Le —1)+ 2 0’a 0« Dr
— = D = Le—1 2] — 2 =1 1
M = 3(Le - 1) X M = D J= / 111 = 1 d9 szfl (/Lib;(l/)A(—e)ligede’
— P Ub—1 (Ub—1> " o
A small Le i ree |
S <=2
CI—(l+2)Ii2/2—8KJ4 W K

[> -2
Turing type of instability g

Zeldovich Turing
Re¢ >0 Imgc=0




heavy hydrocarbons: Dp < Do,

lean mixtures of an heavy hydrocarbon = limiting species = F
species in excess = Oy

D:DF DT:DOQ>DF

LGEDT/D:DOQ/DF>1 =

thermo-diffusive stable
B(Le —1) > —2 =

rich mixtures of heavy hydrocarbons are thermo-diffusive unstable
example: propane-air

rich mixtures of light fuels are thermo-diffusive stable
example: hydrogen-air



PClavin V Hydrodynamics + diffusion

A o
S M<0 M7
s - - ‘ /{, = £\ / )
M >0 \ \
Propane rich flame
Propane lean flame M <0
M>0 hydrodynamic + cellular instabilities
hydrodynamic instability only shorter wavelengths are unstable

99

. . 1
Sivashinsky eq. 1977 3 H(p) — Ao + §|V¢\2 =0
nonlinear equation (weak gas expansion) \ geometrical term: Huygens construction %
NG

Sivashinsky, Acta. Astronaut. (1977) 4 p. 1 177-1206

Oscillatory instability Le = Dp/D > 1

Im(s) # 0 effect of heat losses
P I £ _ *
l=p(Le—1)=1": Re(c) =0, x* #0 Joulin, Clavin, Combust. Flame (1979) 35 p. 139-153
Poincaré-Andronov bifurcation [* = 10 \
Alle—1) Oscillatin
g
Re(g)ﬂ 1> [ ~ 10.67- instability C
I >1" 2 §
o K % &
=0 i 2
— \ Stable C18/5
0 17 H _heatloss
-2 Cellular é\ thermal quenching

[** =~ 11 : planar pulsation. OK for solid combustion e
stability
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Lecture 6: Thermal quenching and flammability limits

6-1. Extinction through thermal loss

6-2. Basic concepts in chemical kinetics

Combustion of hydrogen
Two-step model. Crossover temperature

One-step model with temperature cutoff

6-3. Flame speed near flammability limits



rcavinvi  0-1. Extinction through thermal loss

a small heat loss can quench the flame

Formulation (volumetric heat loss in a planar flame)

spe-o/s)  df d*0 L, dgp 1 4%
> ¢ d§ d€2 B Tcool ’ ludg Le d§2

wa/dL /L:UL/ULadia 1/7-cool %DT/RQ

Davy 1830

= —w

®
&

Zeldovich 1941

D 2
TL =~ DT/U[2, = TTLZ ~ (R(Z;) R = tube radius

Ao E=—-00 : 0=0, ¢Y=1, =400 : 0=0,¢=0

Asymptotic analysis for small heat loss and a one-step reaction
Joulin, Clavin, Combust. Flame (1979) 35 p. 139-153

B — o0 7'L/Tcool — h/ﬁ h = 0(1) 6(1 = Hf) — O(l w(@,@b) — (ﬁ2/2)¢exp[—ﬁ(l - 9)]

unknown flame temperature < adiabatic flame temperature : 0y <1

external solutions : w =0

0_(&) = Opelnth/Brle, 0.(6) =0pe=h/(BmlE
0: 0:
a {¢—<€> =1 —elens, 20 =0

jumps across the thin reaction zone :

0+
d@/d§|€:0_ — e—ﬁ(l—ef)/Z [d9 1 dwl —0

& " Lede|,

3
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-9 — 0 pelnth/ (B¢, o) — e/ (BuE,
> ¢
0 LT By — (ut b/ =0

0 —1=0(1/8) = [B(1—0y) = 2h/s?

~xs d9/dg]_, = e P0-002 = p=exp(—h/u’)

12 1np? = —2h

C-shaped curve: no solution for 2h > 1/e
quenching at finite flame velocity U, /Urqdgia = 1/V/€
A H

\
1.0

1/ve
/7 |
P |
Non dimensional -7 !
flame speed _-" !
- - !
- ' 2h
” |
0.0 Non dimensional heat loss  1/€

4
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Lecture 6: Thermal quenching and flammability limits

6-1. Extinction through thermal loss

0-2. Basic concepts in chemical kinetics

Combustion of hydrogen
Two-step model. Crossover temperature

One-step model with temperature cutoff

6-3. Flame speed near flammability limits
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6-2. Basic concepts in chemical kinetics

C.K. Law; Cambridge University Press (2006)
Combustion of hydrogen

units: moles/cm®, s~ and Kelvin Label Reaction k; B; vj T shuffle reactions
deij/dt = —w; B ki 3.52x 10 .07 8590 (1f), (2f), (3£)

w; = ];:jCleQj or w; = ];jcleQngj 1 02 + H = OH + 0 lzilb 7.04 x 1013 -0.264 72 chain branchmg
- kop 117x10° 1.3 1825 Oy + 3Hy — 2H,0 + 2H
kj = BTV e Tes/T 2 H; + OH = H,0 + H 7 10 rate: wif = cpco.k

E kap  1.29 x 100 1.196 9412 1f = CHCOR1f
5 H, + O — OH + H kap  5.06 x 10;1l 2.67 3165
ks 3.03x10*  2.63 2433 (4f) chain breaking
4 Oy + H+ M — HOp + M kyy 579 x 10" -14 0 M+ H+ Oy — M+ HO,
5f H+H+M—Hy, + M ksy 130x10"® -1 0 rate : wiy = crcognkay.
6f H+OH+ M — HyO+M kg 4.00x102 -2 0 T =T
7f HO, + H — OH + OH  ky;; 7.08x10% 0 148
8t HOy + H— Hy + Oy ks; 1.66x10% 0 414 (8b) initiation
9f  HOs + OH — HyO + Oy koy 2.89x10% 0 -250 Hy + 0y — HO2 + H

Sanchez & Williams, Prog. Energy Combust. Sci. (2014) 41 p. [-55

—E/kgT
A (,’RB/—;C /kB

Simplified two-step model: crossover temperature
/ Clavin, Searby; Cambridge University Press (2014) p. 390-393
nBR

(B) R+X —2X, wp= CRCXBBG_E/kBT, E > kT
(R) M+X—-P+(Q, wrp=cxnBr, FErp=0

no reaction :; Arrhenius law OK

> crBge PV/k2T" — nBp T* € [900K — 1400K]

T* T

hydrogen combustion:  ki;(T*) =|Byje BV/*T" = nBy;

Flammability limit

T, = T = C]RY;;|< = C;,)(T>‘< — Tu)
6
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w
o

Flame speed (cm/s)

Methane-air flame

Methane-air flame

I
o

N
o

—_
o

O
§° | o
X

Bosschaart & de Goey

Vagelopoulos
van Maaren

Konnov chemical scheme
GriMech chemical scheme

1 O
&
D

0.60

near to the flammability limit

”thicker lame”

¢ = 0.65

1.4

1.6

0.80 1.0 1.2
Equivalence ratio
Lean methane flame
020 ————————7+ —— o H 0.02

[ 02 CO | wreeem o [p— o)
2 R -H2 e CH3
S 015 =
8 |—o02 P 3
S ——CH4 ' ] 3
- ——H20 H,0 1 o
ST — 0.01%
") T D
e (%2)
:(% i j CcO : ?'3
@ 0.05 —CH4 L 2 &
() L 5 w
o ]

_ Hy /N80 i OH ]

0.00 Luisesias TrJ e 0.00
-0.2 0 0.2 0 0.6

VEF +970, = P
Equivalence ratio
b= Nr/No,

I5/95,

¢ =1: stoichiometry

¢ > 1: fuel rich
¢ < 1: fuel lean




PClavin VI T'wo-step model for rich hydrogen flames near the flammability limit

(consumption of hydroperoxide included)

Label Reaction l%j Bj vj T
. » Os + 3H, — 2H50 + 2H,
. 0+ H — OH + 0 ki 352 %10 0.7 8590 —E1 k5T
2+ H= Fi T04x 101 0264 72 w1 = caco,kif(T), kif(T) = Bjye
. kop 1.17x10° 1.3 1825
2 Hz + OH = 1,0 + 1 koo 129x 10 1196 9412 H+ H— Hy + Q,
- ksp  5.06x10* 267 3165 2
¥ Ho HO=OH+H 7" 303,100 263 2433 waf + wsp = Ncuco, Bay Hncy By
4 Oy +H+M—HOy + M kg 579x10°  -14 0 Te
5f H+H+M—-Hy+M  ks; 1.30x108 -1 0 H —E1/kgT _ . 2
6f H+OH+M-—H0+M kg 400x102 2 0 dr B e nBay| co,cH — nBsfcy
7t HO, + H — OH + OH &7y 7.08x10% 0 148
8f HO, + H— Hy + 0y ksy 166x 10 0 414
9f  HOs + OH — HyO + 0y ko 2.89x 10 0 -250

(B4 fe_El/ "oT _ nBys)/nByy < 1|  tri molecular recombination reaction[(5f)] = |H in quasi-steady state

[Bype E1/ksT — By T<T*: cg=0
nB5f

T>T": |cu = co,

One-step model (near the flammability limit) cuBs <coBiy = wsr <y

nB4f = Blfe_El/kBT* 1/7_* = (”Bsz?)Qu)/BW

de e p

= _ Dl N T, _ B (1__1
"z pDTdaz2 NT*w J(T) T>T": J<T)ET[G i (7 T*)_l]

2

mS _ Do, SV & _ L2 B2 g T<T*: J(T)=0

dx dx? T*

x=-00: 0=0, r=+4o00: =1
reaction of order 2 with a temperature cutoff
Ty, —T* kgT™ _ B (1_ 1 E 1 1
very close to the flammability limit bT* < BE = e ip (T—7%) _ 1] ~ E(ﬁ — T) <1

8



Fclavin VI 6-3. Flame speed near flammability limits

He, Clavin, Combust. Flame (1993) 93 p. 391-408

T -T,) (T* = T,)
0 = 0*,1 H*E—u * &
(T, —T,) €[lo”, 1] (T, —T,) Ty, >T* = 10" <1 but close to 1
dé d?6 _Pb 2. ,
ma—prTd ~ L vTi(0) {9>9*: jO)~b0-6) ., T, B T,-T,
d d? , 0<0": j0)=0 - T* kgT* T
771_¢_10l)l)()2 w p_iw2]<9) .7( ) B
dx dx? T
2 2
L *
reaction zone: ¢ = Le(1—6), DT;1 Z = e*b (1—60)?[(0—1)—(6* —1)] Le = Dr/Do,
x T
do ! do b* Dr pu Ur b ]
— d6 + matching = D ~ Ley/ —(1 — 0%)? 1-6
Xda: +/* & " dx dz|_ V6 ( ) T* \/W ( A
I, =TT pu  Up b* ( T*>
0< <1l = |[———~Le
Ty — T, 0" /Dr/r* 6 \T* T,

the flame velocity decreases smoothly to zero when approaching the flammability limit 7, — T*

Methane-air flame

d* 1 T* T, \"
the flame thickness d} diverges, T, — T :
L 52

Divergence of the thermal sensitivity: Thermal quenching £
Ty, dUp, B 2Ty / o0 %‘)—20:— % I o
ULdTb_Tb—T* 5§ | X O
Lol O Bosschaart & de Goey &
the least heat loss quenches the flame at a non zero velocity : % Xgﬁﬂ‘;’;?éh'n"s, »
GriMech chemical scheme
9 0 IO.6OI I 0.80 1.0 1.2 11.4I I I1.GI

Equivalence ratio
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Lecture 7: Flame kernels and quasi-isobaric ignition

7-1. Introduction

7-2. Zeldovich critical radius

7-3. Critical radius near the flammability limits

7-4. Dynamics of slowly expanding flames
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Introduction

Flammability limits >< Critical conditions of ignition

Some hydrocarbon lean mixtures that are flammable cannot be ignited quasi-isobarically
Some hydrocarbon rich mixtures that are non-flammable can sustain curved flames

Upward propagation limit is different from downwards

%

Ignition in turbulent flows
Princeton experiments (2014) Wu & al.

Turbulence facilitates ignition of hydrocarbon lean mixtures
Turbulence may suppress ignition of hydrocarbon rich mixtures
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Lecture 7: Flame kernels and quasi-isobaric ignition

7-1. Introduction

7-2. Zeldovich critical radius

7-3. Critical radius near the flammability limits

7-4. Dynamics of slowly expanding flames



rcwinvi V||-2) Zeldovich critical radius

Flame kernel for a flame far from the flammability limits i

Unstable steady spherical solution for the one-step model of adiabatic flames d;vich

QE (T—Tu)/(Tb—Tu) ¢EY/Yu Trb ETT(Tb) Cp(Tb—Tu> ZqRYu

Agzii (de_8> A@b:ii (R2%)

Rar \'"' dr e\ dR |
f%i@ | &
No flow % Nz
-— -—
1 d a0 1 d dap b e ‘
—Dr——(R*~—= ) =D—— [ R?—= | = Z—¢A0-9) .
TR2dR( dR) RQdR( dR) _— T ™

concentration temperature
RngZ Q:Qfa Y = 0; R—o0: 0=0, ¢v=1 actionr

Flame temperature |
Le#£1 = Tf T,

d de d da) ,
Dr— (R*— |+ D— | R*—= | = \G
iR (R dR) R (R 1 R> 0 (conservation energy)

LeEDT/D
Le<1:>Tf>Tb

double integration from R =0 to R = o0

Drd=D(1—-1v) = |6;=1/Le

)

Le > 1= Ty < T




PClavin VIl Unstable steady spherical solution for the one-step model of adiabatic flames
|

0=(T—-T,)/(Ty,—Ty) V=YY, 1=7.(T) c(Th—Tu) = qrYu f’%@& i &
3
—Dp— 1 d R2ﬁ — Dii RQ% — ie—ﬂ(l—G)
R?2dR \" dR R2dR\" dR/) 1

R<Ry: 0=0f =0 R—o0co0: 0=0, ¢v=1

Asymptotic analysis § > 1

Thin reaction zone [ — oo thickness < flame radius Ry
d*6 d*y o

—R— . Dy = D = L 00 |
r=R— Ry, || < Ry de 122 7_rbe
N = (x/Rf) 0(1)7 ne [—OO, +OO] Y= Le(ef - 9) we_ﬁ(l_e) — eﬁ(ef_l)(Le/ﬁ)@e ©
O=p50;-0=0(1) ©c|0, x| 4?6 R3 P0s-1) e
_ = Le Oe
Inner variables dn?  Dr (%7
do © do D
g ] 7 oBOg-1)/2 T
“a T /O 46 = foo: = Jim Drap =c¢ -
External zones
1 Rf do 1 Dp
R>Rs: |0=——| R=R;:|Dp—=——— R<Rf:0=40
a [, d a7 Le R P15 TAR ~ " Le Ry / /
@(R @) =0 MqRT % R=Ry:6=0=1/L
Radius of the kernel D o br [R, 1
matching = — T —e2(fe1), [Le=L o|=f = Le 3/2%e2(1 Le),
Le Rf Tb dr,

= 1,4/2, dp =+/D
Le <1: Rf<<dL Le>1: Ry > dy, ™ =07/ (fezli o
6




Quasi-isobaric ignition as a nucleation problem R, 1 s
2

— — d :L3/2e
Le<1: Ry <dp, Le>1: Rf>d; “F €

(1-52)

Le

Lean hydrocarbon mixtures Le > 1 are difficult to ignite (R; > d)

Dc¢,n,, < Do, = Dr, Le=Do,/Dc,mu,, >1
Instability ? (adiabatic condition)

0 = HfRf/R 9f = 1/Le — ¢St. preheated zone at rest
d@/dR|R:Rf = —Qf/Rf

heat flux towards the preheated zone convection should be added to restore equilibrium
Rf/ R; > Ry : |diffusion fluxes| < 1/R \ convective flux dRy/dt > 0 Rf/
positive feed back: amplification
Rf\ Ry < Ry : |diffusion fluxes| < 1/R / convective flux dRy/dt <0 Ry \
Stability analysis

Stabilization in the presence of heat loss for Le < 1
Buckmaster at al. Combust. Flame (1990) 79, 381-392

Flame balls in micr()gravity lean hydrogen mixtures, diameter =2 — 15 mm
Ronney P et al. AIAA J. (1998) 36, 1361-1368

Ignition by a constant energy source
Deshaies, B, Joulin G.. Combust. Sci. Technol. (1984) 37, 99-116
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PClavin VI Critical radius near the flammability limits
He Clavin, Combust. Flame (1993) Part I and II, 93, 391-420

chemical-kinetics data: T™ crossover temperature 6* = (T* —T,,) /(T, — Ty,)

composition: 1j associated with the heat release Ty, — T, =q/cp
flame temperature of a spherical flame: Ty, 6;= (Ty —1y,)/(Tpy — T\) = 1/Le

model of lecture VI

1 d dé dy . e P gaie)
prr 4 (A _pl d (g W r>T": W=-—=—l ~
"R2dR < dR) R? dR ( dR) Pu Trb
Rng: 0:0f, Y = 0; R—oo: 0=0, yv=1 T<T": W=
_ ﬁ(Tb -7 _, 5o E (1 B T) - e = O(1) : near to ﬂammabﬂ'it'y lir.nit's (e = 0 : quenching W = 0)
(To — Tu) kT T e>1, e ° ~0: far from flammability limits

Thin reaction zone  — 0o (non-dimensional form ¢ = z/dy, dy for e > 1, Le = 1, 2"%reaction order)

. ) . o Dr  pp 1
—d%0/d¢? = w(0,v), (1/Le)d*p/d¢? = w(8, ) 0=0r:9=0 Z =
= Le(0f —0)
0* <0< Hf

T > T* - W = (53/4>Le2eﬁ(9f_1) {(9f _ 9)2 |:e/3(9_0f) _ e—s—B(Gf—l)i|} 9* B T* — Tu . e
T<T*: w=0 - Th-Ta 8

déo dé 2 e ﬁ 0,—1) 3 B(0—0 Ce—B(0,—1 at the exit of the reaction layer
X_C = (d_C) - 9 &< / 5 {e 070 —e s )} d¢ (entrance of the preheated zone)

0* —1 e/ﬂ
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d0\?  Le? 7
€ 0,— — e — t the exit of th tion 1
(d_c> = L oo / B0 — 0)2 {2000 — em= PO g (L O e preheated sone)
0*=1—¢/3
Ty — T* .
G:B(Hf—é)e[(),@f] Or=p T, T =00 —0")=c+pB0;—-1) >0
df = —(3dO measure of the distgnce from the flammability limit: ©¢ € [0, oo]

1 [©f
(d9/d¢)* = Le?ePOr=D j(@,)  J(O)) = 5 / 02(e™® —e©1)doO € [0,1]
0

03 @3>{ Oy >1: J~1

JOf)=1—¢" 1+0f+ — +
(©5) ( 2l 3l 0<O0r<1: JrO3/4)

Preheated zone and matching

flame temperature of the spherical flame

do Ry . 1
R > R . - — — e _ —
R R | T e
dy, for e > 1, Le = 1, 2"%reaction order
d 8 T - T = R dr, — o0
8 — o0 : R]?f—Le e2 (T~ 1) J(O) @i-—>o iz




T}, is determined by the composition of the mixture Yg, (mass fraction of the limiting component)

T™ is determined by the chemical kinetics Yg,

T-T,

0* depends on the composition

T —T,
T, — T,

temperature of the planar flame /
depends on the composition

9*

Le>1:>Tf<Tb

Flammability limit~

Flame kernels

/:R/v
. <
flammable mixtures l Flammable mixtures

that cannot be ignited X

(infinite critical radius) energetic mixtures

Tv/

Le > 1: Heavy hydrocarbon lcan mixtures
Hydrogen rich mixtures

T, — T,

temperature of the spherical flame kernel

szl/Le

1

~ Le

_ Ty -1,

g, =S _"u
=7 T,

Le<1$Tf>Tb

Y dy/dg

-
-~

Flammability limit

.
N
..........

(177 [T7]
[ YS*
| “Ru
non-flammable mixtures | 4
that can be ignited ' Flame kernels
(flame balls)

[/ /7177 /[

*
YR u

I
| Flammable mixtures

energetic mixtures_

T, /

Le < 1:Heavy hydrocarbon rich mixtures
Hydrogen lcan mixtures

He Clavin, Combust. Flame (1993) Part I and II, 93, 391-420
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Flammability limits >< Critical conditions of ignition

Some hydrocarbon lean mixtures that are flammable cannot be ignited quasi-isobarically
Some hydrocarbon rich mixtures that are non-flammable can sustain curved flames

Limits for upstream propagation # downstream propagation

ﬁ

;A e & A ><

non-flammable hydrocarbon rich flames %

Buoyancy promoted curved flames

Ignition in turbulent flows
Wu, F. et al. Phys. Rev. Lett. (2014) 113, 024503

Turbulence facilitates ignition of hydrocarbon lean mixtures
Turbulence may suppress ignition of hydrocarbon rich mixtures

simplest explanation:

Turbulent diffusion coefficients are all equal <

12 laminar turbulent
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Dynamics of slowly expanding flame kernels

Quasi-steady preheated zone of flame kernel 7

preheated zone in the reference frame attached to R¢(t) Ry = &

86, . 00 1 9 80
— - D 277 ) —
N for  Prgear \ I aR> 0

2

. _ R _ By : :
quasi-steady state 7 | treiaz = Dy K tevol = By R < \/ Drteyor, not valid at large distance

The evolution of spherical flame kernel cannot be quasi-steady at large distance

exact solution of the heat equation with a point energy source 9T/t = DpAT  point source, R =0,1 > 0: Q(t)

T(R,t)—T, = /t Q(ZC_ ™) exp(—E/ADrT) )
0 4

(4xDpr)o
_ dr
Q= cst. X'=R/VaDrr  4X'=—2DrRop S

YRR
47TDTpCpRﬁ R/VADIT

T -1,

relax time toward (T — T},) o< 1/R increases with R like R?*/Dr
14 R?/(4Drt) — 0



For|Le < 1|and near to the Zeldovich radius the slow evolution of flame kernels

is governed by the diffusion at large distance 14 4 vadius Ryz/dy = fle=1)/2Le

/

_ B(1—Le?) Rz _ N
=1 tre \/ = =R:/R % o
T / f tref Le (47‘(‘DT>1/2 rf f/ fZ @

Joulin’s equation (Joulin 1985)

R } Le < 1 concentration . temperature
1 T d / 4
2(05s) == St =) L SR
2 Le 0 T RfZ ~ "\——L<— - - |
L Todr . / p
;—exp — ; 7_/1/2I‘f(7'—7')

The structure and the dynamics of flame kernels 7& planar flames even for Ry > dy, (8 = 6¢/R)

~
-~
N
T

Extension to a short pulse of an energy source
Joulin G.. Combust. Sci. Technol. (1985) 43, 99-113

Reduced radius

o
I

Extension to the proximity of flammability limits + heat loss p<p

0

Clavin P. Combust. Flame (2017) 175, 80-90 0 10 20 8 4 50 60 70

Reduced time ¢ /tef

Dynamical quenching of flame kernels in nonflammable mixturesfor Le < 1

1 T dT/ )
\/__rf+Hbr?c:1—I(T) where I(T)E/O T,l/zrf(T_T/)

Self-extinguished flames in micro-gravity experiments of lean methane-air mixtures

Ronney P. Combust. Flame (1985) 62, 121-133
Ronney P. Combust. Flame (1990) 82, 1-14
Ronney P et al. AIAA J. (1998) 36, 1361-1368
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Lecture 8: Thermo-acoustic instabilities

Lecture 8-1. Rayleigh criterion

Acoustic waves in a reactive medium
Sound emission by a localized heat source
Linear growth rate

Lecture 8-2. Admittance & transfer function

Flame propagating in a tube
Pressure coupling
Velocity and acceleration coupling

Lecture 8-3. Vibratory instability of flames

Acoustic re-stabilisation and parametric instability (Mathieu’s equation)

Flame propagating downward (sensitivity to the Markestein number)

Bunsen flame in an acoustic field
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VIII-1) Rayleigh criterion

A coustic waves 1n a reactive medium

Ideal gas Lord Rayleigh 1878
¢, Dp Dp DT
= (¢, — ¢cp)pT P~ =¢T D/Dt =90/0t +u.V
b (p ) cp — Cy Dt Dt+cpth / /
D D v D
a® = (cp/co)(cp — c)T pep—1T = Cp —p— c a®—p

Dt cp — €y Dt cp —Cy Dt

Energy conservation pep—- =7, T V-(AVT) + Z QY
&Y Dt Dt elimination of D T/Dt

— — V.(\VT DG
cp — ¢y Dt cp—cva Dt V-(AV )+ZQ

Y

J

; . 1sentropic acoustlc
Dp/Dt — a“Dp/Dt = ¢, op = a*dp

Gy =(7—1) |V.AVT) + ) _QUWI | y=¢/c,

J
¢y(r,t) = heat transfer + heat release

(rate of energy transfert per unit volume)



Dp/Dt — a*Dp/Dt = g,

475(7_1)

V.()\VT)—I—ZQU)WU)] Y= cp/cy

j
Linearization around a uniform state Va =0,
p=p+p, p=p+p, u=u+v, §¢=¢+¢

Mean flow velocity neglected in front of the sound speed @V 0

1D D

ED_/t) =V, pp, = -Vp = 9)/0L=—pV.ul, pou'jot = -V,
. . 82 / at2 :A /
Approximations P/ p

o/ot  Op'Jot —a*0p' /ot = q,

a, Cp, Cy; constant

elimination of p’ 0%p' |0t —a*Ap’ = ¢, /ot

Sound emission by a localized heat source in free space < Problen

of acoustics

acoustic wavelength > size of the combustion zone 8@};(1', t)/0t = 6(r)Qt) Q) = o0/, | Q) = / / / i (v, t)d’r’

Green’s retarded propagator  (1/a*)9*°G/ot* — AG = 6(r)d(t), G(r,t) =ad(r —at)/4rr

spherical geometry |[p/(r,t) = /// 8tq7 vt —r/a)d’r = M. r=|r|
r!

Ara? Ara’r
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Liner growth rate Singing flame
Sound generation Bunsen
burner
/\ ."}}9‘_5_"
. ) wire
retro-action loop: Unsteady Acoustic
heat release waves
Rocket engines, gas turbines... Retroaction Higgings 1502 Rijike 1850

Simplest retro-action mechanism: pressure coupling 4 1-D geometry

0Gy = b 0D/ Tins op(x,t) = Z ﬁk(t)eikw k=2mn/L
2~ ~ k=—o0
dt2 Tins dt 1
Dk (t) X ea(k)t 20Tins = b+ \7%— 4a* k27?2, — <L wg = ak

b > 0 fluctuations of heat release and pressure|in phase: instabilit
(o) = wi + .., | Re(a) = b/(2Timst) + - :>{ P P Y

b < 0 fluctuations of heat release and pressurelout of phase: stability]

[4
More general retro-action mechanism  |§¢ (z,t) = ! / b(t —t")op (z, ')t

Ti’l’LS — 00

400
b(T) = / r(w)eiwd(w)eiwdw + c.c. r(w) >0 wTy(w) is the phase lag

— OO

—7/2 < wgTa(w) < +7/2 : Instability

Nonlinear study: limit cycles in the unstable case
5
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Admittance & transfer function

Flame propagating in a tube

x A
thickness of the flame brush < acoustic wavelength burned gas
gas expansion = jump of the fluctuations of the flow velocity (acoustics) [ ouy
(Oup — duy,) /U, = O(1) T Oty

fresh mixture

Tomography laser
Boyer, L. Combust. Flame (1980) 39, 321-323

jump of pressure across the flame brush is negligible

acoustic pressure

op = padu (6py — Opy)/p = O(UL/a) dp¢ : fluctuation of the pressure at the flame
p/pa* = O(1)

averaged (per period) flux of combustion energy transferred to the acoustic waver

gt = (5ub — 5Uu)5pf

_lDT:Cj’Y/(V_l) _ q.’y

mass conservation (quasi-isobaric combustion V.u=
(a ) T Dt pcp, T pa?

0qy
(Oup — O0uy) = / de
flame brush
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£, = (dup — duy,)dps

Pressure coupling

Definition of the admittance function Z(w)

Ju(t) = Re [@(w)e™"] op(t) = Re [p(w)e]

: L - ps]?
& = Zpeps + Z¥Dep] Re Z(w
t 4pbab( 105 1PF) = [ ( )]pbab

(dup — duy) =

flame brush

0q
qf; dz
0a

burned gas

T 5ub

Oy,
fresh mixture

laser tomography (Boyer 1980)

(4 — Gu) = Z(w) Pr/ppas

instability : Re(Z)

>0

< (Rayleigh: 64, v.s. dp)

Analytical study of a planar flame submitted to a fluctuation of pressure (3 — o0o) 01/Ty o< épy/pys

12| = O(Mp) -

——ZFK, Le=14
---m--2-step, Le = 0.8

gaseous ﬂame 7""‘3’"'2-step, le-1i4

n

——ZFK, Le=0.8 X ('V - 1)Mb

coeff depends on
the position in the tube
as dps does

0 i I i e
0.01 0.1 1 10 100

Reduced frequency wT,

P. Clavin et al. (1990), J. Fluid Mech. 216, 299-322

°%0 02 04 0.6 0.8 10
ive posi

of flame in tube 7

weak coupling

Ta/Tins < 1

Unsteady calculation
Quasi steady-state

\/
\
\

#Zeldovich 1942

/\ C avir%az/imi 1992

1.0
P.Clavin & G.Searby (2008), Combust.Theor. Model. 12 (3), 545-547 Re(2) =
ﬁfa ab 05
Solid
. propellant —
Solid propellant Reacion 00
P. Clavin & D. Lazimi (1992), Combust. Sci.Technol 83, [-32 05
0.01

J. Garcia-Schafer & A. Linan (2001), J. Fluid Mech. 437, 229-254

0.1 1
Reduced frequency wT,

10



P.Clavin VIII ou(t) = Re [G(w)e']  dp(t) = Re [p(w)e™’]

A

Velocity and acceleration coupling

burned gas

T 5ub

T Oy,
fresh mixture

fluctuating velocity = modification to flame geometry
— fluctuation of heat release through the flame surface

Transfer function for a flame in a tube 7,(w) | (Gp — @) = To(w)i, | & = (1/4)(Trtup} + T, Uy D)

upy = —u'py & =Im T (w)(idup})/2
phase quadrature (acoustic mode of a tube) / "\Real number (sign depends on position)

Weakly cellular flame propagating downward in an acoustic wave

acceleration of a curved flame = modulation of the flame surface S = / dyy/1+ o

pa?

/5q’daz = puUrcy (Tpy —T0) 05/5, dup — OUy = /—da: dup — ouy, = (T /Ty — 1)ULOS/S,

ctuation of heat release rate/ cross-section aera

. . SNV turbati
Consider a curved front slightly perturbed unperturbedsg perturbation

r=ay,t) ay,t) = a(t)cos(ky) a(t) = dp + a1 + c.c
kg <1 |a1] < &o (linear response ok) = | 89/S, = (k?/2)a,a1€*" + c.c.

Q1 VS Uy ! g'(t) = Re [iwa,e] g>0
2~ -
Ob doz da [ py Ob / 9 k -
: (1 —2(Upk)——(— -1k t k{1—— =
lecture IV ( + )d 2(UL, )dt (Pb > [ pu[g—l—g()]+UL ( )| e 0
,];«(CU) 0.5 T
(k’COzO)Q Im(7;)

0.0

Analytical expression (k = k)

P. Pelcé and D. Rochwerger (1992), J. Fluid Mech. 239, 293-307 45t

Re(T:)
ok for the primary instability

-1 0 I 1
9 0.001 0.01 0.1 1 10
Reduced frequency wT,
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VIlI-3) Vibratory instability of flames

primary instability + re-stabilisation 4+ parametric instability

10000 - Case (c) Cellular flame // 1o
— Flatflame >108
< Curved i /35/’ 06 &
== T o 5000 | Curved flame 5
Acoustic mnstability. x 04 5
in s -~ 02 3
. N 00 8
Bremixed Elames 8§ ot
© IRPHE 0.4
G. Searby 5000 L+ L R L
-0.5 0.0 0.5 1.0 1.5
Time (secs)
Acoustic re-stabilisation and yarametric instability
Markstein 196
Uq =0
T =t/m, T =1/Utk), @w=wm,=(wry)/(kdy) w=kd,  p = e
/
t) = wu Uy, cos(wt g Unstabe
d2& dd{ ) / g ( /) - aV L ( )
+2B— + [-D+ @ Ccos(wr’) ] a=0 % N\ .
a2 dr’ . | VSRR >
— Ub / C — Ub - % ‘\\ /\\ Stable
Up = pu/pp > 1 B:Ub+1 “\wp+1) @’ %
D=, <Ub_|_1>E N(k)=—-Go+Kk—K/km Go=v, |9|dr/Uj

Mathieu’s equation. Kapitza pendulum

Y(t) = B G

D + B?
&y n--C22)

dt?

_ /
t=wr
w

+{Q2+hcos(t)} Y =0

Kapitza 1951
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Mathieu’s equation. Kapitza pendulum

4’y
() = constant eI {Q+hcos(t)}Y =0

Faraday 1831
Q > 0 : Oscillator whose frequency VQ is modulated ~Prametric instability (Faraday 1831)

(2 < 0 : Re-stabilization of an unstable position of a pendulum by oscillations (Kapitza 1951)

Ah

S
—

Re-stabilization tongue A

Parametric instability

Ug =0

Increasing Flame speed
Re(o) (decreasing G,,)

Kapitza 1951

m
®
0
/

»(t)

I

Unstable situation |~_

:| unstable wavelengths

01/4 9/4 4 Q

Stability limits of the solutions to Mathieus’s equation
White regions: stable. Grey regions unstable
Flame propagating downward

/ g (t) = wu, Uy cos(wt)

d*a da -
+2B— + [-D + @w’Ccos(wr’)] @ =0 15— —
dr’? dr’ i ]
UQ/UL- @ -
G.H. Markestein (1964) Nonsteady flame propagation New York: Pergamon i ]
1oL ]
Parametric instability :
2 (vp + 1) < ULc> k7 1Ure i
UgT R 204 — 1— , — X « [
(1/1’ o 1) U k"” 2UL UZI < Uq < UZII uaII_,,, E lwrr = 1.0
iy = 20/ (vy — 1) Re-stabilization tongue u*I—) G — 0085
unstable wavelengths \O*m R | M =46
K- Ky 0.2 0.3 0.4

see §§ 2.5.5, 2.9.2-4 in P.Clavin & G.Searby (2016) Cambridge University Press

fi:de



Sensitivity of the acoustic instability to the Markstein number an the acoustic frequency

15— ————r 15 ——
10[ AR S— 1 10} ]
L ] ] i
UZU: | ]
3 I wtr, = 1.0 5 [ wTtr, = .05
Ut ) G, = .0085 2 G, = .0085
g 0 _m L. .Ih.jll - M=46 0 - PR B M=46
F>> R KRy 0.2 0.3 0.4 R— KRy 0.2 0.3 0.4
RS
a 15-' \ |wrr, =1.0
3 [ _ ]
S Yo = -0085 @ ]
3 10 =33
B ©
=}
3 [ ]
o L
c 5 Ny 5 I ‘ wTr, = .41
W (\ G, = .0020
0 (-\ R P B 0 L1 [ M =46
K— 0.1 R+ 0.2 0.3 0.4 KR— R4 0.2 0.3 0.4

Reduced Wavenumber x = kdj,

Flattening of Bunsen flames in an acoustic field (Hahnemann Ehret 1943, Durox et al. 1997, Baillot et al. 1999)

==

s N

Rich Bunsen methane flame + intense axial acoustic field acoustic equipotential surface
140 Hz

13
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frlowm 12 9-1. Introduction

The problem of premixed flames in a turbulent flow is still widely open

U, d
Y tur tu:rb
Uturb ?
Turbulent flow 2
L of unburnt gas SO dturb

Average: position
of stabilised flame

Experiments are difficult. Experimental data are very scattered

Even the simplest model has no known solution (Nonlinear stochastic equation)
Reaction-diffusion wave in a turbulent flow (no gas expansion)
00/t + v(r,t).V0 — D A6 = W' (0) /7. Vv=0
prescribed turbulent flow (stochastic field)
Same model in the wrinkled flame regime (lywr > dr, Tewr > 7 = U, =UL)
eq. flame surface  G(r,t) =Gy  0G/0t+ (dr/dt).VG =0 dr/dt =v(r,t)—U,n n=VG/|VG)|

stochastic eikonal eq. 0

v (%wyvgz) 0G0t +v(r,t).VG = U, |vG|| V.v=0 gz <G>=Un<|VG|>
L aly, =,

G—-Go=2—a(y,zt) Oa/O0t —u(rs,t) +w(re,t).Vyo = Upyr — Un\/l + |V af?

5= [[asay (14 19al)  Onvn = (141900} [ =02 18)

L. . . t—i—At/Q
Unfortunately the condition of existence of < S >1s not known ! lim S(t)dt' =7
At=o0 Ji_At/2
v| < Up: U /U =14 (|v]/UL)? V| > Ur: Upr = |V Bending effect

P. Clavin & FA.Williams (1979) J. Fluid Mech.90 (3) pp. 589-604 3 (Damkoler 1940) modification to the laminar flame struture
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9-2. Turbulent diffusion

Taylor’s diffusion coefficient (analogy with Einstein random walk for molecular diffusion)

1-D for simplicity: dz/dt = v(t), x(t) = /t (t")dt’ v(t) = v(z(t),t)

ensemble average ™ stochastic Lagranglan velocity

/ dt’ / dt” (v(t")v(t")) ) =2 / dt’ / dr (v(t vt — 7)) G.I Taylor 1922 Einstein 1905

turbulence: homogeneous in time (v(t)v(t — 7)) = (v >g(T) g(0)=1, limg=0 |[m7= / g(r)dr

correlation function /' T . J0 )
00 integral time scale

t
integration by parts  (2?(t)) = 2 <v2>/ (t —7)g(r)dT where / Tg(r)dr =0(17) t>7: g=0

/0 oo 0 first moment
lim (t—7)g(r)dr = t/ g(T)dr — / (7)dr
t—o00 0 0 0

t> 77, 1-D: (2°(t)) = 2Dyyrt, 3-D: (2°(t)) = 6Dypurt, where |Dyyr = (0°) 7
turbulent diffusion coefficient <U2> = (turblﬂence intenSitY)2

Rough model for the turbulent transport (analogy with molecular diffusion)
(v0) ~ — D4,V (0) , (V.(v0)) = — Dy A (6)

.. .. . . . 1/2
limited to scalar mixing with small displacement / size (blobs, sheets ..) [} < L (v[ R <v2> ,/ lr =vrrr )
turbulence intensity ~ integral length scale

Dtur — lIUI

Well-stirred flame regime of Damkohler (1940) [; <dr and Diwr > Dr

little practical importance

Uiur [
Utur ~ o/ Dtur/Tb : ~ \/( ! ) (UI > > 1 dtur ~ Dtur/Utur > dL
Up dr, Ur

4




rawnx  9-3. Strongly corrugated flamelet regime

Kolmogorov’s laws
homogeneous, isotropic and fully developed turbulence

Richardson cascade Kolmogorov 1941
Decomposition in a continuos set of vortices
li, Ti, v =1/ . Re; = lv; /v v=pu/p
@ turn-over velocity  local Reynolds nb viscous diffusion coeff

' _ Kolmogorov scale g, Tk, Uk  Rex = 1 I, >l vi>vk Vi
schematic representation

i =1;/2 Integral scale lr, 71, v1 Rer > 1 lr>1; vr>v Vi

Scaling laws (dimensional analysis) [x < [; < [;

energy transfer in NS eqs : p(v.V)0*/2 3/l = e~ cst = | ~ 51/3l2.1/3, v? R~ 62/3l?/3, T; R e_l/3li2/3
dissipation rate of energy : vv.Av = = e=vvi/l% e=v7/l;
Rex =vklg/v=1 = lI/lK%Re§/4, vI/vK%Re}M, T]/TK%RG}/Q Rer > 1
energy spectrum : (v?) /2 = /OOO dk E(k) E(k) ~ ¥/3k=°/2 K41 scaling law

definition of strongly corrugated flames
v LU < vp|l= dp <k, 71 < 71K no modification to

~ ~ ~ the laminar flame structure
Gibson scale I (Peters 1986) ve v, Up s Drfdr,, Dr~v

definition of the Gibson scale: smallest size of the wrinkles on the flame front

turn-over time = transit time across the vortex 7 ~1[;/Uy = wv; = Uy

lc=Ul/e = Ik <l <y li <lg=u; <Ug il;/UL <7—3’\:li/ui

_ [ transit time < turn-over time|
many scales of wrinkles [ < [; = fractal geometry of the flame front

N. Peters (2000) Turbulent Combustion, Cambridge Monographs on Mechanics
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Elements of fractal geometry

: N 2
Weaker resolution [, g <l; <I; Sij ~ Nijl; 17
nb of cubes of size [; that intersect the surface within the volume 5 EREEERY. EEEEEEE
\
T
Total surface area in a cube of size [;, g <[; <l Si =~ Ni.a 1% AP
nb of cubes of size lg that intersect the surface within the volume [ ) 1=
A
G
)
Fractal dimension Dy > 2: N;; = (1;/1;)77, | Sij/12~ (li/1;)" il
ractal dimension Dy > 2 Ny ; = (li/1;)"7 i3/ = (li/15) L
LA
1:/2

Regular surface: Dy =2 = total area S; in a box of size [;  S;/I7 = llimo S;.; /17 = finite cst.
i

For a flame of thickness d, its area is well defined for wrinkles whose scale is larger than dr, [; > dy,

The fractal dimension Dy > 2 can concern only scales greater than the smallest wrinkles

Fractal dimension of a turbulent flame can be meaningful only for dr, <lg <[; <Il; <l



P.Clain IX — Self similarity of strongly corrugated flames [vx < U, < v dp < g <lg <1

Assumption: the Kolmogorov scaling law is not modified by the gas expansion ok for [; > lq

Contamination time vs combustion time U7
Kolmogorov scaling law : | 7; = e_l/3li2/3 NN v; A 61/3lg/?7 L/ m
Fastest contamination: integral scale vy > v;. Upyr = v17 kv/ \/
ok if the combustion time of the vortex is not longer than the turnover time r l1

Self similar law

An effective front of thickness [; is defined at each scale
A flame velocity U; can be defined at each scale if U; = (S;;/I))U;  U;JU; = (S; ;) JIZ

At the Gibson scale the combustion time of the vortex = turnover time U =vg = Ilg/UL =lg/ve

Self similarity: same law at all scales =-|combustion time of the vortex = the turnover time V [;

li/Ui:Ti = Ui:Ui

Kolmogorov cascade =- small vortices burn faster than larger ones

Utur = vy, ltur — lI

Fractal dimension of the flame surface: Kolmogorov scaling v;/v; = (I, /lj)l/ 3
Us/Uj = (Sij) 1] = wifvy=(Si) JE = (Siy) /1] = (Li/1;)"°

Ui = U;
(Sig) /1 = (I;/1;)P7 72

def fractal dimension The result is the same for all mixtures...??

= Df:7/3
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Co-variant laws

A. Pocheau (1994) Phys. Rev. E, 49, 1109-1122

More general law independent of the turbulent scaling and satisfying additivity

j—1
Turbulent energy contained in the range [l;, [;] 1 07, = Z Vi vi : energy in [k, k + 1]
k=i

Co-variant law = same for each couple of length scales [;, [;  [; > [;

The only co-variant law for the flame velocity U; at scale [; satisfying additivity is U? = U 32 + cviz, i

9 Pocheau 1994

: 2 2 2 2 2 2 2 2
Co-variance 7 L >l > 1, vi; =07 + v U =U;+cvjy +cvg; = Uy + cvjy,

: 2 2 2
co-variance ok U; = Uj + cvjy,

U2

tur

=U? +cv’ v? = Z v;  turbulence intensity
Vn

Not limited to a strong turbulence
The case ¢ = 1 covers the known results at low and large turbulence intensity

Reasonably good agreement with experiments

’U/UL:O<1), l]/lK%180

A. Pocheau & D. Quieros-Condé (1996) Phys. Rev. Lett, 76 (18) 3352-3355
8



P.Clavin IX
9-4. Turbulent combustion noise

S
Acoustic
wave, ~

, N\

wavelength a/w > L size of the flame

Monopolar sound emission ‘

2
o
=
=

c
<

>

o

2

S
=

Deformable (small) body with fluctuating volume V()
Vit —ar) r=lrl, V@t)=dv/dt -

u = V¢(r,t) acoustic potential ¢(r,t) = —
4mr
r>L: v=(4rar) WV (t—r/a), V(t)=d*V(t)/dt?
Radiated flux of energy (intensity of sound) = pa <v2>
Total acoustic energy radiated /unit time I = (p/4ma) <(d2V / dt2) >
mass flow rate of burned gas in the lab frame

Sound generated by a turbulent flame dV/dt = M,/p

- mass flow rate of fresh gas in the lab frame
Mb = pb/ (Df + Ub)dQO' = ,Ou/ Df + UL d*o pu UL = ppUy

normal flame velocity in the lab frame

dV/dt = My/p, = Mu/pu + (Us — UL)S  |d2V/d%t = (U, — U )dS/dt

constant

elimination of D

T = (p/4ma) (U, — UL)? ((dS/dt)?) di(w)/dw = y P, —Up)? /OO dt el <S(t)S(0)>

power spectrum of sound

T™a

intensity of sound

Strahle 1985 S(t) = dS/dt
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total intensity of sound

I = (p/Ana) (U, — Ur)? ((dS/dt)?) power spectrum of sound
T P 2 ~ iwt / ¢ -
dl(w)/dw = L~ (U, — U / dt e ($(1)$(0))
Strongly corrugated regime with the Kolmogorov scaling )/ 47Ta( ’ 2 0 (6)5(0)
D;=7/3 = 1 (T, ? vl
£= I~ (L 1) (pav)iL
AT <Tu ) (o V)alI

\

total volume of the flame brush

df(w) x w™52dw

Clavin, Siggia (1991) Combust. Sci. Technol. 78, 147-155

in agreement with experiments on very large burners
(Abugov Obrezkov 1978)

Power spectrum (Arb. units)

102
Frequency (Hz)

Blowtorch noise
Combustion noise is two orders of magnitude higher
the noise is not resulting from the direct interaction of upstream turbulence on the flame front

amplification by the intrinsic flame instability is essential

Searby et al. 2001 Phys. Fluids. 13, 3270-3275
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Lecture 10:  Supersonic waves

10-1. Background

Model of hyperbolic equations for the formation of discontinuity
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10-1. Background

PLANAR SHOCK WAVE
INERT GAS
SUPERSONIC
MOVING
FRONT PISTON
D > a, V)
GAS AT REST UNIFORM FLOW ;
/|
distance o (D — vp)t
< >

D>a, | Un<an
UN;D—’UP

Supersonic Subsonic

thickness: few mean free paths

Poisson 1808, Stokes 1848, Riemann [860, Rankine 1869, Hugoniot 1889, Rayleigh 1910



SHOCK WAVE AS A SINGULARITY OF THE EULER EQUATIONS
Riemann (15860)
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shock wave = discontinuity in the solution of the Euler equations

Model of hyperbolic equations for the formation of discontinuities

Nonlinear first order partial - differential equation

u(x,t)? Ou/ot + a(u)Ou/0x = 0 a(u) given function
initial condition
t=0: u=u,(x) u=u(x,t)?

Simple case: linear equation
U = Uo(T — aot)

a = a, = cst. :

propagation at constant velocity without deformation

't
Nonlinear equation a(u) da/du # 0 singularity |

Method of characteristics \%

Riemann 1860

The solution is conserved along any trajectory dz/dt = a(u) in the phasé plan (z,t).
w = u(x(t),t) du/dt =0 = dx/dt = constant

u(x,t) is constant along the straight lines |z = aot + To|:  © = u, Uo = u(a,)

dug/dzo #0 = dao/dzo #0 Intersection of characteristics: finite time singularity

5
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Nonlinear equation

t=0: u=u.(r)

trajectories z(t) : dx/dt =a(u) w=wu(x(t),t) du/dt=0

u(x,t) is constant along the straight lines;

ou/ot + a(u)0u/dx =0

u=u(x,t)?

Method of characteristics

u(x,t) = cst. = a(x,t) = cst.

r = a,t+ x,

Riemann 1860

t=0: z=a,t+x,, Uu=1u,

Uo = ulay)

Speed increases with increasing u, |da/du > 0

Initial state

aop/

\ \
Ny, Ny,
> yd
X X

da/du > 0 :larger values of u run faster

= [formation of singularities after a finite time

6
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ou/ot + a(u)0u/dx =0

U/

Speed increases with increasing u, |da/du > 0 _/\

ao/

\
N
>
X

initial condition

= |formation of singularities after a finite time

larger values run faster

u u/l uMfN

>ty i

\
t=tp ,
F N ,
X X

Xo X

t > tp, : characteristics intersect
t > tp : multivalued solution. Wave breaking

u(x,t) constant on straight trajectories in the phase plane (¢, z)
x(xo,t) = 20 + ag(xo)t :  u(x,t) = up(xp)
am/8370 — 1 + t(dao/dxo) 8%/83: = [1 —|— t(dao/dxo)]_l

ou  Ox,du, Ou du, /dz, g b , 1
- = : iverges at time = —F
Or  Ox dv, Or [1+t(da,/dz,)] s —da,/dz,

where da,/dz, <0

t, = time of wave breaking (shortest time for the divergence of 0u/dx)

1

t, =
"~ max |dag/dxg]




P.Clavin X
Ou/ot + a(u)Ou/Ox =0  conservative form  Ju/0t + 0j/0x =0
ju) dj/du=a(u) ) E/ a(u')du/

Discontinuous solution

Are step functions uy # u_propagating at constant velocity D solutions 7

U
u(€) (E=x—Dt u_
D
0/0t = —Dd/d¢  9/dx = d/d¢ —
D7 —Dj—z + j—é =0 j—Du is a conserved sialag -
. . ug) — j(u—
j(us) = Duy = j(u_) —Du_ D=2
U4 —U—
Infinite numbers of solutions !! {Ill posed problem
f(u) x (—Dj—z + j—é) =0, V function f(u)
" dF dG
Definit f F d : - = b
efinition of F(u) and G(u) = (u) = (u)a(u)
d G(U+) — G(U_)
— |[-DF G =0 D=
qu CPF@ TG =0 = P =50 ) ")
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Discontinuous solutions
ou/ot + a(u)0u/dx = 0

Are step functions u. # u_propagating at constant velocity D solutions 7 uy
u§) E=x-Di
Infinite numbers of solutions !! {1Il posed problem|
adding a dissipative term makes the problem well posed s i/»“
uw() E=ax-Dt Ou /ot + a(u)Ou/0x = e0*u/0z*,| € >0 D,
0/0t = -Ddjde  0fdw =dfde v ng dimension € = length® /time
PR d d d
jlu) = /u_ a(u)du’ & [—uD + j(u) — ed—u] =0 ed—z = j(u) — uD + cst

§_/“ du
e Jo j(u)—uD +cst

£ =+00: du/d§ =0 = 2 expressions of the cst that should be equal = a single value of D
j<U+> — U_|_D + cst = 0

; — i(u_ Jju_) —u_D+cst =0
D= jluy) = jlu-) independent of € !

U4+ —U—

u(§) continuous function lim u = step function

e—0
a(u) = u : Burgers equation. Analytical solution to the initial value problem
in G..B. Whitham (1974) John Wiley & Sons, chapter 4.
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Riemann invariants (1860)

d P d d d d d
Euler equation + constant entropy + ideal gas: a2 = _p = ]_9 Pl —cst oS¢ PGP o0 (y—1)—=
a p P a
{/p) aP/ 5035 02
A [ 0 p+ 9 5y o2 0] 4 a + 2urulu—o
U— —u = — — —u =
Lot T Yo" Pou pox’ ot T M on Qo
ass momentum eq. /p
)\8 + >\+a2 9t Qi prwZu=o
— U —u —u =
" ox” T ot TV T Vg
choose A such that  Au+a?/p = \p+ u), = A==a/p Ap = *a Riemann 1860
0 0
A=+ (A —
[81& + (o +u) ox t .
AMpt+u=uxa C— c,
. dx t ~
2 characteristics : Cy: il + a,
invariargcs ; C 4 p+du=0 ;
Mp+du=0 +-dp+du=0 P o g x;;_
Y ) = a+u _= a-u
J+57_1a+u— cst sur O - BRRAE
Sitmple waves '
ce T t C, are straight lines
_<_ Trajectory
iy AN of piston =
Ced /7 C,
. ‘ 7 C Fluid at rest /
I;a;?sit(;)r:y > \.Iilui;\at r?s; T
) S movwiston

—>

Rarefaction wave
10

Compression wave

formation of a singularity: shock wave
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compression
1

Trajectory

of piston

Trajectory

of shock
Shock x
Uniform flow\ﬁ Fluid
at piston
speed at rest
Fluid velocity
up |
0 X

t<0:
t>0:

Centred waves

piston velocity
piston velocity

0
cst #£ 0

Sel-similar solutions x/t

shock wave at constant velocity > piston velocity

rarefaction
I Centred ,
! rarefaction
| wave 7
1 4
1 e
Trajectory ! ’
of piston I’ 7
4
1 7
1
/8 X
U'!IO'}';};EW Rarefactioni  Fluid
sgeed wave at rest
Absolute fluid velocity
Y+ ]u .
lp] 2 *
0| X
apt

no discontinuity

of u

discontinuity of du/dx propagating at the local sound speed
fully unsteady process: thickness / (T



Rankine-Hugoniot conditions

(jumps across a planar shock wave)



Planar shock waves

‘Mfg Rankine-Hugoniot conditions for shock waves

Mk (1870 — 1880)

Rankine 1870 Hugoniot 1880
Eqs for the conservation of mass, momentum and energy

o0 o) _ . O 0 ( o\ o) D sy (T o
o or 0 ot~ ox \P TPV Ty, o = o |t uT/2) = Agn = pugs

Inner structure in steady state: working in the reference frame of the wave; equality of the fluxes on both sides

Initial state Shocked gas
Pu  Pu PN PN m2 m2
D o m = p,j = pyun pu+p—=pN+p— hN_hu+<u?V_D2>/2:o
U N

written in the moving frame of the shock at velocity D
steady problem

h(pu,pu) — h(pN,pN) + L (pi + i) (pN —pu) =0

Hugoniot curve (p—1/p) Michelson-Rayleigh line

1/1 1 1 1
h(pap)_h(puapu)_ 5 (P_—'_;) (p—pu) =0 D — Py = _m2 (; — p_)




P.Clavin X
Ideal (polytropic) gas v =cp/c,

p = (¢p — cv)pT, h=¢cT = Ll]—j p—pu:—mz(;—pl>
T—Lp D ‘
_ O M,=—=>1
h(p, p) = h(pu, pu) = 5 (pu + p) (pP—pu) =0 ] a
_ 2
_(y+1) (p _(y+1) (pu P+HV+1) =1 P=-My
P = 2 p_ - , V= 9 ? - Hugoniot curve Michelson-Rayleigh line
" quadratic equation for V, 2 solutions: V =0,V = Vy
Shocked gas (Neumann state) vs M,
uy _ pu _ (Y= 1M +2 pN _ 2yM7— (v —1) Ty [29M2 — (y=1)][(y — 1)M2 +2]| Initial state Shocked gas
D oy (y+D1)M P (y+1) T, (v + 1)2M2 Pu Pu PN PN
_U_N 2 (7_1)ML2L+2 2272 - 2 2V o _ D Un
General comments Py [subsonid |slope| < |slope|
p]V_ / My = uN/aN <1
. . ., . Initial state Shocked gas
The Hugoniot curve is tangent to the isentropic P
) "\ Michelson- D uN
the entropy change along the Hugoniot curve is of third order = M, =D/a, > 1 | -Rayleighline ——> | —>
7 ' Hugoniot
1 1 82 1 Xcurves
s=s=s. op=p=p, |os= g (S epr| |V N\ [
(58/6]7/ L 2 - ) J 1/p M,=D/a, >1
, . ' _ . gy RV |slope| > |slope|
The Hugoniot relation is not an iso-function of state
1/1 1 L .
h(p, p) — h(pu, pu) — 3 (p_ + ;) (p—py) =0 cannot be written in the form  H(1/p,p) = H(1/pu,Du)
1/1 1 1/1 1
bl ) = 1o px) = (oo 2 =) =0 1)~ lpusp) — 5 (543 ) (0= ) =0
Rarefaction shock does not exist. The entropy of the fluid increases through the shock (Irreversibility)
ds d /AdT i .
can be proved for weak shock by the entropy balance — py— = — ( 2= | 4 ¢, We >0
or by the H-theorem using the Boltzmann equation dz  dz \Tdz

14
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10-2. Inner structure of a weak shock wave

Clavin, Searby (2014) Cambridge University Press, pp. 219-222

@4_ (pu) 0 Npu) 0 <p+pu2 ﬂ‘?i) d(petot) _ 0 {pu(h+u2/2) _)\aj _ uau}

ot " oz ot O ot o ox "oz
(pNa pN)
Formulation v M
( reference frame attached to the shock wave ) 7 L
2 dT d >
pu = m, P+ pu® — uj—z = cst. m (h + %) — )\a — ,uu£ = cst. shock thickness
r— —00: P=Py, P=pPu, U=D r—o00: dp/dx =0, dp/dzx=0,, du/dz =0
m = p,D B:(v—l)ch __rp
P v—1p
Two coupled equations for p and v =1/p,m given (u=mv, c,T=pv/(y—1))
9 dv
(p _pu) +m (U - Uu) = ,Umaa
v 1 oy A d(pv) | pm dv
v—1 (pv = puva) 2(p Pu)(vton) = v—1me, dz 2 (v Uu2) dz
—(u? —ul) = m—(v + vy) (v —vy,)
r—oo: dp/dr=0, dv/dx =0 2 Y
=50t | =(p—pu) +pm

Dimensional analysis

speed of sound 2 V>< du
e (i -
u/d= O(1), 0 i

mean free path
p/p = viscous diffusion coefficient ~ ¢/a = [thickness of shock waves &~ mean free path
kinetic theory of gases

macroscopic equations not valid 7

ok for weak shock !
|5



P.Clavin X

M, =D/a, > 1 Analysis forle= M, — 1< 1] (weak shock) | D/a, =1+¢

dv

(p_pu)+m2(v_vu) :Nmaa (3) m:p“D
O(e
~y 1 oy [Xdpv) | pm dv
fy—l(pv Puvu) 2(p pu)(v+vu)_7—1mcp dz i 2 (%)dx
T — —00:D =Py, V=1, r — 00 :dp/dx =0, dv/dx =0

Non-dimensional equations

v=1/p V= (v —uvy)/vw = O(e) T = (p—pu)/Pu = Ofe) anticipating {jjr;ji Z (O)E;))

A/mep = Dry/(puD) = Dry/(putu) Pr = u/(puDru)

mean free path
N\ Gy = \/VPu/Pu M?=1+2¢+..
E=x/l ¢ = Drpy/ay

1 dv
“r+(142)y=Pr—+0
7 * ) = rdf (), valid up to order €
1 d d
Rankirlle—Hugoniot
1 dv v+1 B dm dv _ — 4 v
;W—I—V—Prd—g—Zeu—l—O( ( 2 >7TV+PI‘— 2ev = —€+—£+O( 3, VN 4€7+1 TN 6’)/-|-1
Ay
x
5 dv v+ 1 ; >
T=—w+0(), = [(v = 1) + P1] & 2 v+2e|v oy = e L
v+1 s

shock thickness
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M,=7D/a, >1 Analysis for|le= M, —1 < 1| (weak shock)
dv [~y +1
[(’Y—l)-l—Pr]d—g—( > 1/+2e)u

2 dv _ '

Tr1 T E e =) <0 x
= —o0 : initial state, v = 0, = +o00 : shocked , Vv=vn=—4 +1 - >
3 oo : initial state, v 3 oo : shocked gas, v = vy e/(y+1) .

N =T [N

shock thickness

_(’}/—l—l) _ 2 cf — 2 X B i
V=" v el =Sy mg T e P (00 <‘0<6/e>
i—Y:Y(Y+1)<O
(=-00:Y =0, (=+400: Y =-1
dy o 1
<y 05

shock thickness = mean free path/(M, — 1)

microscopic length if M, —1 = O(1)
macroscopic length if (M, — 1) < 1




10-3. Gaseous detonations

OVERDRIVEN DETONATION
REACTING GAS

PISTON SUPORTED SUPERSONIC WAVE

S%PR%I}\IS{)NIC MOVING
PISTON
D > a, V)
< —

FRESH MIXTURE UNIFORM FLOW L

AT REST OF BURNED GAS /|

d

FIRE

D > a/fu,‘ Ub < ap C-J REGIME UbCJ = Qb

Up = D — Up
lead shock / \ reaction zone

Abel 1870, Berthelot etVielle 1881, Mallard et Le Chatelier 1881, Mikhel’son 1893, Chapman 1899, Jouguet 1904,

Vielle 1900, ZelPdovich 1940, von Neumann|942, Doring 1943,



Jump conditions across a planar detonation

(ZND 1nner structure of the detonation wave 1n steady state)

see the historical introduction in the book of John H.S Lee « The detonation phenomenon » Cambridge University Press (2008)

Equality of the fluxes of the conserved scalars (mass, momentum, total energy) on both sides

No production terms

No chemical kinetics consideration



P.Clavin X Mikhelson condition for the CJ detonation (1893)

REFERENCE FRAME OF LABORATORY

< Detonation wave <Piston dp _ d(pu) d(pu) _ 9 d(petor) 0 U oT ou
R# . i | *- ow 0 o —‘ax<i"+p“2‘”a)’ o ax{f’“%“z‘w A M
eactive mixture urnt gas
at rest at piston speed
puD = pupy up < ap Cp(Tb — Tu) + (ug — D2)/2 = (Qqm
p
_p_ PN |-
—|s T (1& - @) Lo —p) (i + i) g P Y et
Y — 1 Pb Pu 2 Pu Pb Michelson-
REFERENCE FRAME OF SHOCK WAVE Rayleigh line
% CJ Michelson-
_(y+1) <p ) _(y+1) (pu ) _ 7+l gm _ N¢ Rayleigh line
P= ~Z 1), v= — -1 Q= —— =
2y \Du 2 p 2 ol P+DV+1) ) e Poeg
73 — —M“V Hugoniot
of shock”
Du b= i ; S—
0 N Ube s Uy
quadratic equation for V M2V? 4+ (M2 -1V + Q=0
supersonic combustion wave M,=D/a, > 1
Lower bound of propagation velocity D = D¢
(called Chapmann-Jouguet 1899 — 1904)
(M? —1)* > 40M? My, > M,., =vVO+V9O+1, Mikhelson (1893)

In the CJ wave the velocity of the burned gas is sonic in the frame of the wave upcs = apcJ (self-sustained wave)
(Rayleigh line is tangent)

In the overdriven detonations D > D¢ s the velocity of the burned gas is subsonic in the frame of the wave up < ay
(piston-supported detonation)

see next slide

20



Planar detonation

Overdriven regime / Self sustained wave

Marginal solution

the so called Chapman-Jouguet wave

see below

Detonation
Front
| )
N—
D Shock —» End of heat - ;
release zone Mikhel’son
Detonation Piston (1893)
velocity velocity
. —— Chapman (1899)
! RN A\p N
K// Zoom AN PN BH ot aft
SA D ugoniot arter
D AUN Tb Py b4 he%t release
Michelson-
—> f = / Metlor.
Ty 2 4 CJ Michelson-
- N, Rayleigh line
Neumann +~%, Reaction ¢
Shock—»| ’
state + V< rate Pbeyp-
’ \ Hugoniot
T, ’ \‘ of shock”
-’ N DPu - 1 i v
@ -_ - ~ s — 0 v ~
| > éupersonic without shock
non physical
under ordinary conditions
(1910)

" Detonation thickness

thickness ~ few mms Arrhenius law e E/kBT

' o—E/kpT E N
reaction rate ~ —— =~ 10
Teoll kBT

elastic collisions /

Michelson (1893) Rayleigh

Sonic condition

C-J detonation




P.Clavin X

ZND structure of detonations

Zeldovich (1940) Neumann (1942) Déring (1944) -

Paul Vieille (1000) D €tONAtion = Shock-driven combustion wave
conjectured by Vieille (1900) Zeldovich

-

structure of the detonation: inert shock followed by a much larger reaction zone

Detonation
Front

N—
D Shock —»| End of heat
release zone
Detonation Piston

velocity velocity

Kl A SA
D |Uy T
> T —_—>
T Uy
\right)
. .
Shock—s] Neumann / % Reaction
state K \‘4/ rate
Ty '/ ‘\

————— - \~ -~ e e e »

" Detonation thickness

dn
Combustion = large activation energy

order of magnitude

TN e < oN =0(1), dy=unT-(N)> anTeon =¥

kTN 7(TN) ~ Teou Teoll an
thickness of the reaction zone > thickness of the lead (inert) shock

DTNCL2T ’ DT: DT :<CL_N)2(TCOH)£ 1 a,N_Ol DT 1
N 'coll, d?\] (UNTr)2 . T Tr’ = < E = < ) = @ < T_r

diffusion rate < reaction rate = diffusion terms are negligible in the reaction zone behind the shock
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ZND structure of detonations

Zeldovich (1940) Neumann (1942) Déring (1944)

structure of the detonation: inert shock followed by a much larger reaction zone

Dr a%VTcoll Teoll e~ B/ksTn 1 Zeldovich
~ ~ ~ << Detonation
dy dy (7(Tn))?  w(Tn)  — 7(In) JFron
diffusion rate < reaction rate = diffusion terms are negligible D g TE
For mUIat iO n 7l\::umann Reactiol ’
Reference frame of the lead shock (x = 0) -
d(pu d du
(pu) =0 =L pu— =10
dx dz dx
v d [p du dy dvy w(T, )
i ()RR MR TNm ey HOY=0=
w(T, 1 =0)=0.
T = u=un, p=pN, P=pN, Y=1 w=1
T 00 u=up, P=pp DP=Db ¢ _ 07 W =0 detonation thickness dy = un7-(Tn)
2 =~2  Elimination of p and p
p
dpy_ d (1 1dp_pdu 1dp odu_ du 7d<p> du L 2 i
dz (p)_ dx (p) pdx  pudx pdx_fyudx_udx = y—1dz \p R (’7—1)u(a u)dx
du ‘//&w// 2 2
(0 =) — = (v = )gmu—, du® _ o oy, W
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Phase portrait in the plan ¢ - u?

du?

@ =2(y - 1)Qmm

U2

energy eq.
1 2 1 2 1 2 1 2
a” + -u® — = a, + =D
L e R
C,T
Ap
PN B
Db Hugoniot after
heat release
Michelson-
Rayleigh line
CJ Michelson-
N& Rayleigh line
B/
Pbe s / U
Hugoniot A
of shock” \7;
Pu t | —7
0 UN Ube

OK with the Vieille’s conjecture

Initial state v =0 : 2

uw? =D? o =a?
0 2.2 2 2
Neumann state v =0: u® =uy, a° =ay
zero reaction rate
no supersonic wave without a leading shock
Non physical branch
2
u .
2 T U (inital state) A/s;e/fﬂde of lecture VI
Super. =~
A .uf)?rsolll ~ ~ /

|
|
Cou~ M~
|
!

progress variable

burned gas state



C-J Detonation = self-propagating wave

ub:D—Ub
—_—

UbCJ — Qpoy Upey = DCJ — Qpey ® D >

10-4. Selection mechanism of the CJ wave

Rarefaction wave in the burnt gas when the piston is suddenly stopped

vitesse des discontinuités
dans le repére du laboratoire

V,=D-U, o D+ay—U, D Speed of discontinuities in lab. frame
"> Q—> 0—> > 0>
> Qo Deu,
: ovcrdrlvcn Up < ap | Gas speed > D
vitesse du gaz d ' in lab. frame : : SJ
dans le repére :;I’:szﬁ: r:pgfj A ! | !
du laboratoire; idu laboratoire : : : I I I
| o Dey —ung L.
D—Un; A A g ] ' Rarefaction
V., =D —T, = LS. @ | wave |
! ” 5 a Dcy = abgy t------- S
3 | T
t=t, § 2 t>t, S
8 | S @
| 0 = <
Stati >
0 Shock

' 7 : > : iston
piston en position  piston a position
mouvement du choc  ['arret du choc

leading edge of the rarefaction wave = speed of sound /gas flow



Clavin, Denet JFM (2018) 845, 170 — 202

(Dey — apo) t Al‘foo
t ABurnt - =/ %9,
gas i x .
at rest Rarefactioff wave i e
i the f,,i gas (&\ '/Xm@/
: 2 Axy Y A
E ~;r/ E " //
ti | y AT y
™ g LT
Q /4 '
Ctrail ;\> ,‘"‘:' @b WL v@
o+ T Q/M Cx . X
lead B AN 4INY A
Cd L SN
J ~ Hresh mixture at irest
,' >
0 AZ fo T

- DCJ _ach

>
i

dxf xf
— D _J
\/dt cr =

Dc g
xs(t) — Doyt

X — 4+ constant

lim x;(t) = Dct + constant

t— o0
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P.Clavin XI

Lectures 11: Initiation of detonation

Lecture 11-a: Direct initiation
Background
Rarefaction wave behind a CJ detonation

Critical energy
Critical dynamics

Lecture 11-b: Spontaneous initiation and quenching

Initiation at high temperature
Spontaneous quenching

Lecture 11-c: Deflagration to Detonation Transition

Basic ingredients
Experiments

Runaway phenomenon

Intrinsic DDT mechanism of laminar flames
2
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Lectures 11: Initiation of detonation

Lecture 11-a: Direct initiation
Background

What is the direct initiation of detonation ?

Formation of a detonation in open space produced by the
rapid deposition of a powerful concentrated energy source

Detonable mixtures

Mixtures in which self-sustained planar detonations can propagate.
The Neumann temperature (just behind the lead shock) of the CJ
detonation should be larger than the crossover temperature:

/

crossover temperature

composition chemical kinetics

(y=1)M,,, >1=TNo, Xam/cp 850K < T, < 1250 K :

heat release per unit mass of the deficient species (fuel or oxygen in lean and rich mixtures respectively)

3
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Planar detonations in steady

Detonation
Front

N—

D Shock > |f}<«—

Detonation

End of heat
release zone

state. Self-sustained regime: C| wave
(reminder)

REFERENCE FRAME OF LABORATORY

velocity

«——— flow velocity in the laboratory frame
vzilsc;tcc;)i?y

Zoom

@V\

—)
Ub

reference frame of the lead shock wave

T

D

Reactive mixture
at rest

<-Detonation wave <—Piston

Up
P

Burnt gas
at piston speed

puD = pupy up < ap

Pu D up =D — vy
Neumann ! “%, Reaction l / — - D > >
Shock \ Ur =
1 state V< rate p bYb b ( pb )
Ty \
. \ REFERENCE FRAME OF SHOCK WAVE

~ Detonation thickness

Conservation of mass, momentum and energy across the wave lead to a quadratic equation for

—D—
—_—

Us

D
o—

VE(VJFU(P_u_l):_(V‘H)@
2 Pb 2 D
U,
P .D_ M2V? + (M2 -1)V+Q =0
Uy < ap D > a, Y11 g

Q= > o, M, =D/ay

CJ detonation

laboratory frame

sonic condition

Lower bound of propagation velocity D = D¢ UbCJ — Qpe Upes; = DCJ — Qpy
marginal solution
2 2
V., = <M“CJ 1) Muc.J >1 = V., = —1/2, Upg; = Dey/(y+1)
CcJ 2M2

ucyg



Lecture 11-a: Direct initiation

Rarefaction wave behind a CJ detonation

Detonation
Front

p  Shook—lle— —— flow velocity in the laboratory frame

N~ Eng of heat
release zone

Detonation Piston REFERENCE FRAME OF LABORATORY
velocity velocity
<-Detonation wave <—Piston
D Up
. D — —
, A Reactive mixture Burnt gas
e . reference frame of the lead shock wave atrest | atpiston speed
p Uy T puD = pupy up < ap
—_— T —
TN Ub
D s up => D — vy
ﬁ\ .
Shock—s] Neumann 7 . Reaction
state K \< rate
Lu /' ‘\\ REFERENCE FRAME OF SHOCK WAVE
—————— ~ e e e »
“Detonation thickness

CJ DETONATION: SELF PROPAGATING
Stop the piston = Rarefaction wave

Flow of burned gas behind a C] detonation viewed as a discontinuity
self-similar form Zeldovich (1942) Taylor (1950)
u(r,t) = v(x) X =1/t

flow velocity in the laboratory frame




raenxt Rarefaction wave behind a planar CJ detonation

(discontinuous model)

self-similar form

u(r,t) = v(x) X =1/t
flow velocity in the laboratory frame

b, = Deoy/(v+1)

planar
g 1d o rd xd o(x) 5 .
or  tdx’ ot t2dx  tdx v Doyl (y + 1) Tfmm
1dp dov
(v—x)——+—=0
: pdx  dx o
Euler egs. in a planar geometry = 1 dp do rarefation
2
- -F —x)— =0
2 ordinary diff. eqs of 1st order ¢ p dx + (v =x) dx 0
v(x) p(x) a(x ) 0 7 12
, .
r v —X dv
V=——aQ V=X—4a = [1—< )]——0 Tfrntcj
t a dx
. . . core of burned gas at rest
Riemann invariant \J_ . ot
weak discontinuity:sonic velocity
2a _ 20pg, (v —1) X=a,, T=apt
”y—l_v_v—l_vb = a:—2 (v—vch)—l—abCJ
. . . o - Y o DCJ
(y+1), | mOre M, > T i) 5y Pe Sy =5
(U_UbCJ>_X_(abCJ _|_UbC’J) v—1 T~ D
rarefagtion wave = straightNine v=0:a,=— 2 Vboy T Obo s = 5"
1 D
_ o v:O:X:—W—F Vbe; + Dpp, &= by
sonic condition (4 YOI _ [ X 1] 2
_ = Y = 4|5
Upe; + Vbe; = Doy Dc gy D¢y v(x) is a straight line

6



reemXIRagrefaction wave behind a spherical CJ detonation

(discontinuous model)

5 . CJ condition
M; . > 1 forsimplicity o .Sphe.m.:afl o é
self-similar solution for the flow of burned gas=rarefaction wave 7/, .

v(x) [xX=r/t 0.65_ Y i

O
o/ o v=1.25 / / ]
flow velocity in the laboratory frame 00 Fo/0be, %/ ]

o 1d 9 rd  xd e — /-
_— = = — _— = = —— — 2+ bc g
: or  tdx’ ot t2 dx t dx i Vivie, ]
spherical geometry 0.0 Lo R
\M 0 02 04 '%s 08 1
1@ 4 = u 8p + = 19 (7, u) =0 (v — X)l% + v + 2_U =0 weak disé;o_n‘:i{ffligcj)
pdt  por  r2or - pdx dx |x N Ed_?)_ 2 E—
%jtu@—_aj@ a21@+(1}—x)@:0 vdx [1—(u)2}
ot or  p Or p dx dx a

self-similar solution of the first kind (Zeldovich-Barenblatt 1958)
§ = 74/(2>C’Jt)7 U= vbCJ“(S)? P = prJR<€>

Ubey = Doy — Abe

MicJ > 1 strong shock apprOXimation: Dch/’chJ =+ 1’ a/vbCJ — ryR(’Y—l)/Q ,.
CJ condition
S 21 A8 et ] du /d¢ di tE=1
[u_(7+1)§]§d§+d€+ ¢ =0 YR ’Rdé‘—i_[u (’Y+1)f] T =0 1ve1g265a =
. 2 ol B
(=1:U=1R=1 lime 1 (1-U)" = =51 -¢)

- . du il !
= U = 1, s —
start the numerical integration at £ = 1 de 2(v+2) (1—7)

stop the calculation at &, at which ¢/ = 0; uniform solution in 0 < & <&,

spherical kernel of burnt gas at rest whose radius increasing linearly with time



1.0

0.8

0.6

0.4

0.2

0.0

§

T

Doyt

Self-similar solution

Rarefaction wave behind a spherical CJ detonation
discontinuous model (no other length scale than the radius)

Zeldovich (1942)-Taylor (1950)

spherical
:_T/TbCJ e
-y =1.25
:_P/Pbcj A
i // /
}P/Pbc, /
i V/Vbe,
N ; — T L
0 0.2 04 06 0.8 1
E=r/tDcy)

Growing sphere of
burned gas at rest

Singularity on the detonation front
not compatible with a finite thickness
of the detonation wave



Direct initiation ?

Initiation by releasing quasi instantaneously an amont of energy in a quasi point. (e.g. explosive charge)
Successful initiation occur above a critical energy

E > FE,

At early time after deposition, the size of the spherical wave is very small and the energy liberated
by the exothermal reaction is negligible in front of the energy that has been deposited.

Therefore, the initial condition for the study of direct initiation is a point blast wave which is
described by a spherical self=similar solution of inert Euler equations (no time and space scale)



P.Clavin XI
Point blast wave explosion in an inert gas (spherical geometry)

(Taylor 1941 Sedov 1946)
The shock velocity D(t) varying with the time =- the entropy jump across the shock is not constant

however the dissipation can be neglected outside the shock.
The flow is solution of the Euler equations completed by the entropy wave equation

0 0 P\
Euler egs. + (a —|—’UE> (p_7> =0

and satisfies to the Rankine-Hugoniot condition on the lead shock treated as a discontinuity:

_ _ 2 7+l 2 0 dry
StI'OIlg shock Mu = D/au > 1 = UN = ~+ 1D(t)7 PN = N — 1pua PN = N+ 1:0uD (t) where D(t) = E
r
look for a self similar solution in the form  §= v=D)V(), p=pRE), p=p.Dt)>*P&)

rr(t)’

= 3o.de. for V(€), R(€), P(€) with €=1: V=2/(y+1), R=C+1/(y—1), P=2/y+1,
The trajectory of the lead shock r = r(t) is obtained by the following dimensional analysis:
2 dimensional parameters £’ and p,, = a single non-dimensional parameter can be built with r and ¢t T (,Ou / Etf)l/ >

1/5 1/5
re(t) = b(y) <£> 25 = | Dit) =74(t) = 25(v) <£> +—3/5 puD*r® = (2/5)°E

Pu 5 Pu
) ry(t) 1 p o2
conservation of energy : 47r/ p [—— + —} r’dr=FE = b=1.0033..fory=14
0 y—1lp 2
1.0
[ _ _ mass X lemgth2
08 dimension of I/ = e
: ime
o 1Flow field 1 061 | | . mass
of the Taylor-Sedov blast wave 04 Lo/p dimension of P length?
0.2
00
0




P.Clavin XI

Point blast wave explosion in a combustible gas

Successful direct initiation: Transition between 2 self-similar solutions

{ point blast explosion { D(t)
E>FE.: Sedov-Taylor
™~ spherical CJ wave ™~ Dc g
Zeldovich-Taylor o0
. . ; /
point blast explosion Dy(t) (1)
E<FE,.: \ \ Ay,

fluid at rest v =0

| st numerical analysis without modification of the inner structure of the lead detonation

(Detonation = discontinuity) = no criticality !
no length scale no ignition failure

(Korobeinikov 1971, Linan et al. 2012)
Dy(t) > Dcy| VE | at ry =1y and t = " corresponding to pur;‘gD%J ~E, t"~r;/Dcy




First numerics in a spherical geometry

Korobeinikov (1971)
Detonation = discontinuity

( zero detonation thickness:)
No critical energy !

propagation velocity

D a . inert blast wave
08 velocity o
. 1/2 06| \ A
2 ENY? 1
© - - 0.4 LP/Py
s 2
IOU T3/ 0.2 ;
Taylor (1941) 00 L Pl density
0 0.2 0.4 0.6 0.8 1
EEdfj/rf
reactive mixture: numerics radius
Korobeinikov (1971)
Doyl oo ... S T
L
L 3
L Y
L
L
L Y
A
L 3
L 3
L 3
|
r
radius

Conclusion: the critical energy is due to modifications of the inner structure of the detonation



Direct numerical simulations of the flow in spherical geometry including the unsteady inner
structure of the detonation show that there is a critical energy for a successful initiation; below, the
initiation fails and the shock velocity decreases to the sound speed in an inert mixture

0 500 1000 1500 2000

L. He, P.Clavin JFM (1994) 277 p. 227-248
C.A. Eckett et al. JFM (2000) 421 p. |47-183



raavin Xt Lecture 11-a: Direct initiation
Critical energy: Zeldovich criterion (1965)

Order of magnitude estimate for the critical energy by dimensional analysis

the time of the blast wave velocity to reach Doy = reaction time at the Neumann state of the CJ wave

crltlcahty Tc CJI=T NCJ

D(t) ~ WY /t3/5/ \ Djuy =(y+1)/v—-1)
self-similar bIast wave
5/ / strong shock

)1/3(
(Be/p)* m T de DY
strong CJ] wave
D%J ~2(v* — 1)gm 4
1
E. ~ quqmm(f’
(y—12 ¢’

Smaller by many orders of magnitude than in experiments ! 107°-107°
Lee (1984)

Nonlinear curvature induced modification to the inner structure and fully
unsteady effects are essential for a correct estimation of the critical energy

14



Lecture 11-a: Direct initiation

Critical energy

Nonlinear curvature effect in spherical geometry

He Clavin JFM (1994) 277 p. 227-248

Quasi-steady analysis for large activation energy



Non linear curvature effect steady state approximation of the spherical detonation structure

Turning point in the parameter space «radius-velocity »:
there is no spherical CJ detonation below a critical radius

. . . . PR * — . 1
Generic equation of a turning point: @e~® = K K > K" =1/e : no solution
* ] ;
unknown solution: © parameter K 8 < K™ = 1/e : two solutions
Semenov equation for thermal explosion & Thermal quenching of flames.... @_ < @* =1 < 6+
5(1] _Dey 16’Y2 aCJ collapsingfor K = K*: 0, =0" =1
O =28y - K=——"—fn—o Oe—©
Doy v -1 R t
D A
1.5  E—— l . . . 1, 1,
| ] subsonic
Doy/De ] -
1- 1D+ _’;‘DCJ De; sonic
\ ' L Solutions marginalesg i
0,5- R Sedeo 3 no solution
5 | D |
04— I
0 200 400 600 800 |_
R/dc s

R < R,

No spherical CJ : overdriven regimes that are damped by the rarefaction wave!

K*=1/e = Rc/dcsj=~10*>  OKwith DNS
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Details of the asymptotic analysis

He Clavin JFM (1994) 277 p. 227-248
a(r?j)  0j

Nonlinear curvature effect of a spherical CJ detonation v;j=

reference frame of the lead shock x =r¢(t)—r u=D—v drg(t)/dt=D 0/0r — —0/0x d0/0t — 0/0t +DJI/0x

2

1
2 Or _E—F;]

momentum

0 J(pu) 2 B
Euler egs. mass %%— o + - (D—u)=0 —_l :
0 Top——aD % d(pu® + p) 2 d
—Jy=--£ L= X D —
( +u8$)u ,0833+ iy P = SN T on +7"f _XP( U)“%

i

ot

o 0 1[0 0] 9 2 » O
energy {§+“%}(%T—Qm¢)—;[a*‘U%_P:O = }%4'“%] (C}:T;?—Qnﬂﬁ)—;%— %g—

y—1p
Quasi-steady state approximation Large radiusle = doy/ry < 1 ﬁﬁﬁﬁﬁ?&jﬁ;ﬂ?ﬁs’s
Integration across the inner structure x = 0: Neumann state, pyun = p,D, x =d: bunrt gas
First order approximation unperturbed planar solution : p(z)u(z) = p,D
— p,D d
puD 0 Pu ch v @—f‘% ~ i &+—+q
) y=1pp 2 y=1p, 2 ") T
2 o uD2 " u d
(Pouy, + o) (2p o) g 1.2%26/ (1__/) )_x .
puD 0 p(m) doJg .y
d = dinda
Square-wave model: thickness of the reaction zone thickness of the induction zone d;
4 < inds [} 5 X €ding/dcy
: E (D — Dey) (D—Dcy) _ Ty
= 1, | dina=4d 98y —— % —=—>=0(1/8n
Arrhenius law = v = o> 1 [ ding = oy exp { B Do) (1/6n) T
u -1 T —1 T 2 :
(’)/—1)M3>>1:>p—z7—, —N%Z')/Mg(7 )2, LAENPY D < lind,
pN v+ 1 T, (v+1) Tne, Dcy reaction rate
T, ¥
4 d D-D —1 _—
(D) ~ < eXp {_QﬁN—( CJ)} ) I ~ i I lead shock
vy—1ry D¢y v+1 ' >
x=0 Y

17



P.Clavin XI . .
Small modification of the burnt gas state

dog/ry = O(1/BN) I =0(1/Bn)
5 B = = duwp(D)/ave, =O0(1/BN),  opo(D)/pvc, = O(1/Bn),  0po(D)/pvc, = O(1/BN)
D/DC‘] - (D N DC‘])/DC‘] - O(l/ﬁN) I = O(l/BN) 5ub =Up — Abgoys 5Pb =Pb— Pooys 6pb =Pb — Doe,
Small variations of the continuity eq, the Euler eqs and the energy eq yield
5 5 5D 16 § § D 5D 2
o, Oup _ s 10py  Opp 0w _ ( CJ) (2 N 12) L op 1 opp  Ow _ (DCJ) oD
Pbe g Qb g Dcy Y Pbc s Poc g Abe g Qb D¢y Y =1 poc, v—1 Poca QAbe 5 b 4 D¢y
. .. . ) 0 ou (pous — puD)
Sonic condition in the burnt gas : W =qpypy = PoOPb 5% S =k
Pocs  Ppcs by (oot +po) = (D +pu) _ 1
1 —1(Des\?| D 5D 1 D s '
T T () | ey = ) - ) (n )= (ke T o)
Y v+ 1 \ap., ave, | Do 0 b, y=1lpy 2 v=lpa 2
Dos a+1
Gcs 47d (D —Dg¢y) 2
J - J =1 = D =P
1(D) ~ ﬁTCTexp {72[?1\; s } Ig:;ﬁh = _| 285 D¢y —D efzﬁw( S ) _ 16y ﬁNdC_J
DCJ ’)/2 — 1 Tf
DCJ—D) dcj . . . . 166’)/2 1
Pos =P o dor _ . d D' =(1-— D
( Dos s C-shaped curve with a turning point at | r o v dey, < ; 6}\}) cr
1.2
D l\\ l l l . . . 1.2 L W WA . N B T
Doy 10t \ / 2o [there is no spherical CJ detonation | 2 " | 1\ 3~ "
e ] with a radius ry < r* Doy 10¢ PNNBA S
PNt R * 3 0.8 | \((F—T\\ 1
0.6 N ] T’f/dCJ ~ 10 » AN
inert blast, wave 0.6 | N ™ ]
0.4 - Jop \\c ] \\\ Al
02} | ‘ \\*\\\ ] . E/p,)/? 0-4j S~ ]
N /o = inert blast wave D %@3 02 ,
o 200 400 600 800 ,. 1000 . (Ee/p)? ool . He IClav1nl(1994)l
. marginal blast wave D¢, 320 200 400 600 800 ;.. 1000
dcy
Ec~ (5/2)2PuD20J7“*3 = (52/2)(72 - 1)qmpu7“*3 ~ 10® - 10° x Zeldovich value ok with DNS of He Clavin (1994)
(1956) ok with the experiments of Lee (1984)

Limitations of the analysis: Square-wave model. Quasi-steady state
No change in order of magnitude
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Curvature effect on the detonation structure
(steady state approximation)

1,5 - " 2 N
(D/D))? 5
: — attractor
14 =
Point blast wave ] s
trajectories in an inert gas E
0,5 -
o1 b
0 800
R/d,
critical radius critical ener
_ : ~102 = - SOTEY 108
detonation thickness Zeldovich value

Arrhenius factor

Good order of magnitude but the critical energy is overestimated !

(D - Z)OCJ )/a

. 0 \ critical radius
Weakness of the analysis: ‘ ‘

quasi-steady state approximation ><‘1 i
He Clavin JFM (1994) 277 p. 227-248

unsteadiness induced re-ignition for R < R,



Lecture 11-a: Direct initiation
Critical dynamics
Unsteady analysis of the direct initiation in a spherical geometry
in the limit of small heat release enlightening the qualitative behavior
e=q/c, T, <1

Clavin, Denet JFM (2020) Vol. 897, A30
Clavin, Hernandez-Sanchez and Denet JFM (2021) Vol. 915, A 122

1st step: Asymptotic analysis of the rarefaction wave in the discontinuous model
(detonation = discontinuity)

- Self-similar solution behind a spherical CJ wave
- Unsteady rarefaction wave behind overdriven detonations approaching CJ
- Transient flow when reaching the CJ velocity

2nd step: Unsteady inner structure of the detonation taken into account

- Two-length scales problem: matching condition
- Critical dynamics: the role of the trajectory of the sonic point



1st step: Asymptotic analysis of the rarefaction wave in the discontinuous model
(detonation = discontinuity)

- Self-similar solution for the reaction wave behind a spherical CJ wave

asymptotic analysis in the limit of small heat release ¢ = ¢q/c, 7, <1 M-1 << 1
Clavin, Hernandez and Denet, JFM (2021) Vol. 915, A122

0< (Do, —a)/a~e<kl1, Do, ~ (1+ €)a,

the result is qualitatively similar to the limit of large Mach number M >> 1 by Zeldovich (1942) Taylor (1945)

detonation front: r =r¢(t) > ro(t) dry/dt =D,., > a,

U r—1re(t
inert core / ro <1 <rp(t): —=V( / ))>
€a ero(t)
| | | | /) analytical solution of the flow field
| =" My V(z)+(z+1)=0
Ve | GTo(t)

041

0.2

Same singularity on the detonation front as in Zeldovich Taylor !

L L L L
00 1.0 -0.8 —0.6 —0.4 —0.2 0.0

inert core radius CJ front



1st step: Asymptotic analysis of the rarefaction wave in the discontinuous model
limit of small heat release

Clavin, Hernandez and Denet, JFM (2021) Vol. 915, A122

- Unsteady rarefaction wave behind overdriven detonations approaching CJ

radius of the inner core of burned gas at rest flow velocity of burned gas
U £ u(r t) r— To(t) / /at the detonation front
0< L —1<1, ) <r<rp(t): ’t =— . ro(t) = aot +ro;,  up(t) = u(rys,t)
@ detonation front ug(l) ry(t) —ro(t) »
wp(t) > 1 up(t) _ ry(t) —ro(t) [7ri —Tos L Ui (1+aot>]
Ui T+ aot Tfi Qo 7

CJ value

linear velocity profile (strictly limited to overdriven regimes)

- Transient flow of the rarefaction wave as soon as the CJ velocity is reached

Overdriven solution —>  Self similar CJ solution

A u/ea

r+(t)/ea Abrupt transition of the gradient on the detonation fror

iriven
C\J 1.0 T T T T Q

u(r,t) = To(t)
up(t)  ry(t) —rolt)

0.8F

~ —1
_»[1+1n<1+z—)} 0.6F
‘_,.' 1+ 7 u(tr)/ca

04F T

/f,. -

0 _ 0.2} - /'j,_’.-f' ’ i
1 / o [N\ =) __——--weak discontinuity

- ~ ri(7) —ro(7) 0.0 55 08 0.6 “04 02 0.0
{1+1n(1+f)}1+7} 1 £/(~&)
147 1+7

radius of the core of burned gas at rest detonation front



2nd step: Unsteady inner structure of the detonation taken into account

Analytical solution in the limit of small heat release = ¢/c,T. < 1
Clavin, Hernandez and Denet, JFM (2021) Vol. 915, A122

One-step model+ Arrhenius law+temperature cutoff

Two length scales problem. Flame thickness = small scale. Rarefaction wave = long scale

(internal flame structure)

(external flow)

In the limit of small heat release, the problem is reduced to a single nonlinear
differential equation of first order for the flow field that has to be solved by
matching the solution in the burned gas side of the inner flame structure

with a point blast wave. The Arrhenius law governing the reaction rate is
truncated below a crossover temperature denoting the chemical kinetics
induced quenching at low temperature

propagation velocity of the lead shock

flow field

|| = distance from the lead shock

E=0:un
planar CJ wave
,I/LNOCJ =
D(r) — D,
a(r) = % <0
u(&, T
ue,n) ="80
P — T‘f(t) Nf( ) (07 T)
¢ l
ocJ
c, i Cs
V\f /—\_/V

= 0 : Neumann

Flow velocity

L& T)

+1

pr=1+2a(r)

eyzléfathiiactlo

______

sonic point

—> 4— inner structure

\ Fave i of the detonation

(€T e, cﬂ'\o‘ﬁ < >
yei1®




Critical dynamics: Role of the trajectory of the sonic point

velocity /lead shock

. . ) dze, /dt =u+a—-D
Propagation velocity (relative to the lead shock) % C e = 0
of the disturbances associated with C, is dac, fdt<0 ~+ - T+ dee,/di>

dze, /dt =u+a—-D i ’
sonic point: D —u =a

0

To(t)
dro/dt = a . somic point dry/dt =D > a

pu(,7)

The sonic point separates the flow in two regions: veloclty/laboratory

ahead, the flow is subsonic (relative to the lead shock), D — u < a;
behind, the flow is supersonic,D — u > a.

The rarefaction wave is not disturbed behind the exit of the () = D(7) = Doc, _,
7) = 2\ T Zocy

__ e .
supersonic flow subsonic flow
z T 50

reaction zone by the heat-release: it is the same as behind an €a
overdriven detonation of zero thickness for which the flow  u(¢,7) = usT)
gradient is uniform and decreases continuously. The flow of o 5
burned gas adjacent to the reaction zone being subsonic the Cy i Cy4
detonation regime is overdriven. The reaction rate is decreased <« 7 frént of
by the rarefaction wave and the detonation is slowed down. '
The flow gradient of the rarefaction wave decreasing /
continuously, the sonic point get closer and closer  epfolithqeactio
to the exit of the reaction zone. The damping is stopped oo PO~ @0, &)
as soon as the sonic point catches the exit of the ™ V:-;-O}ﬂt%f structure
reaction zone protecting the reaction rate of further dampin = &g@eﬁa&oﬁ WV >

since the flow relative to the reaction zone becomes sonic. (e ™

This is possible if the gas temperature in the rarefaction anp
wave has not decreased below the cross over temperature

sV



When the sonic point enters the reaction zone, it stays stuck near the end of the reaction and the sonic
condition makes the detonation free from further damping by the rarefaction wave. The inner structure
of the detonation (initially slaved by the external flow) becomes isolated in a state out of equilibrium. The
equilibrium state is restored through an increase in reaction rate, producing a re-acceleration of the
detonation front towards the spherical CJ regime. This re-acceleration occurs near the critical radius
characterizing the quasi-steady spherical detonations.

Therefore, the critical energy is overestimated (of an order unity) by the nonlinear curvature effect of the
spherical CJ detonation in quasi-steady state but the critical radius is not modified

velocity /lead shock

dze, /dt =u+a—D

dze, /dt <0 Ct Cy dac, /dt >

Sketch of the flow field of an overdriven detonation SN AN S

for D—u> D—-u<a
a velocity of shock below the p value, T e
for a jlus smaller than the critical radius ——___ - $1(6,7)
(D = Doc,)/
a(ry= 20 = Pocs
/1({,7)5@(1
0 1 '
i Cy C.

supersonic subsonic 0 3

engdof the reacti

sonic point

unsteady eﬁ‘ects > < inner structure | ¢
h ‘o wave of the detonation
>




2nd step: Unsteady inner structure of the detonation taken into account

Analytic solution in the limit of small heat release ¢ = q/c,T. <1
Clavin, Hernandez and Denet, JFM (2021) Vol. 915, A122

The trajectories « velocity of the lead shock versus » are obtained near the critical
condition by the numerical study of the single equation of the asymptotic analysis.
Typical results are plotted below for different initial conditions corresponding to blast

waves with different deposited energy.

velocity
o Y T ‘ ‘ ‘ ‘ 0.50
planar s} planar 0.25
CJ velocity CJ velocity 0.00
— 00F |
v _oal uccess of initiation . v _osol
7ri =0.3 —0.75F
—04r 7r; =0.7 ook
P =10
—06r - Nailu P =14 ~125}
T =17 150k | | | | | l
% é i 6 s 10 12 14 00 25 50 75 100 125 150 175 200

7 Ty
' . unstable detonation
Stable detonation

Success of initlation occurs if the sonic point reaches the reaction zone
before the reaction gets thermally quenched. Otherwise failure is produced



Numerical solution of the equation

velocity profiles trajectory of the lead shock
velocity
. . 0.2
weall o
0 1 |/
. . . 0.0
U/ECL B / /AN
Y ——

—0.2

—-0.4

0
u/
0
u — \
end of the reaction /Lﬁa’} 4
0

' ' —0.6

ufea 1T | | f‘

I 1 _0.8 | | |
0—15 —10 -5 0 0 2 4 6 8

distance § rf

Damping by the rarefaction wave stops as soon as the sonic point
enters the reaction zone and protects the detonation structure
from further damping by the burnt gas flow, then the front re-accelerates



Analytical solution with the modification of the inner detonation structure

Curvature + unsteadiness in the limit of small heat release

v u/ea
y>0

T < Tt

end of the reactipn \ W#;w (7_)
sonic point T — T
\ fﬁ
, 0
e _ >
g0 &0 e 0 e
[1+1n(1+ﬁ>} 1+%71
< |

~ (1 —7)(—€0i)

Rarefaction wave: zero-thickness-detonation
Full-solution

_ _ Unsteady-solution
Unsteady inner detonation structure



Analytical solution with the modification of the inner detonation structure

Curvature 4+ unsteadiness in the limit of small heat release

Critical dynamics between failure and initiation

04 T T T T T T

0.2

0.0

CJ-velocity - . ) )
Y Re-ignition after a quasi-quenching

Yoo —02
—04F+
—0.6
08, G 8 10 12 14
s
Trajectories velocity-radius
Overdriven regime below the planar CJ velocity
T T 0.2
ufea 1 _——O—/./\
. . 0 ; : 0.0 F
sonic point ufea 1-”0/./\-
relative position 0 ' sl

exit of the reaction zone “/“

—0.4}

—_ o
T

u/ea

u/ea I I f \
I 0

—15 -10 -5

—0.6 |-

= o
T

-0.8 !
0

sonic point vs exit of the reaction zone
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P.Clavin XI

Lectures 11: Initiation of detonation

Lecture 11-a: Direct initiation

Flow of burnt gas in spherical CJ detonations
Point blast explosions

Critical energy

Critical dynamics

Lecture 11-b: Spontaneous initiation and quenching

Initiation at high temperature
Spontaneous quenching

Lecture 11-c: Deflagration to Detonation Transition

Basic ingredients
Experiments

Runaway phenomenon

Intrinsic DDT mechanism of laminar flames
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P.Clavin XI
Spontaneous initiation of detonation at high temperature

Zeldovich (1970-1980) Lee (1978)
Ya. B. Zel’dovich et al. (1970) J. Appl. Mech. & Tech. Phys. 11, pp. 264-270  J.H.S. Lee et al. (1978) Acta Astronautica S, pp. 971-982

Gaseous detonations are difficult to ignite: a large increase of pressure is required py,, ~ 30 — 50atm

. . . p N
Not possible with an homogeneous explosion of a gaseous pocket at constant volume b X
\ Hu: t aft
. . . (Ap/p < 10) (TN < TC) Po hegal rele.ase
Possible with gradients of T Zeldovich (1970-1980) Lee (1978) Mnotson-
- Bayieigh ine
: b : . . o« e pb(;] N
Induction delay  (Ignition time) 7;,q4(7,p) is highly sensitive to T |Tind \\ T— . A
O ONT B,
t = 0: initial gradient of T' = gradient of 7,4 212 ‘ proeT: T
S 10F 50 at 1925 K
% o8l Tind |\ - T e z 1L
= L =1
1000 K \ Tind (l‘) z 04 E s
§ 02 21072 &
B B B0 1000 K 50 atm
t=0 . 8 0.0 103 \
o - Hy-air
v -0.2 L L (Sanchez Williams 2013)
0 1 2 3 4 1 1
Time (Relative units) o ! 1'0
1-D : hot slides ignite before cold slides ¢, = q,@ (t — Tind(x)) (rate of heat release per unit volume) ¢

dimension of @ = (reaction time) !

= propagation of an induction front at a speed ~ (d7ipg/dz) ™!
Mechanism spontaneous initiation: combustion = pressure pulses that propagate with about the speed of sound a

synchronisation : | (dri,q/dz)! = a

drina/dx = cst. = Tipa(x) = 70,4 + x(d7ine/dx) Gy = Qo (t — 70,4 — x(dTine/dx)) =~ quw (t — 75,4 — x/a)
0%*p/0t* — a*0%p/0z* = (y — 1)0¢, /Ot simple wave : %519 + aaédp =(y—1)qwt—"15,—x/a)
x

run away (secular solution)  dp =t(y — 1)q,w (t — 75,4 — */a)

The amplitude of the pressure pulse increases linearly with time at the rate of the reaction rate
3
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(dnnd/dx)_l a

Spontaneous initiation has been observed in experiments and numerics
Asymptotic analysis: Sharpe & Short (2003) JFM, 476, 267-292

50 K

60 K

30.0

ON / Po

20.0 F

Spontaneous quenching
He, Clavin (1994) Proc.Comb.Inst. 25 p. 45-51

T ,"’ r/
Theory X
T

Initiation _ - - --="" 'Propagation . Quexching

0 0.5 1

15 () 2

difference of mass flux = difference of slopes of UN and NB « (D — D)/D

|

| ddind /dt # 0 = mass flux in reaction zone # p, D

C-shaped curve D vs dT, /dx with a turning point

square-wave model

Theoretical analysis:

: . ) = 28y 2=D)
-steady induction zone : d;pq/ding ~ € D

Liberman et al. (2018) Combust. Theory Model. 23 (3)p. 4183-4193

Weous ignition at high T" may be followed by sudden quenching at lower T’
. :

Ty

lead shock

20.0

=0

P/Po
15.0 [

d
dt

= —d;pg X €

—208N (P_D) d_D

10.0 -

Hugoniot
D L [ of shock

dx

geometrical construction:

Hugoniot after
heat release

d
—DM?>>1:

—dind X UN

(D-D)

The non-uniform pocket of hot gas should have a proper shape for initiating a detonation

Dcy
Doy — D\ _2pn(B9l2 dD
25]\[ (%) e Z'BN( Doy ) =K Where K= 4/8]2VTind(TNCJ) <— dCJ> = O(l)
cJ x
critical condition for sudden quenching K*=1/e (DC;); ]D*> - QﬁlN ok with DNS\
. . . dK
A CJ detonation cannot survive to a strong temperature gradient at low temperature (K > 1/e) T <0
u
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Lectures 11: Initiation of detonation

Lecture 11-a: Direct initiation
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Point blast explosions
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Critical dynamics
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Intrinsic DDT mechanism of laminar flames
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Lecture 11-c: Deflagration to Detonation Transition (DDT)

Basic ingredients

DDT i1s an abrupt transition between two opposite regimes of propagation

Flame = reaction-diffusion wave markedly subsonic, U /a, < 1

X

Detonation = shock driven supersonic combustion wave without diffusion behind the lead
shock, D/a, > 1

No intermediate quasi steady propagation regime !



Despite more than a century of researches, DDT remains
a poorly understood problem

Since the pioneering experiments of Oppenheim (1965), DDT
has been known to develop in various forms
(viscous effects in the boundary layers,
unsteady compression waves, thermal gradients, local explosion...)

There is no mechanism of DDT that is generally agreed upon
as being universal !

However it is now well established that DDT is a local and sudden explosion of a small
hot spot either on the flame front or ahead of it,
either inside or outside the boundary layer on the wall
(Urtiew and Oppenheim (1966) Proc. R. Soc. London A 295 pp 13-28)

Here the attention will be limited to an intrinsic DDT mechanism of laminar flames:

DDT of elongated laminar flames propagating in closed tubes on the burned gas side

Turbulence can promote an early transition but is not an essential DDT mechanism



First, few words about DDT induced by local explosions in the boundary layer
(Oppenheim’s experiments 1966-1973)
Urtiew & Oppenheim (1966) Proc. R. Soc. London A 259, pp. 13-28

Hot spots in the boundary layer between the lead shock and the flame

Heating by viscous dissipation in the boundary layers at the wall

_i_
compressional heating

VT #£0 V induction time # 0

local explosion ahead of the flame by the spontaneous ignition of Zeldovich

(we will come back to this case at the end of the lecture)

Here the attention will be limited to the DDT near the tube axis on the leading edge
of an elongated front of a laminar flame propagating in a tube

2

Experiments in 50 X 50 mm~ closed channels:

Liberman et al. (2010) Acta Astronautica 67, 688-701
Kuznetsov et al. (2010) Combust Sci. Tech., 182, 1628-1644



Basic ingredients of the intrinsic DDT mechanism of laminar flames
ignited on the closed wall of a tube

Burned gas at rest Planar flame
flame speed = laminar flame/burned gas vall | med gas R
u=0 u = Ub - UL
Uy = (1T,/T,)U .
= (/)T I I (7)o

-1) Piston effect: fresh gas put in motion ahead of the flame

T
u:Ub—UL:<T—b—1>UL

-2) Flame acceleration through an increase of the flame surface area

reference frame of the lab

Turbulent wrinkled flame 5 Ub(Tu,) D >
dine fact flame surface area F— —_
oldaing ractor: S = : hot ow 1d
cross section ol gas s cold gas
at rest T Yu=s(U,—-Ur) Tn | 1o at rest
Uy, — sU, Up — sUL o _
Ty flame brush shock wave
velocity of the unburned gas flow U = s(Up —UL) = (T_ - 1) sUL —
¢ << >
-3) Heating of the fresh mixture by compressible effects
(through a shock wave or a compression wave and/or viscous dissipation)
-4) High sensitivity of the flame velocity to the temperature
T, dUL Ty, AU,



. . P Tb U, b
1-D flame in a tube Piston effect == =2 =2 >1
Po Tu Uu
Ur, Uy
—> wall wall —
burned gas burned gas burned gas
up = Uy — Uz Uy = (Ty/T.)UL UL u=0 Qu=bt-t
-— u=0 — — T
T\ (Ti - 1) vr
(z-1)ve :
reference frame of the lab reference frame of the flame reference frame of the lab
Turbulent wrinkled lame Uj; — sUp,
(.]tur = sUy D
flame surface area 1d
folding factor: g = : hot gas v=D-Uxn cold gas
& cross section at rest 0 Tn at rest

flame brush shock wave

Turbulence-induced DDT

the flow upstream of the flame becomes turbulent S(Ub _ UL)
the wrinkling of the flame front increases S

Runaway mechanism

S / V/ turbulence/ ernk]ing S /

V/ MED/CLU/ TN/
M/G TN/1200K

Shchelkin scenario (1940-1950) ignition behind the choc = detonation initiation



Lecture 11-c: Deflagration to Detonation Transition

Shchelkin scenario

Turbulence induced DD'T  (Shchelkin 1940-1945)
turbulent flow of fresh mixture = $/ = Uy, = flow velocity,/= turbulence intensity /= s/"= U,

(positive feedback)

Strong shock wave M induction time

Not observed in the DDT experiments of elongated flames in tubes > 1960

Sudden DDT for M ~ 3 temperature of the gas in the fresh mixture too small
fast self-ignition is not possible (In < 1)

Sudden DDT not explained

Recent advances



The turbulence-induced DDT scenario is not observed in the 2010-2011 experiments

Millimiter-scale tubes, Wu et al. (2007-2011)

Centimeter-scale tubes, Liberman et al. (2010-2011)
(experiments and and DNSs)

Y,
Very energetic stoichiometric Hy — Oy mixtures: Up(Ty,) ~ 9 m/s ,7Tb ~ 3000K
Doy ~ 2800 m/s The, ~ 3600 K

Sudden transition at the flame front in the laminar regime

with a jump of the velocity of the combustion front from ~ 300 m/s
to = 3000 m/s during 10~ Y s.

1073 s.

at a temperature of the fresh mixture not high enough 7" ~ 650 K
and a Mach number of the lead shock not large enough M ~ 2.4

for self-ignition behind the lead shock

This sudden transition was left unexplained. This 1s the topic of the rest of this lecture



Lecture 11-c: Deflagration to Detonation
Thermal feedback

Basic mechanism: Nonlinear thermal loop

Deshaies and Joulin (1989) Combust. Flame, 77, 201-212
enlightening theoretical analysis ignored up to 2017

Self-similar solution (1-D) of the double discontinuity model
for a turbulent flame in the wrinkled flame regime considered as a planar wave
propagating from a closed wall

by d
=0 :L* UL
piston effect of the planar flame I I oo

sU(T) D

) . referenceMrame of
Semi-transparent piston

piston effect of the wrinkled flame U, — sU,

s> >
- fame surface area —
olding factor: § = -D
8 cross section hot gas Tb Tu v=D-Uy TN To cold gas
) ) at rest . at rest
quasi-steady solution: U, = constant, D = constant v uniform flow Ty =T,

uniform 1-D flow: s (U, —Up) =D — Uy constant speed: Uf = sU,

D
flame brush D > U # shock wave
(D — Uyt




Deshaies and Joulin (1989) Combust. Flame, 77, 201-212

P.Clavin XI
Mlead shock — 1«1
1-D self-similar solution of a shock wave generated by a flame brush
propagating at a constant velocity Uy, from the closed end of a tube
/ Uiy = sU, s degree of folding
— 4 Flame = seml—perme%ble piston S TH(TL) -
7// Trajectory VvV = S(Ub - UL) — (1 - _b SUb ..................... —
/// of shock . IOU ot gas v D_ o as
- 5 mass conservation zttrgest beTu D_> Un v | T, atlci egst
Unifor.mflow\ﬁ Fluid e -
e Lead shock: RH conditions
Fluid velocity a Ty flame brush shock wave
ity v=D—Uy ~ —2 ( _1) xt
Y 1 Tuo R —>
0 x weak shock sU, sUL U D
T T T T - Qo Tbo Tb 1 «— ) —— e
TN:Tu b — bo; N;uo N'Y_lTuo Tbo DU
= — V= -
(1 Pb ) SUb Qo bo ( b _ 1) V\ S(Ub UL) / N
Pu — 1Tuwo \ 1o flow velocity in the lab frame
. ( Tp—Tho )
ZFK flame Veloc1ty Up/Upo = €?¥8Tbo \ Tho
B (T T X
(1 — —) SUb (1 — —) sUy, (0)62kBTb(0) ( b( ; 0 b<0)) degree of folding A Xe~X non physwal
u b(0) [ S P S— _ / unstable branch
% Tbo (Ty 1)=(1-2 SUb(O)QQkB}%b(O) (%@ ) stable branch —— 5
Y — 1 Tuo Tbo Pu :
X" =1 - X
N0n|ineal” SOIUtion Tb(S) Wlth a turnlng POInt Tb = Tb* flame temperature
flame temperature versus degree of folding Yo X —
E 1y )
X = —1 Ty, — U, E
2% 5Th, (Tbo K — K, o = (’Y . 1)( bo uO) bo
Tbo % 2kBT’bo

flame temperature degree of folding



Nonlinear solution T3 (s) with a turning point

No self-similar solution

flame temperature versus degree of folding

degree of folding A Xe~X non physical

K* =1/ [ ; ~ unstable branch
—-X _ :
Xe = K stable branch ——
E >

_ E Ty 1 _ (Tbo — uO) Ubo E X =1 X

- 2kpTy, T_bo B K= ks, R= (’Y o 1) Ty a, 2kgTh, Ty = Tb* flame temperature
flame temperature degree of folding
Critical folding factor s* ~ 10 — 15
No solution for K > 1/e i.e when the folding is too large s > s*
If s/s* . No more self-similar solution
DDT ?
Numerical solutions of planar flames with a reaction rate multiplied by s? > s*? ~ 102 — 103

show a runaway corresponding to DDT  (Sivashinsky et al. 2017-2021) (non-physical model !)

Weaknesses of the Deshaies Joulin analysis >< experiments

Weak shock wave

Unsteadiness of the compression wave induced by the self-acceleration of the flame neglected



DDT in closed tubes

Recent experiments



WORCESTER POLYTECHNIC INSTITUTE
Massachusetts

Nolan Dexter-Brown, Jagan Jayachandran
Combust. Flame 2024

At =5 x 107 %
exposure time = 3 x 107 %5

smooth tube: ¢ =3.8cm, L =24m
ethane/oxygen C5Hg/O2 mixtures




-2) Evolution de la vitesse du front de flamme s’effectue en 3 étapes
avant I'explosion du point chaud:

666 KRIVOSHEYEYV et al.

Velocity, km/s

W 5 20 90

Y.0.%
® 00 § @
’®®

0Ll L L L I

. . . .
0 200 400 600 800 1000 1200
Distance, mm

Fig. 4. The same as in Fig. 1

cantly: from two or more diameters to half the tube
diameter. The surface of the flame front begins to frag-
ment and a cellular or honeycomb structure is formed
on it. Before the flame front, there is a flow of
unburned gas in the direction of the front movement,
caused by the buoyant action of expanding deflagra-
tion products and disturbances generated by the flame
that propagate downstream at the speed of sound.
Behind the front, the flow caused by rarefaction waves
in the deflagration products is directed in the opposite
direction. The front, as a discontinuity surface, is sub-
ject to gas-dynamic (Darrieus—Landau) and thermal
diffusion (Rayleigh—Taylor) instabilities, which also
significantly affect the change in the shape of its sur-
face and leads to the appearance of cellular structures.
The dimensions of the emerging structure strongly
depend on the initial pressure of the gas mixture and
sharply decrease with its increase. The flame front’s
deceleration phase lasts from 1.5 ms for a pressure of
8 kPa to 0.6—0.7 ms for a pressure of 22 kPa. During
this time interval, the flame front travels distances of
0.4 and 0.2 m along the tube axis, respectively.

The deceleration phase is followed by a period of
time when the flame front propagates at a nearly

. .
05 10 L5 20 25 30 35
Time, ms

at an initial pressure of 16 kPa.

constant velocity. As can be seen from the images
(frames 7—14, Fig. 1; frames 7—12, Figs. 2—4;
frames 7—9, Fig. 5), the duration of this stage is from
0.7 ms at an initial pressure of 20.8 kPa to 3 ms at a
pressure of 8 kPa. The structure and shape of the
flame front during this period barely change. The
shape of the deflagration front is close to hemispheri-
cal and extended forward by approximately the chan-
nel diameter along the tube axis. The surface of the
flame front has a pronounced cellular structure, and
as the flame moves, the size of the cells begins to grow
larger, and their number decreases. They also begin to
stretch in the longitudinal direction along the tube
axis. This effect is most pronounced at low initial pres-
sures.

Finally, in the fourth stage, the flame front acceler-
ates again. At the same time, its shape and structure
undergo significant changes. One of the sections of the
flame front begins to move forward sharply in the
direction of motion. The authors of [4] found that the
upper section of the flame moves forward and
explained this as follows: the flame front is the inter-
face between a heavy fresh mixture with a higher den-
sity and lighter deflagration products. Under the

PN. Krivosheyev, A.O.Novitski, O.G. Penyazkov
Russ.J.Phys.Chem B (2021) 16 (4) 661-669

3 étapes dans la vitesse de propagation du front
apres allumage ponctuel sur le c6té fermé du tube

grande vitesse juste avant explosion
U [~ 1O3m / S




-3) Forte accélération du front de flamme juste avant I'explosion du point chaud:

EVOLUTION OF THE REACTION FRONT SHAPE AND STRUCTURE

LIOM s

o
)

< 208

g g

g go6 3&éme étape juste avant la transition (< 107%s.)
g 204 tres forte accélération !

| | | )
200 400 600 800 1000 1200
Distance, mm

: AV =~ 500m/s en quelques 107 4s.

| |
20 25 3.0
Time, ms

Fig. 5. The same as in Fig. 1 at an initial pressure of 20.8 kPa. In frame 15, the red circle shows the onset of local explosion kernel

in the region of the boundary layer.

action of gravity, the heavy fresh mixture spreads along
the bottom of the tube, and the lighter products of def-
lagration tend to settle in the upper part, pushing the
flame front forward. Our observations show that the ori-
entation of the head tongue of the flame front relatively to
the tube perimeter is probably random (Figs. 1—5). As the
flame front stretches along the tube axis, a significant
increase in the deflagration area occurs and its velocity
begins to increase drastically. The flame takes on a
conical shape strongly elongated along the tube axis,
which is described in detail in [82]. In frame 15, Fig. 5,
at an initial mixture pressure of 20.8 kPa, the circle
shows the onset of local explosion kernel in the region
of the boundary layer in one of the folds of the flame
edge encircling the channel walls. The development
of this focus leads to the formation of an overcom-
pressed detonation wave, which propagates up and
downstream. In experiments at lower initial pressures
(8—16 kPa, Figs. 1—4), the process of detonation ini-
tiation was no longer within the field of view of the
observation system.

transition: brusque changement d’échelle de temps,

CONCLUSIONS o .
. derniere acceleration
The evolution of the structure and shape of the
flame front during the DDT of an acetylene-oxygen 10_3 S
mixture in a cylindrical tube 60 mm in diameter was
studied by high-speed visualization. The high-speed
images show and describe the four characteristic
stages of the deflagration process of a gas mixture: at
the first stage, the flame accelerates; this is followed by
the deceleration stage; then there is the stage of prop-
agation at an almost constant velocity; and, finally,
repeated acceleration, during which detonation is
formed. Images of the flame shape typical for each
stage are given and the dependences of the flame front
velocity along the tube axis are determined. The most
interesting and insufficiently studied, in our opinion,
is the stage of repeated acceleration of the flame, when
its speed rapidly increases from 300—400 to 1000—
1200 m/s and a detonation wave is formed in front of
the flame front (or at its edge). At the same time,
during the development of this stage, the shape of the
flame front undergoes drastic changes: a conical
structure strongly elongated along the tube axis is
formed, which is described in detail in [82]. The new

explosion

—6
transition a la détonation plane: <107"s

RUSSIAN JOURNAL OF PHYSICAL CHEMISTRYB  Vol. 16 No.4 2022

P.N. Krivosheyev, A.O. Novitski, O.G. Penyazkov (2022)
19



-4) Ecoulement laminaire des gaz frais
-5) Train d’'ondes de choc
-6) Nb de Mach des chocs Mgueer 3 T < 800K

M.A. Liberman et al. / Acta Astronautica 67 (2010) 688-701 693

autoallumage impossible

M.A Liberman et al.
Acta Astronautica (2010) 67 688-701

M. Kuznetsov et al.
Combust. Sci and Tech. (2010) 182 1628-1644

C,H,- 0,

—©—0.05 bar
—0—0.075 bar
——0.1 bar
—0—0.125 bar
—0—0.15 bar
—0—0.2 bar
—£—0.25 bar
—0—0.3 bar

0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01

t,s

Schlieren method

juste avant la transition

Fig. 6. Velocity-time dependence during detonation initiation in ethylene-oxygen mixture.
schlieren /

Preheat
_— zone

juste apres la transition

2y

; % 5 g *
‘“‘v A u)'d‘\

J&,{f ﬁ? x A"', : a orign\;)

DDT

Fig. 7. Sequence of shadow photographs during the second stage and the transition to detonation in ethylene-oxygen mixture, P5=0.12 bar. Time for the

frames from the top is t=3.75, 3.85, and 3.95 ms.

Ur=589 m/s and M,,=2.13. One can see that in contrast to
the first stage, the flame generates the compression waves
that steepen to shocks almost at the flame front. In the
second image, at 3.85ms, the shocks are coalesced
creating a pocket of compressed unreacted gas that
appears close ahead to the flame. The width of the
preheat zone is 16 mm (X;=1177 mm, X;,=1193 mm), the
T < Tc Mach number of the shock is Ms,=3.03. In the last frame,
taken at 3:95'ms, transition to detonation has already

tem pérature des gaz frais occurred and only retonation wave is seen. We want to

, B . notice that similar scenario of the preheat zone formation

’[rOp faible: autoa"umage ImpOSSIbIe just before DDT can be seen in the Schlieren photographs

of earlier experiments [4-6]. This important feature of the

flow ahead of the accelerating flame has been overlooked

in the previous studies. For the first time the authors of
[19,20,22] have pointed that the formation of a preheat
zone is the most important feature of the flame dynamics
for the mechanism of DDT.

3. Numerical simulation of DDT in hydrogen-oxygen:
formulation of the problem

The simulations modeled a flame ignited at the closed
end and then propagating to the open end of a two-
dimensional channel. The computations solved the multi-
dimensional, time-dependent, reactive Navier-Stokes
equations including the effects of compressible fluid

T<T,~ 1200 K

train d’'ondes de compression

écoulement laminaire !

position du point chaud
au moment de I'explosion
loin de la paroi (hors couche limite)
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~ Intrinsic DDT mechanism of laminar flames
(Theoretical analysis of the runaway of the flame structure)
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My objective is to decipher a DDT mechanism that is intrinsic to laminar flame
fronts. In a first step, I'll consider elongated flame fronts in tubes,and, in a second
step, I'll extend the result to wrinkled or cellular flames.

Turbulence can promote an early transition but is not an essential DDT mechanism



Lecture 11-c: Deflagration to Detonation Transition

Intrinsic DDT mechanism of laminar flames
(elongated flame)

DDT of elongated flames propagating in closed channels
(laminar regime)

Experiments in 50 x 50 mm* tubes:

Liberman et al. (2010) Acta Astronautica 67, 688-701
Kuznetsov et al. (2010) Combust Sci. Tech., 182, 1628-1644
Dexter-Brown, Jayachandran (2024) Combust. Flame, 2635, 113439

Theoretical analyses

P. Clavin, H. Tofaili. (2021) Combust. Flame, 232 111522
P. Clavin. (2022) Combust. Flame, 245, 112347

P. Clavin, J. Fluid Mech. (2023) vol. 974, A46
P. Clavin, C.R. Acad. Sci. Mécanique (2023) vol. 351, p. 401-427
P. Clavin, Eur. Phys. J. Plus (2025) vol. 140, 258

(no assumption of small heat release !)

There 1s also DDT in long open ended channels (not treated in these lectures)

Experiment: V.Bykov, et al. (2022) Combust. Flame, 238 111913
Theory: P.Clavin, V. Bykov (2024) in preparation

4



In addition of the high thermal sensitivity there are two key mechanisms for the DDT of
elongated flames in tubes (laminar regime)

Self-accelerating elongated flame (laminar)
of a flame 1gnited at the centre of the closed end of a tube

-1) Back-flow

e | |

T Tube Flame front

C Clanet and G. Searby (1996) Combust. Flame, 105, 225-238

]
i< >

up =0 \@_ﬂ.
lUb 7/'7//

Combustion of the lateral wing of the flame (a) UL

Back-flow of burned gas to the flame tip

-2) Very energetic mixtures: U, /Uy, = Ty, /T, ~ 10

5



1st question:

How to explain a quasi-sonic velocity of a flame while its laminar flame velocity is markedly subsonic ?

Réponse for a finger-like flame front:
the flame on the tip 1s convected by a self-induced back-flow

The curved flow of burned gas is of the type of a stagnation flow

————————

UfZIUb—Fubf:UL—l—
lUb Ea:O'K :

Sy I |

burned gas |, ——— _}_ﬁf_,,
I /’/— unburned shocked gas
— 1

' — I T ——

tongu:es of unHurned gas Upf 1| shock wave

/

\

1 I . d
] back-flow
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The back flow of burned gas towards the flame tip is well documented
by PIV experiments and DNS

Ponizy et al. (2014) Combust. Flame, 161 3051-3062

y [om]

y [om]

Figure 1: The streamlines and temperature field



Uy

burned Q’\\Q
T : /'//Q

/N
h
- -¥

&

Uqy f

unburned shocked gas
1

tongu:es of unBurned gas Up f
' |

— o
. 1 back-flow |

One-dimensional model

Clavin, Tofaili Combustion and Flame 232 (2021)111522

&

lead shock

Up +upy = UL +

Focus your attention on the tube axis, consider the tip as a planar flame perpendicular

to the axis, and, following C. Clanet and G. Searby (1996) Combust. Flame, 105, 225-238, replace
the curved flow of burned gas by a uniform mass source term Qpb/U'b(t)/R
along the axis of the elongated flame of length | L(t)

given function

Uy (t) Taminar flame velocity of the tip (eigenvalue)

burned gas
h-mmov. g 0 length of the

I elongated flame Us = U, + U+ D

I I r=Up+upy =Up
reference frame of the flame I< >l > >

: back-flow

up =0, _»Ub . ubf> Uy f . Uy Uy = 0
burned gas unburned shocked gas
: mass source term

| t
Owy/0x = 2U,/R  planan flame /O (D=Uy)dt lead shock
8 < >




Self similar solution for a constant elongation: dZ/dt=0 dU,/dt=0 dU;/dt =0

Constant flows and inner structure of the flame in steady state

length of the
elongated flame

|
I I Uf:Ub-l-Ubf:UL—l- D
< = > >
: back-flow

= u u Uy, — Uy f =

P ey - burned st L d v =0
unburned snockeda gas
bl%rned gas N constant and uniform flow
I mass source
wall at rest planan}m?e (D=Us)t  lead shock
<~ Ust -» < >
bacl}ﬂQV on the flame elongation parameter o ~ 10
: ou U 2L
conservation of mass ~ — :2% Up f %Ubf Uf = Ub‘|‘ubf =ol,, o= 1_|_2}__‘3

Up f

H . H
back flow of burned gas

Ths r,, T./Ty < o: Impermeable piston

uuf%UfZUUb

semi—pernk?able piston

) Laminar flame velocity
burned gas Speed Of the plStOIl
Uy, = (T,/T.,)UL UL

Ur =0 Up(Tp f) gas temperature on the piston
9 T elongation parameter Ty = + qm/ Cp



The back-flow of burned gas plays an important role for DDT at the tip
of a laminar finger-flame

ONE-DIMENSIONAL PISTON MODEL ON THE TIP

considering the local solution on the tip as quasi-planar
Clavin, Tofaili Combustion and Flame 232 (2021)111522

back-flow of burned gas at the tip 1-D piston model at the tip
RT < L " speed of the piston Up(t) = o (t)Up(t)
—— o —

flow velocity

“ - Tus(t)
— 2(L/R) U, semi-permeable piston
U
l ’ Uf = + Up = oUy Uy = (T,/T,)UL UL
-« -—
oc=2(L/R)+1
Uy f — Uf - Up, reference frame of the flame

the flows ' and . are functionals of the laminar flame velocity Ur(Twy)

10



Self similar solution for a constant elongation. Piston problem

Constant velocities Attention can be focused only on the unburned gas flow
time . I Uf =0 Ub(Tb) D
" >
Traject Tlt
of pistt Uu ~ U UO = O
unburned shocked gas
constant and uniform flow
d L > >
planant flame (D—Uy)t > dp lead shock U [_ }
Fluidvelolcity‘ '<} f {> b x eXp 2kBTb 2kBTb >> 1
) . parameter of thermal sensitivity Ty =T, 4 qm/cp
. e . . . Ty dU, ] 4 d
High thermal sensitivity of the laminar flame velocity B = U, dT;, > ar, ~ 41,
Nonlinear thermal loop between the flame and the Two expressions for u,versus 'l :

-1) ZFK on the flame : Uy ~= o Uy (Tb) increases strongly with 7, through 8> 1 (nonlinear relation)
-2) Rankine-Hugoniot on the shock: U is a quasi-linear function of 7, through the flame Mach number & = U, /a < 1

Asymptotic analysis B = O ( 1) Similar to B. Deshaies. & G. Joulin (1989)
K xe ﬁ o reduced elongation

. . . . ATu b I
Nonlinear equation for the non-dimensional temperature © x [3 T ’ K > K* no solution
. . . — b
versus the non-dimensional elongation IX = KO, K < € “ Rankne-Hugoniot__Asthenis
RH Arrhenius of ZF K K™ = -
Oexp(—0) = K
O =KexpO p(=9)

Semenov eq. for explosion in a vessel (1920)
Joulin-Clavin flame quenching (1976)-(1979)

" elongation -
0" =1 ©

Turning p oint : reduced flame temperature
There is no self-similar solution above a critical elongation K > K*=1/e 0= (8/2)(Ty/Ty — 1)

Il Transition to detonation ?



constant L

Self-similar solution of the one-dimensional piston model

Clavin, Tofaili Combustion and Flame 232 (2021)111522
speed of the piston Uy(t) = o (t)Up(t)

L
Uy D, o— g
R Uiy g =D Uy u

) (1)
T,=T T a i
—? L‘ S AN flow velocity
a U,
Tus(t)

the solution is similar to Deshaies Joulin

but for a very energetic flame and

folding factor — elongation 0 = 2L/R + 1

semi-permeable piston

Uf ZOUb

For very energetic mixtures the turning point corresponds to a critical elongation easily accessible by

the elongation front usually observed in tubes
large

UL(T,) T \? (T, \*? E /1 1 E
= - o . s 1
UL(TO) (Tbo) T, xp 2]{?3 T Tro ’ Tb/Tu > 10 ZkBTbo
Uf (Tu) _ Tb/Tu Ur (Tu) S A |
Uf (TuO) TbO/Tuo Ur (Tuo) no solution -
8* = turning-point

The critical conditions are in good agreement with DDT of experiments
T, =650 K, U =Ur(T;)~40m/s, Uj;~890m/s,
M*=D*/a, =~ 2.5 L*/R~ 1.8

12



Limit (weakness) of self-similar solutions
of the double-discontinuity model

Constant flame velocity .
# accelerating flame

, no self similar solution
, uniform and constant flow . .
multiple chocs formation

x
7

self-similar solution

Trajectory | —7, - t

of piston =] .
//’ { /f D >
>

7 Trajectory —_—)
e ‘ o Te e e A —— —

Trajectory

'
Shock x hot gas T v=D-Uy T T cold gas of piston—
Uniform fl w\ﬂ f b N Uw
orm flo Fluid at rest at rest C
atsgggg” at rest +

Fluid velocity |

el flame brush shock wave X
0 X (D—-Us)t
< >

unsteady flow

elongation S/Sy Up =Us+ w
—b !

>

Unsteady compression waves

|

[~
<
1

1

impermeable wall EU =0

launched ahead of the flame front

by the acceleration of the tip N _— \\.\Q?nbur?ed gas

gas
when the elongation increases L/:?—/— | G corpiesion sve
is an essential mechanism of DDT tongus of ihumed g5 upr 1 N
e o . . . X 1 _bbd UL
that 1s ignored by the self-similar solutions o back-flow, -

13



flame elongation

i :
1 iunbur}éle:l gals .
:—%l Upf unsteady compression waves ahead of the flame

dL(t)/dt >0 L (tV Uy (t)/ burmd gas B e producing the thermal feedback
— 1 plahe conjpression wave
o= 2<L/R) +1 O-(t)/ tongues of unl:{urned gas Up : C:/vL

—pal
1 back-flow

One-dimensional piston model beyond self similarity
Clavin, P. (2022) Combust. Flame, 245, 112347

speed of the piston Ug(t) = O(t) Ub(t) q
g

Ur=[2(L/R)+ 11Uy Us(t) = o(t)Up(t) o— > = >0
_ L) L di
UL = (Tu/Ty)U, olt) =2 +1 (1) | .
—_— downstream running plane compression wave

tu = Uy = UL ﬂOTW V(j;OCity Ve Ve Vs
2(L*/R) + 1~ 5 ! flow of unburned gas

semi-permeable piston

energetic mixture  T./T, < 1/10,

Uuf ~ Uy
the piston is quasi-impermeable near the turning point
O A
Start the increase in elongation from an initial state in steady state no solution
constituted by a self-similar solution close to the turning point ;. point o B
|7 T %
o(t) =oc(0)[1+t/te] ra 3
The initial lead shock is assumed far ahead the flame g g
f f

u,Zf - ’U/uf (0) . o .
a7 (0) <1 = compression waves ~ downstream running acoustic waves
uf 14




speed of the piston Uy(t) ~ Uy f (t) = O'(t)Ub (t)

. . . 0 > do
Beyond self similarity 5 >0
. . g (t)
Acceleration induced thermal feedback fow velon, downstream running plane compression wave
Clavin, P. (2022) Combust. Flame, 245, 112347 Tuy(t)

flow of unburned gas
semi-permeable piston

<1 compression waves =~ downstream running acoustic waves

t) — qu(o)]
ayf(0)

o(t) =o(0)[1+t/t] 1/t <1/7L  flame structure in quasi-steady state

Z FK: Uo(t) _ exp F b 0 (T’“f (t)Tb_(OT)’uf(O))}

Uy f(t) — Uy f(0)
ayf(0)

Riemann: % i (y—1) |:qu(

uur(t) =o@Us(t) = new turning point of the functionu, (o)
at a critical elongation o = 6" Uuf = Uy ¢

o(t) / t o(t*)=0" qu<t*> — qu o(t)e

there is no more dynamical solution after a finite time o (0)}--4

o>o0" & t>tF

What happens when approaching g™ 7

Strong unsteady effects: finite time singularity of the dynamical solution !

15 (as shown in the rest of the lecture)



Dynamics close to the critical point when the flame and the burned gas are
in steady state, retaining only unsteadiness in the unburned gas:

strongly unsteady effects of the compression wave develop when approaching the critical point

) . o — 0.* (Uf _ U;;)2 o 4 .
generic expression for Uy(o) : peal Up = Uy nosolution
elongation growth rate ! critical point o” < -

o(t) = o(0)[1 4 t/t.] % critical velocity "¢ A f@/
Us - U e —t tr d tx VAR
t_t*%o_:M: - - _e*Uf: *6 : t:octe | e
critical time /” U f te U f dt tr—t reference time — >
de Uf !
finite-time singularity of the flame acceleration A lim —==o00 Vi
(t—t*)—0— dt

0
— uta(0)) 2 =0 w=Xp(t): u=Us(t) = uus(t)
ot 2 0T ax, e = U (1)
- u(x,t) . (t* —t) N 1 (z —Xs(t)) Riemann: Burgers equation f f Uy(t) — Uy (0) < a(0)
uy ¢ tr kp  a(0)t:

kp =1+ Uj/a(0) 1 Ou
Clavin, P, Tofaili.H. (2022) Combust. Flame, 232, 111522
Clavin, P, Champion, M. (2023) Combust. Sci. Technol, 195, (15) pp. 3663-3694

singularity of the flow gradient on the piston at ¢t = t*

T(z,t) u(z,t)

What about the flow field ? ou (v +1

1 1
e=Xt) 20002 /(¢ — 1) /22

u;“bf%

Clavin, P. (2022) Combust. Flame, 245, 112347

* ~ —1
Tuf(o) : >
X7 (1) e w \ -
' uug (1) L a(0) e !
o—> L a(0)
flame = piston leading edge flame — piston 1(“1ding:odcro >
—_ el 7 S5©

ONSET OF A SHOCK IN THE FLAME STRUCTURE: DDT ?
16



Details of the calculation: Piston-driven flow field in a gas initially at uniform velocity
de/dt = Uf(t) (SImple Wave) t<0, x>0: u(a:,t) = Uf(O)
the piston velocity is a given function initiai condition

General method of solution before the shock formation (isentropic pb)
/ bcat © — 0o : u=Uy(0), a =a(0)

_ 2a 2a 0) v—1
Riemann invariant. Simple wave Jo=u-— ~ 1 =Uy(0) - - = a=a(0)+ 5 [u—Uy(0)]
0 0 2 ST L a0) | _
(U+ ) U+ ¢ = J+_u—|—27_1 2[u+7_1 Uf(O)
ot ox v—1 7 +1 v —1
u+a=-——u+a(0) — ——U(0)
\ — 2 2
ou v+1 v—1 ou
E {T —f—a(O)—TUf(O)] %—0 7_1
uta=-—— +b bza(O)——2 Us(0)
Burgers equation % + y+1 b @ —0 —
ot 2 Ox
. Y+l .
Formal solution:  [(u) =z — 5 U + bt  where the unknown function f(u) is determined by the boundary conditions
bc on the piston: f(Uf)/Xf— ‘ Uf—|—b‘ \¢ r=Xs(t): u=Ust),
t
X4 (Uy) tUy) dXp/dt =Uy, X7(0)=0: X(t) :/0 Up(t')dt’

X;(0) = 0. bc away from the piston weak discontinuity X 7(t) = [a(0) + U¢(0)]t : uw=Us(0) = f(Ur(0)) =0
Near the turning point:

2
U —-U t* —t t* — ¢ X¢(t) — X7 2 1
:( f f) _ _ Uf : M:—(t*—t)—i———*(t*—t)s/z
U; 3Vt

* * %\ 3/2 * 2 3
i<1 Uf(o)_l_ v _Xf :_t__|_g v / M:_ 1_Uf +g 1_Uf
te = U; tx’ Uity tx 3\t ’ Ust: U; 3 Us |’

17




2
X7 1 * 1 * —1
S N el PRI TN e (P TRCN TR e it LN I (P RRCIN Y
Uit 2 Up )t 2 U | t; 2 U; U;

Flu) = o — [%Hqub]t

x— Xt X* +1 t—t*  t* +1 b \ t
(J;(?: U*t*f+U*£*_72 ((?1)( £ +t_*><72 +U*>t_*
fle fle fle f € ¢ ) e

r— X5 X% o441 £ +1 b\ [t—t +1 b

B U*t*f+U*Jtc*_72 (Uil) t_*<72 +U*)( tr )(72 o
fle fre f e f e f
( b

r— X3 +1 b t—t* X5 +1 ([ u t*
B U*t*f_<72 +W>( £ )+U*£*_72 (U*_1> o
rte ! e fle f e

putting together
2
i R R A C A A s
2 U; U; Uit 2 U; tx
u z— X <7+1 b)(t*t)
- — | x i o + "
< Uf> J Ust: 2 ' U; tr

*3/2
e

) t_* +O< *3/2

)



Limitation of the analysis near the critical point : strong acceleration
— neither the flame structure nor the burned gas flow are in quasi-steady state

Fully unsteady analysis of the dynamics when approaching the critical point

by a perturbation analysis for a small elongation rate

P. Clavin, J. Fluid Mech. (2023) vol. 974, A46
P. Clavin, C.R. Acad. Sci. Mécanique Paris (2023) vol. 351, p. 401-427

Non dimensional equations are obtained with the initial state of the burned gas used as reference

7 =1/t (0) where t5(0)=d5(0)/Uy(0), §=(x—Xy)/dp(0),
AN vz oo T [Cul ] e 0

, T = ’ 0= ) 5
Us(0) p(0) 7,00 |~ "t | o0 a0 (0)
small Mach number ¢ < 1

small elongation ratec < 1
: : ¢ 0 )
Mass-weighted coordinate: (§,7) = (2,7), = E/ r(,mdg’, 5=
0
T=1+4+em(eZ,7)
multiple scale problem

NCE
);
[Equations outside the reaction shee{ for 0, m, v, v DW/p) 0w, ( _rp

v

=1+4e€r | ¢

elongation

)£ @ -1/ -1 PO
definition of € and &

up to order € included for retained the pressure effect A e

pe = O(1)

large activation energy small Mach nb

Distinguished limit

Asymptotic analysis with the ZFK model of ﬂz:rﬂs/« € <§< (v —=1)Bea(0) = O(1

small Mach'number small elongation rate

. 9) d‘ 71 0 Dt 0z
mass+energy+ideal gas 8;’ 11— 87r1] - *Qg + 0(e?) —
v ov o*v] _ 11 87“ m(7) = reduced mass flux across the reaction sheet
momentum [E —mng; - @] N 52*5 TTT—— v 0 {M@}
X o (‘w 0% B Dt ox Ox | 0Ox
species |57 —m(n'3t - 7| 0. V(7)€ [0, 1]
ner @_m( )89 @ ( )9 87'('1 _ % (97'('1 671'1 . 6)
enetey oT Vo, T 922 * ¥ oT 2| 0z *

Boundary conditions

hyperbolic problem

in the external zone ° +00: initial conditions z=0: v=v, =0(0)[1+er]m + ZFK jump conditions for 0, 1

19



Formulation. Equations outside the reaction zone

m(f, 7_) = T(f, T) [Vf(T) - V(gv T)] >0,

(details of the calculation)

mass flux across the reaction sheet ¢ =0

m(7) =m(0,7) =r(0,7) [Vf(T) —v(0, 7')]

change of variables:

13
o R / (e, T)dE,

Mass weighted coordinate

z =

. 9p_ _dpuw)  Or Z9m(ET)
Mass: 5 =" "ox oL of
or or - r §77—>V(£77—)]
. Du_ 0p, 9| Ou
momentum: P Dt ox " ox w Ix
DT Dp 0 oT
energy:. PCth = Ft & A&

Elimination of the unsteady ter
to leading order o 9%
+ O(¢e)

Vi =Uy(1)/Us(0

), r=mw/0

o 710 o) 0 Sor(€r) 0 D 0
~"9: " 9oz aT’g_aTz+[/o or | 5z = 7). TET) mml G
D 9 o 0 B,
B = el t 0=V g = 57, )5
1Dp _ Ou  D(/p) 10u ov _[9 ()8'9
p Dt ox Dt p Ox 5__E mT&_ 7’
= or 0z 022|  ~e 0z
90 920] (y-1)6 [or or L (Ov\®
g ) = e e 02 ()
00 00 901  (y—1),0m 5
[E_m(T)E_W]_g ~ 9@‘1‘0(8)

mass + energy 9~ 922
4 <

integration across the preheate

(1—6yy) = 0(1/%
z=0(1):  lim == =0(1/8), /O

B — 00, ebf = 0|z: >

instantaneous back flow:

:€<<6<<1,

ZFK linit f = E/kpTi(0) = o0
(v —=1)Bea(0) = O(1),

m=1+4¢em(ez,T)
multinle scale

00
Vy —Vp = —(—

0z

< ov
—d
+ 82 &

. +O(e)

z=0

vy (1) = 0 (0)(1 + er)ell0s(m=11/2

jump conditions across the reaction sheet

o0 _ T:(0) — T.,(0) o0 1 oy’
_9 _ geB1=0yp)/2 1 = 2000 Zull) Y 2 _
" +o/8), 1= [a— ' L—a—} 01/6%), Le=1
0 (T —T0)/(Ty — ) 0

*

pressure uniform inside the flame structur

T,(0)

|
burnt gasg fls
outer flow]

|

up(t) |
—
back flow |

|  isentropic
| compression wave

flame thickness

T
T

| u (t) Tu (0)
0 [

reaction sheet



just ahead of the flame back flow flame temperature on the reaction sheet

o ~ — Wy
flow velocity jump across the preheated zone: [ vy, f — Vir = qu (1=0v7)/2 90 | |
:qeﬁ(1*9bf)/2 I | Vus(7)
|

_5 z=0"*
m=1+em(ez,7) the pressure is quasi uniform inside the flame 2z = O(1) and e — 0

m1f(7) = Tilez=0 1+ ems(7) = reduced pressure on the flame front 0,(0)

-—

fresh mixture

. . . . . burnt gay fla
matching the inner flame structure with the compression wave ahead of the flame + Riemann: outer flow]

f structure
ifder flow isentropic

|

|

|

\

\

‘ .

| compression wave
\

|

|

i Il = vor(7) |

Unsteady compression wave Vs (7) = vur (0) + V qu(T), Var(0) = 0(0) + ¢ 7 (1)
ahead of the flame : T back flowl . k\(’\"‘f ) 0y (0)
Riemann solution uf(T)=(1—q) |1+¢ w17 (T) L
(?) o(1) - O(1/e) z

. . . BlOpr(T)—1]/2
Instantaneous back flow: Vof (T) - J(T)m(T) o 0(0)[1 T GT]e sl reaction sheet multiple scale problem
o(0) 4 q + ¥— qu(T) — 0(0)[1 + er]ePloos (=172 — hlOes(T)—11/2

m17(7) interms of Opf(7) and T
Solution of the unsteady inner structure of the flame = 60,¢(7) as a functional of w1 ¢(7) = equation for m ¢(7)

Instantaneous back flow+Inner structure of the flame and burned gas flow in quasi-steady state
Ovs(7) = Ous +q, Bos —1=e(l — @) T—mi; +0(e?), m=e lPer1l/2

Similar transcendental algebraic equation for71f as when the flame considered as a discontinuity

C A
0(0) +q+ (v1—¢q/v)mf = [0(0)(1+€T) +q] exp(bmiy) O (Giby/VT—q—1] .
b= (3e/2(1 - a)(y ~ 1)/y = O(1 nvT=
(=c0)(1+er)+q 9 =bms(r) r=0: (=CG=00)+q 9=10;=0 ...“
reduced elongation reduced pressure initial conditon [ SN ;&%" ”””
by o Y A RCE RN
~ ~ 2 q~09= ~ 10 V1-— - i ——
ﬁ ~ 8, g 2.3 x 10 ,q m ﬁ(c) ? |:C7, i qﬁ] e ) — C 9y v* bq/ﬁ
energetic mixtures b 0T =1- = in
: T (S S N Ut O . I =9_(¢) <V 0~
Near the turning point: & 5 ) ¢ < (" two roots : 9=To(C) > 0" nonphysical



vur =0(0) + g+ (/1 —q/y)ms(r) justahead of the\ﬂaAme }k flow / flame temperature on the reaction sheet
o . _ Ovy)/2
flow velocity jump across the preheated zone: ~ v, ¢ — Vpr = qu (1=0
00
be(t) \ = qeﬁ(l—be)/Q | \
0z |20+ | | Vus(7)
quasi-steady inner structure I —_— ;
! L L, U= Ub; upy = UL + vur(0)
1S . | ()[,(U)
u=0, :: ui M. |
‘ T burnt gag flaihg structur fresh mixt
! dnbhurned gas | Delayed back flow model outer ﬂ%iql e fon 1 pJ“pW
burned gas . SRR mpression
I P vor(r) | ‘
| g e n unsteady effects of the burned gas flow ) N
: . back flow | . hes \T 0.¢(0
tongues of un’t;urned gas Up g I E E : on the tube axi1s FM‘\N j
: back—ﬂow. ; _K':J_L'E > Up (CU, t) g 0(1) - 0(1/e) N
0 Xj-1L Xf v reaction sheet multinle scale
burned gas flow quasi-orthogonal to the wall
ou 2 — B 9 [Xs
p ~ EUbw($;t> ubf(t) :ub(x:Xf(t),t) = i g LUbw(aj,t—At(Xf—x))dm
equivalent volume source on the tube axis Xy d delay of transmission & — X /
/ AH X —x)de = L*/2a, <= At(Xyp—12)~(X;—2)/ay
~ A A L
t t
slow evolution: wups(t) ~ w Up(t) — Aty % At,, = L Ary = — = = - =57 m
1, R dt YT 72(0)  dr(0)/Us(0) 2d(0)
At,, vy < 1 Taylor expansion
| dm | inner structure of the flame in steady state
Vpf = 0' — ATy — , m<7-) — ebmf(T) <~ bty - Yy
dr m:eﬂ[ br—1]/ B[Qbf—l]/zzbﬂ'lf
=0(0)[1 + €] be # o(7)m(7) instantaneous back ﬂow)

dﬂ'lf

vpr ~ 0(0)[1 + eT] elT1s [1 — A7, b |

mp(T), TI=€T=  Vpr N o(0)e’™s [(1 + 1) — €ATy bd(;lf] valid up to order € eKexl
71 AT, = O(1)

Non autonomous differential equation (nonlinear) of first order for the pressure on the flame 7 ¢(7;)

q b s [ dmy s
T1f — € +0(0)(1 4+ 71) —|ec(0)AT, b =0
1f 9 q ( )( 1) < ) dr

a(0) +q+




Unsteady effects of the burned gas flow on the tube axis

keeping the inner structure of the flame in steady state

Non autonomous differential equation (nonlinear) of first order for the pressure on the flame 7 ¢(71)

— d
o(0) +q+ qu — ebmis [q +0(0)(1+ 7)) — ea(0)ATy b% —0
T1
variables of order unity =T
( = 0(0)(1 + 7‘1) +q Y = b7T1f(7'1) T=0: (=(= 0'(0) +q reduced elongation
elongation < time pressure on the flame initial condition A
. { vI—g¢ } , 4
Ve = |G+ V| exp (=) = |ea(0)* ATy | —
9 () 7 (=) = [e(0)"Aru] 47
steady state eq. {Q LV qﬁ} e =¢ small unsteady term

vb
Dynamics near near the turning point (saddle node bifurcation):

see details in > )
the next slide | (( — C*) (9% —9) . dv . a(0)
+ = €y——,| where ¢, =c¢€
c* 9 d¢ C*

steady state eq. unsteady effect

ATy

} } ) ) i ] reduced pressure
Typical equation of the catastrophe theory ! The unsteady solution diverges at finite time

just above the critical time

Generic equation of the dynamical saddle-node bifurcation

d t . 1 tc
ﬂ —=t+y? lim y(t) = — ~ (te —t) + ... where t.~2338..., e she reference in
dt t—te te — t 3 ly(0)] < 1 p
eters et al. (2012) Phys. Rev. E 86, 026207
(1/2)(C a0 =) >y, (1/2)(C fewlP(C— ¢)/C = 8

Small unsteady terms have a drastic effect: they make the solution diverging few time after the critical time at which the
critical solution is finite in steady state ! Jim [(9 = 9) /0] =00, €< 1:(Ce—C(")/C" o (€u/CF)*?

The inner structure of the flame is blown up in finite time by the divergence of the pressure;
the slower the elongation growth, the close to the critical time is the blow off.
2

y =




Limitation of the asymptotic analysis
(C=¢), W =0 dv

- 2 d¢’
2 I L o Uf == Ub + l‘l],f
~ J— O-(O) = 0 IR ; : y> !
‘ i (0) | olr) U,(0)
Atw c L burned gas E ; ; ; € = , =1+ €T, | €=
Ary =" =22 I e NS | t. | o(0) au(0)
tL 2 dL : v :])lalhe conll)l'es:sm)n wave elongation rate elongation Mach number
o (O) 2 L tongues of un’t{urned gas upp ;
pp—— 1 back-flow , ! >
w C* 2d I 0 Xj—L Xy T

-1) Planar geometry near the tip !
DT/TQNULCZL/T2 <K 1/tL%UL/dL = (dL/T‘)2<<1
small modification of the flame structure by the curvature

smaller than the compressible effect = O(e)? = (dp/r)* < ¢

Moreover the time for an homogeneous pres S the tube radius should be short enough

ce<Ldr/r< e <« eUpfa<dy/r <« r/a<te=tr/e
These conditions are satisfied in the distinguished limit shorter than the evolution time
eKex 1, e(r/dr) = O(1) well verified in experiments !

Planar geometry near the tip is OK
24



reduced elongation

Details of the calculation 1‘

¢ - [ci + ¥ 17;%} exp (—v) = [e0(0)*AT, ] % ol T A
C-20) = o0Pan, 2= G+ Y] e (-0)
d( vb
Turning point = max of Z(v) i -
4z §
el —0 Va! b— q exp (—9") — [ - Vlfo— qﬂ*] exp (=) = 0 reduced pressure
v 1 _ q N — /. . _
d2Z_ 1—gq v1—gq 1—gq
a0z~ [ ~b - (Cz‘ + ~+b 19)] exp (=) — b exp (=)
d°Z T—g¢ o
W‘f}:ﬁ* T exp (=V7) = =¢
Expansion around the turning point  Z(9) - Z* = —%C*(ﬁ — ") +
I ) — 2 dv _dY (¢ | (W =9)? . _ a(0)?
¢ |:Cz + 7 19] exp (—U) = [ea(0)°A1y] ac == AT + 5 , where €, =¢ c ATy,

Unsteady inner structure of the flame

Taking into account of the unsteadiness of the inner structure of the flame coupled to the unsteady external flows
leads to results that are qualitatively similar to the previous ones provided L/d; > e 2™1s /¢

o~ S IS e =07

= a>0

ATy



?
e * 2 2
Ew (31? ~ (S C*C ) + ¥ 5 V) ,  Where ¢, = aea(ﬁ) ATy, ¢
* (19* B 5)2 C* _ C
steady state = parabola (<S¢ 5 ~ 9 o

GENERIC FORM OF A DYNAMICAL SADDLE-NODE BIFURCATION:

RICCATI EQUATION T
dY 2
— =74Y steady state = parabola
dr =2

T<O0: Y = —71

unsteady solution : finite time (spontaneous) singularity
the solution has simple poles around which it takes the form of a Laurent series :

Te >0 lim Y=00, 7<7.: Y=-—

=, =l —

initial condition: T — —o0; Y — —/7 from above then
7. =2238 a;=-1/3
26




Limitation of the asymptotic analysis

reduced elongation

€—¢)  @W-9° _ d
+ = €w =
* wd ) Uf:Ub+'lL/,/ ?
C 2 C e L L >
~ O-(O) A u = 0 ! o ! I
€w = € T ' — —— G e
w C* w r—%ﬂmburned gag ||
. oo
At c L burnkd gas ' P
AT — wo__ = m/\/\/“»
w tL 2 dL | “ Iplahe cnmprcjsi(nn vave
P
tongues of unBurned gas upp 1
2 1 0. !
P o (O) L 1 back-flow ‘
= ﬂ'u

-2) Is the physical branch (black solidTine) of the quasi-steady solutions stable ?
Consider the system of constitutive equations

mass+energy+ideal gas % = [1 —em] % — 5%9% + O(£?)
ov ov  0%*v 110m
momentum [E_m(ﬂ@_@] B
species [g—lﬁ — m(T)g—f — 8;;5] =0, Y(z,7) €0, 1]
energy [% — m(T)% — %1 = 5(7 ; 1)0 [887;1 — m(T)%] : % = O(e)
Boundary conditions
lyperbolic problem 4 . initial conditions z2=0: v=om(1) ZFXK jump conditions for 0, 1

in the external zone

Linearize around a quasi-steady state solution for a fixed ¢ < o*, (=0c+¢< ("
Look for solution in the form  h(&,7) = e"h(¢). Find the complex number s (eigenvalue)

Clavin & al. JEM (1990) 216, pp.299-322 If Re(s) >0: linear instability !



reduced elongation C‘ =0+q

Limitation of the asymptotic analysis T
-2) Is the physical branch stable ?

Ist step: linear response to a pressure fluctuation
Clavin & al. JFM (1990) 216, pp.299-322

i 9" ¥ = bmy,

06 90  9%60 -1 0 0

{E —m(T )@ - ﬁ] = E(fy 5 )9 [% — m><%] ) (97;1 = O(e) Ty = 21 r(educeollgaressure
00(z,7) = e"70(2, s) quasi-uniform pressure across the flame ==Y o

ST ST 5 2 v
60y(7) = €7 0y(s) Oom(7) = e m(s) forcing term ST
results (small frequency limit for simplicity)
0 2 1
Is|] < 1: Béby(7) =2(1—q)b [m( )+A79£+ } Aty = ( 4 Q) e Be (v—1)
_ ey —1)_
om(7) o 1+¢) 1 b=75 o =0(1)
= (1-— — = — v
m ( Q>b |: ( ) + ATy, o7 + .. ] AT, = (1 — C]) 2

2nd step: instability mechanism for the instantaneous back-flow
Clavin C.R.Acad.Sci(2023) 351, pp.401-427

?(1 —q)|[TATy, +qATg] s =

dTUebﬁl (> 0 on the physical branch) = s >0 instabﬂity d5
m exchange of stability at the turning point ——

3rd step: stabilisation by the delayed back-flow
Clavin JFM 2023) 974, A46

The physical branch of the quasi-steady solutions is stable 1f s [Afm + Am}

=0

d7T1 T1=7]

28 this is not a very restrictive constraint; remember r / dr, = O(1/¢)



Limitation of the asymptotic analysis

* * 2
(C B C ) 4+ (19 o 19) _ gw@ reduced elongation
Up =Up + upy T
‘ >

¢* 2 d¢’
: | L &

€w = € ATy, it — i
C* wnhurned gag !
: . v *
L burned gas ; P ¢
e ra |
> Iplahe compression wave

Aty €
AT =N T2, — ,
tongues of unHurned gas upr | E
o(0)? L T
€Ew = €€ C* E 0 Xf—L ij o T CZ : : >
¥ v* ¥ = bm,
-3) Slow amics of the flame structure on the tip (|eading ed e) ! reduced pressure
— (?
dU, At,, dU, ! 1 dU, edy,
Delayed back-flow: _ap, 30| [ At dls £ 1 db cde
Y [U” dt } N @ 9P T (5 L)

Uy, x 1/(t. —t) = Taylor expansion ok up to

(1/Up)dUs/dt = 1/(t. — t)
(=00)(1+er)+q o(0)=2L/R
Gi=2L/R+q
Expansion around the turning point
(1/227)(C/&w) P (0 = 97) =y, (1/2°)(C7 /&) (¢ = ¢ /¢ — t

dy(t) —t4y?2 ] ;
dt : _ _ S ~
tli{{lc y(t) = — (te —t) + ... where t.~ 2.338.. | L a | ; (60(0))

(=< ; ¢

(0 = 0%)/97] = o0,

lim
¢—Ce

y(0)] <1
Validity of the assumption of slow evolution for ¥ > 9" : (9 — 9*) < ¢

The assumption is not valid in the final stage of the runaway: strong flame acceleration just
above the critical velocity !mHowever a finite time singularity is not doubtful.



Conclusion of the back-flow induced DDT

In the back-flow induced DDT scenario of an elongated flame increasing slowly, the transition to detonation occurs on the
tip few time after the critical length is reached ( the latter corresponding to the quasi-steady solution neglecting the

unsteadiness processes inside the inner flame structure and also in the burned gas flow).
rediiced elongation

A
U = :
L L ) Ub; el
_o" 1 T )
‘ ¥ ¢ * "
wnburned gag ! ‘e
! 1 b s
burned gas ' N .,
! ! R R IS
:‘ﬁ_@/m A v
> Jplahe compression vave

Y

- I : r : AVE ;\ 7/ ““
tongues of unUIurned gas upp V! G b ; 9 (C ) 94 (C ) %
1 back-flow, L > ‘ . >
0 Xj—-L X5 C x Vs 9 9 = bm,

In this scenario, the sudden pressure and temperature run-away corresponds to a catastrophic process describ&d '?dﬂferes inite
time singularity of the approximated solution of the equations controlling the flame structure coupled to the compressible
external flows. In terms of the catastrophe theory, the transition corresponds to a dynamical saddle-node bifurcation.

The physical mechanism is a nonlinear thermal loop between the downstream running compression waves in the external flow
of unburned gas and the flame acting like a semi-transparent piston whose velocity increases linearly with the time with a
coefficient of proportionality which is a strongly increasing function of the gas temperature, delayed by the unsteadiness of

: the back flow in the burned gas issued from the lateral flames of the elongated front.
| | Vus (7) reduced laminar flame velocity

semi permeable piston attached = 4 orreduced pressure and flame temperature
v.s(0) to the end of the reaction zone Vb ,,

be :O'(t)‘/b k

fresh mixture
\ isentropic

| compression wave V), laminar flame velocity

| taken at the CJ condition

& 4 |
| . flame thickness .

T >

I I I I L
z 11.0 11.5 12.0 12.5 13.0

[ Utcy /(1'0

Vi=wviy+W s
semi permeable piston attached — .
to the end of the reaction zone  INUMEIICS: 0 reduced elongatlon

R. Hernandez-Sanchez., B. Denet (2024) Combust. Flame, 270 113775
0



The mechanism of back-flow induced DDT can be extended to unconfined cellular flames and/or to turbulent flames
in the wrinkled regime.

The velocity of a laminar flame element can approach the sound speed in the laboratory frame only

if it is convected by a fast flow, the flame velocity relative to the flow being always markedly subsonic !

The flame on the tip is convected by the back flow which is proportional to the laminar flame speed times
a factor between 5 and 10, resulting from the increase in surface area of the wrinkled lame front

back flow

2ngulfed tongue

back flow
—

Burned gas

engulfed tongue

back flow

This back-flow induced DDT mechanism has nothing to do with the unstable CJ flame regime mentioned in the past,
see the book of J.H.S. Lee, Cambridge (2008).

P/Po]
Pb/Po|&

Numerical simulation of turbulent flame

Hytovick et al. (2023) Phys. Fluids 35 046112
Poludnenko et al. (2019) Science 366, 7365

])b/’[)o """""""""""""""" : Poldunenko et al. (201 1) PRL 107,054501
CJ flame

subsonic

polPo 1 p,/py Po/p
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Multi-dimensional mechanisms of transition

lead shock

Burned gas

Urtiew & Oppenheim (1966) , Ballossier et al. (2023), Dexter-Brown & Jayachandran (2024)

Growth rate of the boundary layer ( Dimensional analysis)

h~vVDt~\/DH/a(~ VIH ~ fewmms, | ~ mean free path, D ~ [a)

10n 1 T o« D/h* ~a/H
TR = growth rate: tg_r ~ E/
. o DT . (9u\’ D , AT 1 aw’ AT 1)<u>2
c Cy T/ = —_— ~ —U - x — I~ ~ — —
viscous dissipation: ¢y 9% 72 T t, " Hel T YT "

AT quasi uniform u/a=0(1) = AT/T, =~ 1/2

Dissipation in the boundary layer promotes an earlier transition to detonation
by an increase in temperature larger than in the bulk

Also, the Zel’dovich’s gradient mechanism cannot be excluded in the boundary layer

32



Can multi-dimensional mechanisms of DTT exist ?

lead shock

On the trailing edge ?
\Burnm gas

_____
~

zone of thermal gradient / I ,__>
4 ~ at

= D>
Dimensional analysis:  P. Clavin, G. Searby (2016) Cambridge Univ. Press p.p.259-261 ¢
Numerics in submillimetre channels: ~ R.W.Houin et al. (2016) Combust Theor. Model. 20 (6), 1068-1087

h~vDt~+\/DH/a~ VIH ~ fewmms (]~ mean free path, D ~ la)

Dissipation induced thermal gradient coupled to the compressional heating

oT/ot D|VT|2 10T  a AT IVT|>? DAT? o AT? AT _

~Y

viscous dissipation O(1)

~o T T . ~r T

T Tot H T’ T2 h2 T2 o T2 :>T
+ compressional heating = 7>7.:  The Zel’dovich’s gradient mechanism is possible

On the trailing edge ? No back-flow!..Collision of two flame fronts with a sharp angle o < 1
Numerics: S.Taileb et al. (2023). Cambridge Physics of Fluids DOI: 10.1063/5.0156876

The longitudinal velocity of the apex U, = U/ tan ais largeand can approach the speed of sound a

= Intermittency of the flame surface area. U, ~ a = heat release in phase with the pressure
Thermo-acoustic induced DDT ?

More works remain to be gerformed on these topics
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XlI-1) One-dimensional physical mechanisms

Detonation = inner shock followed by an exothermal reaction zone
Inner structure = uniform induction zone + zone of heat release

Galloping detonation = oscillatory instability : oscillation of the velocity of the lead shock

. . Lehr 1972
oscillations
. <+
£ —— D=3100mss, Ty =2027 K reference frame of the unperturbed detonation .
S 10f e D=3000 mis, Ty = 1925 K acoustic wayes
o .. D=2900m/s, Ty = 1825 K 5
2 08
g 06 > eat release
2 04 entropy wave
5 02 induction ~
§ SZ o = O a(t) X
=-U. L L
0 1 2 3 4 Tt :
Relative distance oscillations DNS: Ficket Woods 1966
Instability mechanism  lina(Tn) |
lina(Tn)

0D = —éy # 0 = TNy = dl;,q motion of the heat release zone produces a piston like effect

\ feedback loop / the unstable character depends on the phase shift

) ) ) acoustic waves
Two different coupling mechanisms:
entropy wave

Two limiting cases

Strongly overdriven regimes for (v — 1) < 1 : quasi-isobaric flow, the delay by the acoustic waves is negligible

CJ regime for ¢, /c, T, < 1 and (y —1) < 1: transonic flow, the entropy wave is negligible
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Reactive Euler equations in 1-D geometry

1 D 1 a
D/Dt = 8/8t +u.V —x al=7" = — = — 1-D: D*/Dt=0/0t + (a +u)d/dx

1Dp p Du P ap  p

oD = VW (pﬁ = —Vp,) = (¢p — cv)pT, 1D 1D*u _ gy W

: _ . 1D W Dt a Dt c, Tt
D_0 ol v w1 1D G- 01D _amv| o (LD gty " s
Dt 0t Oz Dt 1 T Dt v pDt  Tiy'| vp Dt cpl tn .
b entropy equation
w(y, T) 1 [0 0 1[0 0 Gm W
— | =+ (uta)=—|pEt— | =+ (uta) =— |u= —%=—| ~—_ : -
1-D Euler (compressible) egs. yYp [015 ( ) ox a | Ot ( ) ox CpT N generalized (a (;EZ? ftfpi%i)

(useful form for the following)

@« 1.2

& 06

Continuous set of feed back loops

upstream running acoustic wave
1[0 0 1[0 m W
oo i

Fu-a)
“ “ax u_cthN

downstream running acoustic wave
1[0 0
ot

ot a) }p+1 [(‘ft (u+a)a%]u:—_;

entropy wave wave
oscillations

downstream running acoustic wave

acoustic waves

entropy wave

direct
_—"influence™——_

shock wave heat release

}

heat release]

induction

~— feedback —

\

! loop =0

a(t)

<3
oscillations

2 3
Relative distance

upstream running acoustic wave
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Galloping detonation = pulsating instability of the 1-D solution

212 T 5 T oscillations

<t >
lead shock oscillates
L = Oé(t), Oé(t) = d&/dt D(t) = 5 = dt L induction |heat release
velocity of the shock oscillates
reaction rate oscillates T=0 () >
oscillations
Reduced equations
Reactive FEuler equations
D/Dt =0/0t+u.V « pcDT/Dt = Dp/Dt + pgp, W
1D Du_ e IDI (y=D1Dp_ g DU _W@T)
P TR v L SR G ) v pDt ¢Tiy Dt iy tv =7:(Tw)

Reduced mass weighted distance from the shock (useful for unsteady 1-D problems)

(I o -
X= —— 2’ t)da', t=—, tny = 7,.(T
[ otan =, iy =n(T)

_ t
z=olt) instantaneous shock position 7 ®) reaction time at the Neumann state of the unperturbed solution
_ ay = da/dt
o p 1 0 - (0 0 0 0 p(z,t)[u(x, t) — dy] Qv
i . — tu— | == = = ’ =k =1-=,
5= wmae [ (G tve) = a0 | e mi= A0 N
reduced mass flux across the lead shovh ulx=0(t) — &t = un (i)
pN (D) un(t) = pu(D — )
mass conservation
D » D /p
26 - RG] . .
D_0, 0 b\ XD t\p /) Ox\uy D—a(t) | un(t)=u(t) —at)
be o W 2<E>__2< P ) p=(cp—cy)pT ] ’
m(t)=1- & Dt\D/  Ox\pD ’ Pu pn(t)
5 9
1DT (y—-1)1Dp _ L DS W, referential frame of the moving shock
T Dt v pDt T Dt
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Do)y _0(u) Dfoy)_09 (u
5 5 5 Dt\p/) ox\D Dt \ p ox \uy )’
DT D(u)__a< p ) b (e e
m(t) =1 - & DUAD O\ ’ m(t) unknow
g IDT (¢ =D1Dp_dm, Do _ _
TDt v pDt T Dt /D =1—m(t)
BOufnda[T’y COnditiO'fLS adiabatic compression

Neumann state x=0: p=pn(t), p=pn(t), T=Tn(t) pn(t)(u—d;)=p,Dm(t) =0
expressed in terms of m(t) by the RH conditions

uy _ pu (Y= DM +2 py  2yMZ—(y—1)
D pv  (y+DMG o (D M, =1 - m)]M,
Ty _ [2Mi—(=D][-DMI+2] 5 (y =DM +2
T. (v +1)2M3 ’ MU oyME - (v - 1)
Burnt gas X — 00 {overdriven regimes: u = Uy
CJ regime: p — p, = pyap(u — W) 1. outgoing acoustic waves (radiation condition)

Analytical solutions are obtained in limiting cases

Strong shock in the Newtonian approximation

M,>1, (-1l = Mf\,x%_l+_i2<<1
Distinguished limit: s 1 (- DM = 0(1) '
e =My < 1, M, = 0(1/é), (v - 1) = O(e?)

small parameter

Un/D =D, /Py ~ € Dy/Bu~ M, =0(1/&), an/Dre,  (an/an)® ~ 2+ (y— 1)M,]/2=0(1)

pu—pyun =0

dp +_dﬂ 0} and a?\,/y =pnN/pN = (]_9/]_?]\[ — 1) = —¢2 (ﬂ/ﬂN — 1) , Quasi-isobaric approximation of the shocked gas
- pu_ —

dx dx

7



P.Clavin XII

12-1.

12-2.

12-3.

12-4.

Lecture 12 :  Galloping detonations

Physical mechanisms

Instability mechanism
Two limiting cases

(General formulation
Constitutive equations
Strong shock in the Newtonian approximation

Strongly overdriven regimes in the limit (v — 1) < 1
Distinguished limit
Integral-differential equation for the dynamics
Oscillatory instability

CJ detonations for small heat release

Reactive Euler equations in 1-D geometry

Near CJ regimes for small heat release. Transonic reacting flows

Slow time scale
Asymptotic model for CJ or near CJ regimes

Results for simplified chemical kinetics



P.Clavin XII

Strongly overdriven detonations in the limit (v —-1) <1
P. Clavin and L. He (1996) J. Fluid Mech., 306, 353-378
Distinguished limit
2 = M?\, < 1, Mi = 0(1/€?), (y—1) = O(e?)

qN = qm/c,Tn = O(1) | &  strongly overdriven regime ,
Mug, = VO+VQFT where @= 1121
pLu
TN/Tu =0(1) = My, = O(1) = My > My,

Negligible adiabatic compression

zg_ggx%_@w =
T Dt v/ pDt ¢, T =

op/p = O(€)

at Te0g =

oY oY .
T m(t)a = w(y,T)

x=0: =0, T=Ty(t)
T /Ty ~ [(y — 1)M2 +2]/2 where M2 =M. (1 — cu/D)>?

The solution yields T(x,t) and ¥ (x,t) in terms of m(t) = 1 — &4 /D
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Distinguished limit (y—1)Bn=0(1) <& By =0(1/€)

5 = [T 0
N\ woT |y,

or oI  qpn .
o ook e, W),
m(t) =1—a/D, & /D=0(/bn)= g x=0: T=Tn(t), v=0
oY O . ’ ’
2,\,2_}_2 AL _:W(va)
Dt~ ot ' Ox ot Ox

(Tv — Tw)/Tn = O(1/x) = | On(t) = Bn (T (t) — Tw) /T = 0(1)] w—w =0(1)

' AT qm . = cst. AT
Steady state solutions — ‘JC_W(%T), _ Ty = cst. #T'n
) p x=0:T=Ty, ¥v=0,
dx w(®,T) On =BN(Tn —Tn)/Tn

T:T(@N,X), wzj}(@NaX)? Q(@Nax)EW(Tay)

Unsteady solution (retarded functions)

T(x,t) =T Oyt —x),%x), »(xt)=YOn(t—x),x), Ww=QOn(t—x),x)
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Distinguished limit
m(t) =1+ O(1/6nN)

Rankine-Hugonziot

Tn  [29M2 — (v =1)][(y — DM + 2]

Ty

(v +1)2M2
M2 =71 (1— /D)

Quasi-isobaric approrimation in the shocked gas + Continuity

Energy

0,0
ot 0x| T

Nonlinear integral-equation

LO1T [0, 0)m_ 0 (u
ox| Tx |0t x| p , 0x \un

l /

/1 +0ON(t) = /OOO Q(OnN(t —x),x)dx, b= =pBn(y—1)

(Clavin He 1996)
I

} = (In(t)=Tn)/Ty~—(y—1)au/uy <1, N




strongly overdriven detonations in the Newtonian limit

quasi-isobaric approximation in the shocked gases
+ energy eq. for T

heat release per unit mass

progress variable
o 0 (v G (T Yy/( o 9 ) (T, V)
— 4+ u— | |[InT — Inp| = ’ — 4+u— | Y =
(815 8r) [ p] Tty ot or r
w : non-dimensional reaction rate chemical kinetics
mass

1@+@:O p1' =~ cst.
o) 12 ‘ — D=3100m/s, T =2027 K p at 83:
S10F A e D=3000 m/s, Ty = 1925 K

unsteady / steady distribution of the rate of heat release

: ; Q(@N(t _X)aX) 1 v N ¢

Rslative distaﬁce X = ‘ 5 ,OdLE t = t_

steady state rPut’ Ja(t) r
Q(@N, X) —I_

conservation of mass and boundary conditions
D(t) — D
Rankine-Hugoniot at x =0 : ()

—5 ¢ On(t) U X — 00 : boundedness

integral equation for O y(t)

1+00N(t) = /00 QON(t — x),x)dx,

bl = By — 1)

CpTN




strongly overdriven detonations in the Newtonian limit
quasi-isobaric approximation in the shocked gas

oscillations

entropy wave < >
direct .
influence
/ T~ %&D heat release
shock wave heat release
\feedback / induction -
loop _ -
. L : a=0 o) T
quasi-instantaneous acoustic i

Integral equation’ === Oo |
for the reduced temperature 1+00xn(t) = /0 QON(t—x),x)dx, b =Bn(y - 1)C %%N
P

oscillations

Arrhenius law (I step) ..o _
QON,x) ~ e@Nﬁ(e@NX), Z/Z — e On QOnN,x) =~ e@Nﬁ(e@NX) /0 QON,x)dx =1

~  Dimensionless
linear growth rate

A

Linearization. Normal mode analysis
b<b

GN(t) x eUt‘ QV(X) = d[Xﬁ(X)]/dX b = / QQV (X)e_aXdX — . ~ Dimensionless
0

o=354+iw * o ° W frequency

—/\ > & =0(1) e w=0(y) '

= Poincaré-Andronov (Hopf) bifurcation

I \[ frequence of oscillation o —
of order of the transit time

IOOW'-NV\AMNVVV\AAMAAANVV\N ‘J“Uj“““U“U\l“

vuv SAAVAVAVAVATAVAY) LAY

high thermal sensitivity, 8y
and /or

stiffness of the distribution of heat release Q(On,x)

promote the instability

0 50 100 150 200 50 100 150 200

intermittency

nonlinear effects: stochasticity + dynamical quenching et e 8 T T R
OK with DNS
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12-1.

12-2.

12-3.

12-4.

Lecture 12 :  Galloping detonations

Physical mechanisms

Instability mechanism
Two limiting cases

(General formulation
Constitutive equations
Strong shock in the Newtonian approximation

Strongly overdriven regimes in the limit (v — 1) < 1
Distinguished limit
Integral-differential equation for the dynamics
Oscillatory instability

CJ detonations for small heat release

Reactive Euler equations in 1-D geometry

Near CJ regimes for small heat release. Transonic reacting flows

Slow time scale
Asymptotic model for CJ or near CJ regimes

Results for simplified chemical kinetics

14
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Reactive Euler equations in 1-D geometry
1-D: D*/Dt=0/0t + (a+u)d/dx

1
D/Dt =0/0t +u.V %X a® =p/p
1Dp v ( Du v ) B T N N
;D_t__ -u, PD_t—_ b, p_(cp_cv)pv i iDp lD u:qmﬁ
: _ . 1D m W Dt a Dt c, Tt
D_0 0| De_¥ [ |IDT (-D1Dp_ gn ¥ | o 4+ ( —L gy dn ") " vl
Dt 0t Oz Dt iy T Dt v pDt  ¢Tin'| vp Dt Tty ,
N entropy equation
w(y,T) 1 |0 0 10 0 Gm W
— |= 4+ (uta)=—|pt— | =+ (uta)=— |u= —=—|~—_ , - o
1-D Buler (compressible) eqs. vp ot o1 a | ot or CpT fn generalized acoustic egs.
(0p = £padu)
(useful form for the following)

C] detonations for small heat release

P. Clavin and F.A. Williams (2002) Combust. Theor. Model., 6, 127-129

Near CJ regimes for small heat release. Transonic reacting flows

CJ and overdriven regimes (H M_1>2
_ (Y+1) am — v
Mye, =VQ+vVQ+1 Q Yy o, f= 10

overdriven regime: f > 1

CJ regime: f =1,

Small heat release approrimation (transonic regimes)

0«1

overdriven regime near CJ: |f = O(1)

M? ~142
—2 —2 5
Mu%1+26\/7 Mu_MchN2E(\/?_1)

ucyJg

small parameter: €2 = Q < 1

A €in p.9 # € in p.b
15




P.Clavin XII IN = G/, T = O(e?) f=0(1)

Rankine-Hugoniot conditions (M2 -1) < 1
see .6 lecture X
T
Nt (y - 1)(ME - 1), PN~ PN m 14 (M2 - 1), ¥ =0
Ty Pu Pu
—2 —2
Steady state (M, —1)~ (1 —My) ~2¢\/f
heat release / compressible effect
T-T — 2
T =Y — (= DeV/fIL = V1= (/1) (11— M) =2/ f—1
G+ D) @=pu) _ (0152 (P—7) 7
= M — & M, |1 1— :
T PP s T T @)
A crossover temperature : T, < T* < Ty separation of scale: Teon /Iy < (My — 1) = e B/kBTN « ¢
Distinguished limat (y=1)=0(e) | = (T —Tn)/Tn = O(¢?)
: : : t 1 . T-1T,
Non-dimensional equations t=-—, x= L d=—, #=-In (ﬂ) , 0= ( - )
tN autN Qy 8 Pu Tu
anticipating @ = O(?) a/a, =14 O(€?) 1 —a=0(e) 7= 0(e)
1[0 0 1[0 m W
the variation of a is negligible in {a +(ut a)@} pE- {E + (u+ a)g] u= Ci_TE
"0 NV 8 0] o
_a—I—(l—FU)&_ (7 4+ u) = e“w, a—ku& [0 — (v —1)7t] = ew
[ 0 0 | [ 0 0 |
——1—U— U—U:2. — U, — =
i o gk | V=W
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oscillations
Slow time scale h -
acoustic \Va\}g
M? —1=0(¢) = transonic flow: u/a =1+ O(e) D
_ > ~ eat release
time scale of thedownstreampropagating acoustic wave : lipg/a =ty entropy wave
1 B b 179 )  m W induction >
Lot pe g g e og Ju= 252 a=0 aft) z
<+—>
time scale of theupstreampropagating acoustic wave : lipg/(a —u) =ty /e oscillations _
1[0 o1 179 A lina=atn
5 e [ e e = B
longest delay in the feed back loop =ty /e
Scaling Period of oscillation = O(ty /€)
: : : : t -
non dimensional time of order unity rEs / = et — t=t/tn
N/ €
instantaneous position of the lead shock wave x = a(et/ty) a = «(7)/(aytN) < non dimensional position
non dimensional variable of order unity|u, m, 6] 4= 214 e, = 1 In (ﬁ) —em, H= (T ; Tw) — 20
Ay Pu
fi f f th ing shock = et £ = a(T) 9 78 0 9 a 0
eference frame of the mo shock : 7 = et, =x—a(7), — ==, —=€|=— —a,—
reference fram moving Y. 5 5 9
A u and p are flow velocities in the lab frame x =x/(ayty)
8(7T+,LL)_O 8(9—h7r—¢):0
[gt + (14 u)gx] (7 + 1) = 2w [gt + ﬁ(ffx] [0 —(y— 1] = &w 8€ 8€ )
- ()| () = (2 i) v ~ LA P W
81; u aX s u €W 8t Uax W 87' T as ) 8£
] . h=(7-1)/e=0(1)
Arrhenius law : w(1),0) = (1 — ¢)eP=) with|3, = e =0(1) ar =da(r)/dr

17 kTN
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Asymptotic model for CJ or near CJ regimes

e = m/cyTy <1, (y—1)=0(¢), E/kpTy = O(1/€%) (Clavin Williams 2002)

or+p) _, o0 —hr—) _ |

a 5 - 8 5 —_— 3 —_— - eat release

0 .0 — oy _ . ar =da(r)/dr @0 o0 | :
87_ —|_ (IU/ aT) 8£ (ﬂ- M) - W7 8_5 =W oscillations

Boundary conditions at the Neumann state
Tn

h=(y—1)/e=0(1) f= overdrive factor
T—uzl—k(fy—l)(Mz—l), B £=0: 0=0y=2h(\/f—4,), m=nay=2L/f—4,)
1?_N%0N%1+(M2_1> M5—1%2(Mu—1)—26a7 ‘9N—h7TN:0
g pfi : (M- ~eVf E=0: MEMN:—\/?+23T and ¥ =0,
pu(D - at) = pN(u’az:a - Oét) \/7
A u and p are flow velocities in the lab frame pN + TN =/ f
> ,u+7r:\/? Q:h\/f—h,u%—@b

The problem is reduced to solve two ations for p and 1

P B Oy A
a——k(u—aT)a—g]u:—g, %_WW’H)
£ = p=—f+24a, and =0,

Boundary condition in the burnt gas

§—oo: =1, i

yields an integral equation for a,(7)
18
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Nonlinear equation for a transonic reacting flow Wy =1)
0 a1 _Y aw
0 =hy/f —hy+1)
§=0: p=-Vf+24, and ¥ =0, §— 00! Y =1, p=r,=—\f-1

Result for simplified chemical kinetics L

Simplification:

The reaction rate depends only on T (t)

Relative distance

The stability analysis is similar to that of strongly overdriven regimes !

Similar integral equation but with a delay controlled by the upstream running acoustic wave

$d
ag = [
o |u(&)l
_ <l 1 :
o) = [ | 170 + GO antr - A
ol 0 4 f r *\
Instabilj#y due to thermal sensitivity Stabilizing term due to residual compressible effects

Reduced propagation velocity of the shock front 19



GENERAL CONCLUSION

Galloping detonations are due to a phase shift in the loop between the lead shock and

the heat release, controlled by the entropy wave and the upstream running acoustic wave

entropy wave

j\— downstream running acoustic wave o

S ‘ direct j\—< oscillations
£ — D=3100 m/s, Ty = 2027 K inﬂuence >

A (oossen D =23000m/s, Ty =1925 K
G:J 10 ) - D=2900m/s,TZ:1825K / \ /t\ A"y
= F 5 entropy wavq
S shock wave heat release = Py
. - feedback D heat release

_— > ] a,
g \ e? ac / acoustic wayes
5 oop . .
g /.7 . . induction
@ 1 upstream running acoustic wave —
-0.2 L L L N —
0 1 2 3 4 a=20 (6] (t) x
Relative distance <+
oscillations

Strongly overdriven detonation in the Newtonian limit (P.C. & L. He 1996)

quasi-isobaric flow
dominant mechanism: entropy wave 3

CJ (or near CJ) conditions close to the instability threshold ( P.C. & F.A. Williams 2002)

transonic flow
dominant mechanism: acoustic wave @ ———

Comparison with DNS
Tofaili, Lodato, Vervisch and Clavin Combustion and Flame (2021) Vol. 232 111535
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Lecture 13 :  Stability analysis of shock waves

13-1. Acoustic waves and entropy-vorticity wave

Linearized Euler equations

Linearized flow field

13-2. Analyses

Dispersion relation for general materials

Classification of normal modes

Spontaneous emission of sound and instability

Stability of shocks in ideal gases

Stability of reacting shocks
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Acoustic waves and entropy-vorticity wave

Shock wave =~ hydrodynamic discontinuity + Rankine-Hugoniot conditions

. in the frame of the unperturbed planar shock
thickness =~ mean free path M =D/a
initial fluid shocked fluid, Neumann state
D>a, | uny <an
The flow of shocked gas in a planar wave is uniform

R m—

M,>1| My <1

(pU7 IOU) (p_N7 EN)
z=0 l:
D > a, = the upstream flow in a wrinkled shock is not perturbed

supersonic wave

Flow velocity uy is sufficiently large = the diffusive fluxes are negligible:
compressed gas:

Ds/Dt=0 < 9s/0t+u.Vs=0

no entropy production in the compressed gas

The entropy of shocked gas is modified at the Neumann state of a wrinkled shock

= Vs(r,t) #0

entropy production inside the shock thickness: entropy jump !
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Linearized Euler equations

y
o
(written in 2-D for simplicity. Extension to 2-D is straightforward) wT_éy
T
U:ﬂN—l—(SU, w:5w7 p:ﬁN‘l'(S,O, p:]_?N_I_(Sp
Yy
Compressed gas '
1 D 0 0 z = a(t,y)
aﬁép + a—x(Su + a—yé’w = O, Fresh mixture %py-vorﬁi(gyy wave
m 5D ou = 0 J 5.2 ow = 9 J
D/Dt:8/8t+uN8/8x pNﬁ U—_a_x D, pNﬁ ’U}——a—y D, Shocked gas
. D D o D
Op/0p|s=cst = a D—tés =0 = D_t5p =an Dt(Sp,

isentropic: no entropy production but propagation of entropy from the shock

Wave equation for the pressure (d’Alembert equation)

1 D 0 0
—0p+ —du+ —dw=0
pnaa Dt p+8ac u+8y v

eliminating 6p =

D= 0° 0°
eliminating du and dw = D 6p — a5y (@ IF 8—y2) op = 0|

the pressure fluctuations are fully propagated by acoustic waves in the shocked gas moving at constant velocity uy



P.Clavin XIII Linearized flow field

Flow splitting

. .. v = 60'Y . | su = su'Y - su®
acoustic wave + vorticity wave p=op U = 0uT o 0u

dw = dw' + dw®

0
g

the pressure fluctuations are fully propagated by acoustic waves in the shocked gas moving at constant velocity uy

Wave equation for the pressure (d’Alembert equation)

LDy 0,000
pnaa Dt Oz oy

eliminating 6p =

L D~ 9% 02
eliminating du and dw = D —0p — <8 : T a2 ) op = 0‘

Entropy-vorticity wave (isobaric)

oou  9sul® (i) _
B = 7 TUNA- . . ,
Dt Ot ox D(Sw(l)/Dt —0 aé,w(z) . aaw(z) _ 5w(z) (y,t . CC/@N)
1 o @ a G 0 4 aN o 0 0
op+ —9 —ow =0 — su® w® = Z5ul = g —
ﬁNa%\%){p 500t g, v =0 > Gt 4 5 0w =0 Smou =uy 5w
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Normal-mode analysis
Y

z = aft,y)

Fresh mixture

T

Shocked gas

a(y,t)

dp = pn exp (il+x + iky + ot)

Linearized flow field

k € Re
=/

5 alkytot 5p(xa Y, t)

= e

2nd-order algebraic eq.

g N2 =2 (72 2 D? 0% 02
li(U,k) (0+1liuN) —|_aN<li+k ) =0 <= mgp_a?v (@—I_a_y?) Sp=0  Wwave eq.
No length-scale other than |k|~* N MyS++/1+ 52 i lg= _© 1
in the problem ! k| N /1 - M?\; wi — anlk| T M?V’
)) B ~(a) _ iltun PN iiix
—ou = ——0p, u = — o — — — € ) ~ i
PNDE T e N o+ il un pyun t=0:6p=0opn(y,t) =pneryTot
ENR&U — _g(;p’ ~(a) _ _ ik.ﬂN PN eili$, N RH conditions
Dt Ay o +iliUuy pNUN
o+ 1il1Uun PNUN
ikt N | A sw (y,t — z/uy)
~() _ |~ 1Kty PN —ox/un Y, N
w = |WN 7 o~ — € )
og+iliuny pyun

Incompressibility condition

0 : 0 ) %)
i Y )
Oz ou oy

(i)
ow'" = p

—ou) =7y a—yéw(i)

Rankine-Hugoniot conditions

uN ., .
—o0o— +ikwy =0
un

(iliO’ —|—UN]€2) ﬁN
(0’ + iliﬂN) PNUN

=
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Lecture 13 :  Stability analysis of shock waves

13-1. Acoustic waves and entropy-vorticity wave

Linearized FEuler equations

Linearized flow field

13-2. Analyses

Dispersion relation for general materials

Classification of normal modes

Spontaneous emission of sound and instability

Stability of shocks in ideal gases
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Dispersion relation for general materials

Rankine Hugoniot relations (general material)

p
Yy
i PN | :
M =D/a 5 Droite
initial fluid shocked fluid, Neumann state T = Oé(ta y) Courbe & de Rayleigh
,D > o u <a Fresh mixture d'Hu ;oniot
N N > T pu ______________ _________________ I
Mu > 1 MN < 1 Shocked gas
(t y) eottiky non-dimensional parameters
Wlapy = gy) Do
. _ M
2 parameters for the material: » and n My—n= p—N—N2
Linear rate  Quadratic equation for o° /a3, k> = +2M NSV 1+ 52 = (147)8% + (1 —r)n

o2 1
agk? (1 — M3)
a=(14+r)? —4M?\], bE(l—T’Z)n—2M?V, c=(1-7)*n*>0.

aS* +2bS% + ¢ =0, S2 =

P. Clavin and F.A. Williams, Philos. Trans. R. Soc. London, A, 370, 597-624
8
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v Classification of normal modes

Normal mode

at,y) = & e kY 5p = pyexp (ilaz + iky + ot) Y

o2 1

St 4 2pS2 + ¢ =0 2 = k
ao” + +c , ENkQ(l—M,Q\,)

az(1+r)2—4M?\,, bE(l—?“Q)n—QM?\,, c=(1-7r)*n?>0.

Non-radiative

D % i - %; acoustic wave
_ L

Re(o) < 0 : stable mode exponentially damped e~ |Re(0)]t \ y 1 <
\ &:‘V;;” Q(S“(a)

. ) / x x \_‘EN

Re(o) > 0 : unstable mode exponentially amplified e\Re(J)\t |5
Vorticity wave
(shear flow)

S2 <0 Re(o) =0, w=Im(c)#0 neutral oscillatory modes

longitudinal component of the velocity (unperturbed shock) of the sound wave:

[
,/l2 _I_k2

ou = (511(Z) + 5u(a) ex.(ﬂNegj — ENeK) =UunN — aN

Re(o) = 0 Neutral oscillatory modes

Spontaneous generation of sound. Radiating condition: 7 .\/12 y 12 _ g1 > 0| unstable t”

n >0
Non-radiating condition: uny+/12 + k2 —anl <0 stable  |L/t"




P.Clavin XIII Classification of normal modes

2 non-dimensional parameters

«D)?
r=- _(p 2_1 > 07
dpy /dpy
_ —2
_ Py My

n= 5
Pu (1 -y

Neutral oscillatory modes

Spontaneous generation of sound. Radiating condition: uyv/1? + k%2 —anl > 0
Non-radiating condition: wyx+/12 + k2 —anl <0

Classification of the normal modes in the parameters space L

p
PN |
Droite
Courbe & de Rayleigh
d'Hugoniot
Pu | N
1/pn  1/pu 1/p
Normal mode
5u‘ : aN
s o
N
o Non-radiative
D acoustic wave

Vorticity wave
(shear flow)

UNSTABLE STABLE
oscillato}y modes .
_ oscillatory unstable | ¢"
Re(o) >0 Re(o) =0 Re(o) < O Re(o) — 0 n>0
non ; oscillatory stable  |1/t"
radiatin radiatin
—(1+2My) Z;i ’]"* ]_ r r* = 1

P. Clavin and F.A. Williams, Philos. Trans. R. Soc. London, A, 370, 597-624

0
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Stability of shocks in ideal gases

: _ uy  pu (Y= 1)MZ+2 PN 2YMZ —(y—1) 2 (y—=1MZ+2
polytropic gas, v = cst. D on T (LM P PO R My = M2 — (v — 1)
= — 9 —2
_ (puD)21: 12’ P My M,
dpy/dpy' L. pu(1-11y) (ML, -1)
— 2
LN NSYI+ 82 = (1+7)S2+ (1—r)n, => £2SM /14 52 = (1‘|‘MU ) +1 UNSTABLE STABLE
oscillatofy modes s
— R 0 R =0 R 0i
M,>1, v>1 = |n=1)/(n+1)<r<rs “lo)= ‘) “l) <0
non
radiatin radiatin,
*_”_\/(1_M12v)<1_5_§) 1 | M- (O - )220, 0T - (- 1) : gn_l g'* .
B e ST 2N, — 1 SR TS T ' "

Clavin Williams 2012
Shock waves in polytropic gases have neutral modes with non-radiating acoustic waves

They are stable with a relaxation of initial disturbances in power laws 1/ ¢3/2

OK with experiments K.C. Lapworth (1959) J.FM, 6, 469-480

Frcuxe 6 (plate 1). Photographs of shtck wave at M, = 1-41.

Formation of Mach stems
| (see next lecture)



Stability of reacting shocks
P. Clavin and F.A. Williams, (2012) Philos. Trans. R. Soc. London, A, 370, 597-624

Reacting shocks = detonations considered as an hydrodynamic discontinuity

thickness = 0: no modification of the inner structure

— 1
_ Do 149, S , _\/1 N r:(l—x)+ﬁ—i
dp/dp,” M1 _ary, T M +0] /2 x=y(1-717) - a0, (1+x)+ =2
—__9\2 ——2\2—2 —2
0<x <1 (=Y - (- )
CJ wave overdriven regime
(pb> M, ! !
n = — —) _—= — — = —
pu) 1-DM, M, —1-2V, X
1 1
=Xt o (M Eay UNSTABLE STABLE
TTror ) [T oscillatoty modes 5
" 04 Re(o) > 0 Re(o) =0 Re(o) <0
non
<n— 1) radiating radiating | o
1 <r >
" —(1+4+2My) n-1 r* 1
n+1

75 Majda Rosales (1983)

Overdriven reacting shocks in polytropic gases have neutral modes with non-radiating acoustic waves
They are stable with a relaxation of initial disturbances in power laws

For the CJ marginal regime the acoustic waves in the burned gas propagate in the direction

parallel to the unperturbed planar solution
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(details of the calculation)

Rankine Hugoniot 'relatzons ( geneml matemal ) hon-dimensional parameters
M =D/a _ Mm, 5o = L (22 D%
initial fluid shocked fluid, Neumann state (t ) PN dp N / dp N s PN = r N PN
r=—ohy roite D
D > ay un < an Fresh mixture Courbe /geR;yleigh MN(_) n= p—NM—ﬁz
z d'Hugoniot 7 Pu <1 — MN)
M,>1| My<1 Y Pu N~
(pu7 pu) (pNa pN) l T_@ .
1/pn 1/pu 1/p
Jump conditions  p.5 lecture IV
_ oa
mass pn(uny — 0a/Ot —wyOa/0y) = pu(D — da/Ot) = Jdpnun + py(duny — Oa/Ot) = —p,0a /Ot om = Pupr
tangential momentum wy = (D — un)a, =  Swy = (D —uy)0a/dy
1 (p,D)?
tangent to the Hugoniot curve (geometrical construction) = 5_pN = — (_p _) (S_pN
1 1 PN T PNPN PN
longitudinal momentum PN — Pu = —m? (— - —) _ Pu
PN Pu = opN 5 px ) O /Ot dpN 9 (ﬁ_ B 1) r  Oa/ot
@:3(1_&> ba M dpy v (-1 D Py T\ (1-r) D
— —_ — u t — —
Py ™M PN ot DPNPN PN Suy (p_N B 1> l+7r 0afOot  dwn _ (Pn 1) da
) uNn Pu 1-7r) D uNn Pu dy
Linear rate
2 PN 1k‘wN
PNANTUN i " Tkl / +2M NSV 1 + 52 = 1+r S24+(1-7)n
. iky+ot Q ik S = - —
aly,t) = éae 5 = ¢ 8y = 1k aN|k| /I—M?\]
o? 1
taking the square aS? + 2052 +c=0, S? = 7 (1 2 )
an N
—2 —32
a=14+7r)2—4My, b=(1-1r*n—2My, c=(1-7)*n*>0.

Quadratic equation for 0% /ax k”

14

Clavin Williams 2012
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(details of the calculation)

Dispersion relation for general materials
Compatibility condition

(iliO'-i-ﬂNkz) PN uUN

— —— —og— +ikwy =0
WPNUN UN

o _ o\, _, [0 o Lo R
(a-l-u]v%) op — @y (@Jra—yQ) 5p=0 (o +ilpay)? +ay(L + k%) =0 = o+ 2olety — 3a* +ax (13 + k%) =0

—(ilsTno +Uak?) = o +ilooty + (a3 — ux) (13 + k%)
ax (A + k) = —(o +ilyuy)? = = (0 +il4un) [0' - <1 - M?\/) (o + iliﬂN)}
NV </ 2 o —2 —2 o
ili:MNSi 1+5 with S=_—2 1 = :(o-l-lliuN)[aMN—(1—MN>1liuN}
|| = anlk| [, -2
1— My 1-My

/ _(iliﬂNU‘Fﬂ?\rkz):—W\/l—Mif (£V1+ 8 [kfun

(ileo +unk?®) Py

_ = = —Ug—N-i-ik‘lTJN:O = - I—M?\,[i 1—|—52]’km1\]_p]i —UE—N—I—U{?’J)N:O
(o +iliuy) pyun un un
ERV/CCINAY | LR WS el M ~0
PNANUN UN |kUN 22
1 — Mo

(Buckmaster Ludford 1988. Clavin et al. 1997)

o
The Rankine Hugoniot relations yields an equation for S o

an k|
opyn & |[pN . @ ouny O uy .« dwn , | o L
— X —, |=— xic— — X —, |/ xioc— — Xy, | — X ika
PN un PN un un un un un un un

Downstream boundary condition

r — o0 : bounded condition (in the unstable case, Rec > 0)

op = py exp (il + iky + ot) selection of the the sign in [+ such that e"*+% does not diverge
I5
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| Spontaneous emission of sound and instabilityt..e kontorovicn 195457
Oscillatory neutral modes

( radiating waves: [/|k| = [HNQ —/02 - 1} /\/1 —Mi,,/\/l — M,

£2MNSV1+ 8% =(1+7)8%+(1-7)n 2MNQV Q2 = 1= -0 (1+7)+ (1—r)n >0,
neutral oscillatory mode —
S=i0, Q>1 non-radiating waves: [/|k| = [MNQ +VQ2 - 1} /\/1— Mi,,

2MNOV2 —1=-Q*(1+7r)+(1-rn<0
shocked material

Transmitted or reflected sound wave D>a, | un < an D>a, | uy <an
/\\%\\( >\>r\\c§ﬂected

inciden transmitted -
)~

/\,\*\ incident

If a normal mode is radiating the response of the shock diverges when the reflected (or transmitted) waves matched the radiating normal mode

reflected — Pr _ 2MNOV2 —1-Q*(1+7)+ (1 —7)n]
incident — Pi [2MNQV2 —1—-Q%2(1+7)+ (1 —7)n] <— denominator goes trough 0

shocked material

<

A neutral oscillatory mode that is radiating is considered as unstable
D’Yakov Kontorovich 1954-57

Power laws of neutral modes

Square root in the dispersion relation +2MNQv/Q2 —1-Q? (1+7)+ (1 —r)n =0 =—> cut in the complex plane =—> power laws

Bates 2007
Damping (n < 0) or amplification (n > 0) involving power laws ¢"
can be described by Laplace transform not by Fourier transform
Neutral modes with non-radiating acoustic waves relaxe follc ing a power law in time " n<0

Neutral modes with a radiating acoustic wave is unstable according a power law in time t" n >0
16
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Lecture 14: Nonlinear dynamics of shock waves
Mach stem formation

14-1. Experimental and DNS results

What is a Mach stem ¢
Mach stems and cellular detonations
Spontaneous formation of Mach stems

14-2. Multidimensional dynamics of shock fronts
Linear dynamics
Weakly nonlinear analysis

14-3. Shock-vortex interaction

Formulation
Analysis of the crossover

14-4. Shock-turbulence interaction
Composite solution
Model equation

Comparison with DNS



P.Clavin XIV

Introduction.
Recent experimental and DNS results

What is a Mach stem 7

Triple point = 3 shock waves + 1 slip line (degenerescence of shear layer)

called also contact line discontinuity ( Courant Friedrichs 1948)

First observed during the reflection of an oblique shock front incident an a wall

............ normal components are different
“““““““““ (difference of density)

ndary shock

W

tangential components are equal

@
£
)

initial shock

% normal components are equal
® (no difference of density)
tangential component are different

example of a triple point propagating in a uniform flow

Incident shock

Reflected shock

slip line

Mach Stem\

/S /S

example of stationary triple point
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Clavin XIV Mach stems and cellular detonations

Ezxperimental observations of the cellular structure of detonations

Transverse structures of gaseous detonations have been observed for a long time
Shchelkin and Troshin (1965) Mono Book Corp.

propagation

F. Joubert ez al. (2008) Combust. Flame, 152, 482-495 H.N. Presles et al. (1987) Combust. Flame, 70, 207-213
markings left on soot-coated foils on the walls visualisation of the cellular structures by optical methods

Underlying linear mechanisms y

longitudinal oscillation of the complex shock reaction zone | v = alt.y)
(Galloping detonation) see lecture XII Fresh mixture

_|_
transverse oscillatory modes (normal modes of the lead shock)
see lecture XIII

xT

Shocked gas

Transverse| wave

—

-«

Longitudinal oscillation
Nonlinear mechanisms —

singularity of slope of the lead shock = formation of Mach stems Mach stems propagating
o ’ in the transverse direction

Theory:
Clavin (2002) Int. J. Bifurcation and Chaos., 12 (11) 2535-2546
Clavin and Denet (2002) PR.L 88 (4) 044502
Clavin (2013) J. Fluid Mech., 721, 324-339
Clavin (2017) Combust. Sci. Technol., 189 (5), 747-775

Shock
wave

condary
ses\«\oc\’\

o9
W@

trajectory of triple points

Propagation



P XV Spontaneous formation of Mach stems on shock fronts
Schlieren experiments in ‘shock tubes K.C. Lapworth (1959) JFM 6, 469-480

€ pvd ‘g "jof ‘soruvyoapy

Shock reflection from a wavy wall
M.G. Briscoe and A.A. Kovitz (1968) J.FM, 31¢3), 529-546

aid

DNS in 2 dimension geometry
G. Lodato et al. (2016) J.F.M, 789, 221-258

Comparison with experiments
B. Denet et al. (2015) Combust. Sci. Technol. 187, (1-2), 296-323

16 cm

=120 ps

Triple points

=280 pus

5 Shehelkin Troshin 1965



P.Clavin XIV
Spontaneous formation of Mach stems
G. Lodato et al. (2016) J.F.M, 789, 221-258

The incoming shock wave is not strong, M, = 1.5 and the amplitude of wavy wall is small 1 mm

Immediately after reflection the wrinkled reflected shock has a smooth sinusoidal form

Singularity of slope is formed spontaneously at about 15 us leading to triple points clearly observed as early as 20 us

Sl

\\\HV:,‘»JJ" /
S ﬂ\“

N

!

Lodato Vervisch 2015 Long-lived Mach stems on quasi-planar inert shock front

/ / / ! L A
\ \ \ \ \ ﬁ )
i / / / / al
0 s 10 s 20 us 30 us 40 ps 50 us 60 us 70 us 80 us
Lodato Vervisch 2015

Sufficiently far from the wall the wall effect becomes negligible

The shock is quasi-planar with Mach stems propagating in the transverse direction crossing each other
without deformation as solitons are known to do 6



P.Clavin XIV o Jeo . .
Multidimensional analysis of shock fronts

Analysis for strong shocks in the Newtonian limait
P. Clavin (2017) Combust. Sci. Technol., 189 (5), 747-775

Distinguished limit Linear dynamics

In order to simplify the presentation the analysis is performed for strong shock in the Newtonian limit

—2
MU >> ]., (/y - ].) << 17 in the frame (])\f[the gyerturbed planar shock
—2 —2 -2 initial ﬂui:l B shoied fluid, Neumann state
M,(y-1)=0(1), My~=(@{H-1)/2+1/M, <1, D> ay | Ty <y
S=My<1l  M,=0(f9), (1=1)=0() e |
Pus pu) | (DN, PN
un/D ~ €, A% ~ unD, an/a, = 0(1) — —
Rankine-Hugoniot relations (seep. 6 & p.9 lecture XIII) -
N, oG &)_N:_2<5_u) by
PN D’ PN an/) D’
— )M, —2 —
(5’&]\/’ — Oét) = — [(’Y )_2u ]dta 5’LUN ~ DO&;,
oM

where for simplicity some unimportant e terms have been omitted in épy and dwy

Quasi-isobaric approximation of the flow in the shocked gas

o 1 -
BV Q2 72 S = o ~ tiay|k|
(5 = () 1 ST e
Y )

Dispersion relation see p. 10 lecture XIII

W ~ a.7\f]€7 820&/3152 - 6%82a/8y2 = O o x = al(t,y)

T = oy, 1) Wave equation shoked s

7
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€=My <1 M, = O(1/e), (y—1) = O(é?)

ﬂN/ﬁ ~ 627 a?\f ~ ﬂN@? a]\f/a’u - 0(1) Normal mode
z = ot y) u

v w=ank, 0*a /ot — ax0%a/0y* =0

Fresh mixture

Shocked gas

Wave equation

Non-radiative

. p— \ -
W= ENU{?‘ Oét - O(QNO&;) x—i"%' acoustic wave
\ N
~ . . . . \
op = py exp (il+x + iky + ot) ily = 41l \k—\\——' e
(see pp.4-5 lecture XIII) \})}b\\m
(1 k)1~ T = M@+ V2 — 10 e o
= [ym=0()
My =c¢ ~w/(anlk|) =1
the acoustic waves propagates in a direction quasi-parallel to the front
~(a) _ ipuy PN e a - — a T
= N pyun oul® = O(edpy /pyan)  0ul™ = O(?dpy /PyTn)
sul? = O(%dy)
- ~ see p. 4 lecture XTII — (@)
(a) — IRUN PN iz a o 5’“} @) — O o
v o+ ilsun pyuy bw'® = 0(6py /pyan) ow'™ = O(edpn /pylin) ~ (ed)
Rankine-Hugoniot: _ .= —— . .
(sc0 p. 6 & p.10 locture Em) OpN /Dy = —26:/D =>|dpn/(pnun) = O(dy)] Wweak acoustic wave
Py & Dyl ~ ﬁNﬂNE_N N _ O /O D =0(D)

MN MN_MuMN
8



P.Clavin XIV [ — N>+ e = VAR, U ) = VAE ]
y iy/D~ ¢, @y ~unD, an/a, = O0(1) Normal mode
z = oft,y)
Fresh mixture N \“”’
,&E’
w = ayk, 0*a/ot? —a3,0%a/0y* =0 ol SN St
Q'Xfrﬁ
. \
Wave equation VA
Ao A
Rankine-Hugoniot: . [(y — 1)M2 —-9] . & "\
(dun — c) = — — Qi sull)
(see p. 6 & p.10 lecture XIII) M Vorticity wave
“ (shear flow)
:> 5UN ~ dt 5wN ~ ’Z_)Oé; = O(dt/e) ](su(a)/au(z)l _ 0(62)
=
6u'D| g = duy ~ dy Sw'|,—g = dwy ~ ﬁa; '&U(a)/(sw(l)' = 0(€%)
the acoustic waves are negligibly smaller than the vorticity wave )
Yy
. . \
10u' /6w | = O(e) \
anot \\
the vorticity wave is a shear flow quasi-parallel to the front B _
. . . . . . \ u
propagating at a subsonic velocity in the normal direction | Le= % <1
\
. —_— \ \
(2rm )0 =0 = 6 =Gyt —afay)  ow = Daj(y,t — z/uy) W
i i 1 O? __0? o= _ . 4ty
oul” 4 ow'® _ T ___8_04 + Da—a =0 unD ~ a?\, —>  Wave equation TN ot
Oz Ay un Ot? 0y? P

A subsonic wave that is sufficiently tilted yields a trace on the front that is sonic
9
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o Weakly nonlinear analysis

P. Clavin (2013) J. Fluid Mech., 721, 324-339

Nonlinear Euler equatz'ans P. Clavin (2017) Combust. Sci. Technol., 189 (5), 747-775

source terms

5 UN%:u—pax, E—FUN%:W—;a_y?
ul = Gy (y,t — z/uy) _u:(s/'u@_ujLw@ _W:(ﬁ;waw IR arwam——
w!” = Do (y,t = a/iy) O Ox oy’ - Ox 9y’ ) te
D U }(gau@ /0t) W = 0(c0w'? /ot) wEw
o = kol

re €= |ou|/Un = O(|og|an/Un) that is | € = O(|oy,|/€)

Linear solution

The weakly nonlinear approximation is valid when the nonlinear terms U and ) are small
(compared with the linear terms)

This is the case for small amplitudes of the wrinkles ||a;| < €[where €= My =uy/ay namely for ¢ < 1

Perturbation analysis for

10H 1 D OH
TRNE L VS
2 Ox 2un Oy
where  H = [—a7(y,t — z/un) + @y oy} (y,t — /Un)].

progressive wave: ¢y = tayco, = H=0, |U=0, W=0

no first order correction term coming from the Reynolds tensor
the shear wave u'”) =dy(y,t—z/un) w® =Dal(y,t —z/uy) is an exact solution of the Euler equations for p = 0

the first order correction terms should come from the boundary conditions at = a(y,t) (Rankine-Hugoniot)

10



P.Clavin XIV

Limiting the attention to the nonlinear corrections of order|e = |a;| /€

mass pn(un — 0a /Ot —wnOa/dy) = pu(D — da/Ot)

the Rankine-Hugoniot conditions yield

p.5 lecture IV

gy Swy = (D —Ty)da/dy _ r=ayt): p=
longitudinal ~ pPn _ 2YM2 —(y—1) _ e
momentum Du - (7 1)
where M, = (D —a) p.7 lecture X
ay, (1 +a

pN/]_)N%:l—?Oét/ﬁ, UN —UN R Oy —{—5&;2, wy ~ Do

PN, U = un, W = wWN

/
Y

|| = O(anay,), D/ay = O(1/e)

The shift of the front position also introduces quadratic terms

rx=0:

ou=uy(y,t) ~ duy — aul,

the onlyminear ferm that yields a correction of order € = || /¢
= Dla,/ds| = O(laj|/e)

w=w(y, t) ® wy — aw),

The nonlinear equations for the wrinkles is obtained from the incompressible condition

—TUN Ouy /Ot + Ows /Oy =0

H =0 = the nonlinear terms coming from shift of the front position do not contribute

1 8uN

uy Ot

—un0(aul,) /0t + 0(aw.,)/dy =0

=0 =

nonlinear correction of order e, 504;/2 /léw| = (D/an)|o,| = e



P.Clavin XIV | Cod — o ,
: nonlinear correction of order €, Da,”/|d| =~ (D/an)|a,| ~ €
Mach stem formation ’ y /16t = (Dfan)lay

A

2a _, 8% 5.0 (o ° | .
W — aN6—y2 + & 8_y = 0| P. Clavin (2013) J. Fluid Mech., 721, 324-339

Normal mode

Two timescales problem: wavelength of the wrinkles

e

\ .
short time 7s = L/an (period of oscillation) iﬁ eoan\| F
long time 7 = 7s/¢ (for the formation of a singularity of slope) o N
5 R
Non-dimensional form t=t/7s, y=y/L, A=a/(cel) = \34\ e

A=
m*uN Mach stem

- (triple point)

Vorticity wave

(shear flow)

P2A 02A 0 [0A\®
s~ a5 tealm-) =0
ot oy ot \ Oy

small nonlinear correction term producing a singularity at finite (but long) non-dimensional time 1/, t = O(1/¢)

that is at the long timescale t = O(7)

0 0 0

. . . — — a7 tE€57
so that A may be considered to depend on two reduced time variables |t and t’ = et, 0t2 ot , ot’ ;
0 0 0 0 0
ol +2 +¢&?

Considering a simple progressive wave|y’ =y £t o o TCovar T C ay?
and looking for a solution in the form A(y,t) = A(y’,t’) one gets 2 o°A +s2% Lo (o4 2 L2 foA T 0
g y) Y7 atat/ 813’ 875 ay/ t/ / ,
0A 0A
Burgers equation for B(y',t') = 0A/0y’ |0B/ot' + BOB/dy' =0 leading order 277 + <8_y'> ~ 0

known to produce a singularity after a finite time see pp 3-4 lecture X

Geometrical construction for the slip line and the secondary shock

Collapse of points C and D by a Huygens like construction . _ , " /(1 +a?)? =D
Y 2)1/2

ay ~ Oly

different only by a numerical factor 1/2 y = Y_Da;f /2

12
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Numerical solution of the model equation and comparison with experiments

Pa__, Pa 0 (9a)’
a2 “Nogz T Tot -

The formation of corners is clearly observed

Good agreement with experiments and DNS

G. Lodato et al. (2016) J.F.M, 789, 221-258

The trajectory of the corners looks quite similar
to the traces left on the wall by a cellular detonation

B. Denet et al. (2015) Combust. Sci. Technol. 187, (1-2), 296-323



P.Clavin XIV Shock-vortex interaction
Clavin (2013) J. Fluid Mech., 721, 324-339

Formulation
strong shock + weak vortex

=My <1 M, =0(1/e), (y—1) = O(é?)

Consider a cylindrical and very subsonic vortex of diameter L and turnover velocity ve, [ve /@y < € |(ve K @y, /Mu)

Interaction time 7;,; = L/D < turnover time L/v, = frozen flow u.(r) w.(r) + small disturbances of the front
The disturbances of the front during the crossover can be described by a linear analysis
Interaction time 7;,,; = L/D < propagation time in the transverse direction of the wrinklesL /@y

After the interaction time, ¢t > 7;,;, the wrinkled shock front propagates in a quiescent medium

2 timescales: short crossover and longer transverse propagation of the wrinkles v/ //\/N’e;kial‘cc‘)u\st\ic\\\\
pulse NN
the crossover provides the initial conditions GNI
Linear analysis of the crossover  a \

— v\, —
anyt un

Similar analysis but with an upstream flow > |, Tensmited -
. \ rong
5u1 (I', t)7 (5’(1)1 (I', t)? 5]91 (I', t) @ L / acoustic 1

\ burst I
Rankine-Hugoniot (generalization of the relations p. 6) Ly AU '

\

(the subscript f denotes the value at the shock front of the upstream flow) un? /‘ ant ,7
. — . 5 zed vort
opn  Opif 5 (Ourp —cdw)  Spn _0pip 5 (au )2 (w1 — 6u) i%uggiﬁpl\égflgfl(

Z_QN Z_ju 5 7 IBN pu an 5 ’ uy <D

—2
. — 1), -2 , _
(buny — ay) = (gl )_2 | (Ouif —dy), dwn = Da; + ow ,
oM
Oury(y,t) = vely— 5y, Owip(y,t) = w‘f'w:_ﬁta 017y t) = pely— oy

vortex
|4
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Acoustic burst

Acoustic in the shocked gases (Doppler neglected for simplicity) 0 <t < Tt
oul®) 1L op ow(®) L op

1 Pp

ot Py Oz ot " py Oy’ ﬁNaN(@Jra—yQ)
r=0, 0<t<Tip: d/ot =O(D/L), /0y = O(1/L) A

Yk~ Weak acou;ﬁc\\\\
. . . . . pulse RN
A quasi-planar and longitudipal pressure burst ransverse extension L is generated I

Op/dx ~ (1/an)0p/ot ~ (D/an)op/L ~ e (dp/dy) = [5w|/|6u!™)] = O(e)

\

D an'et Ty
. . o D o /y)? e/ Qy, 1o Transmitted .
Rankine-Hugoniot  dp1¢/p, is negligible P lf/ %9“ A (ve/ /C%) ~ (v /e @) <1 @ N ,vorex Stong 4
% Ve _ . g vortex \ burst : x>
(@) o Ve [Ty K € OpN /Py = 2(0urs — éy)/D il u
ou'” ~ dp/(pnan)

~ Vo

Ve /Oy K €, 0 <t < Ting : 5u(a)\m:0 = 5u§\?) ~ 2

Vorticity wave (transmitted vortex)

ounN ~ dy

/D)o "

Su? =0 = sul) = oun — sul ~ & — @y /D)duy
N N !

swD|,_o = swl) = swy — sw' ~ Dal, + swi s — Sw'®
N N y f N

own ~ ﬁa; + dwy g

Vorticity wave  §u (9 = 5u§\?(y,t —z/uN), Sw® — 5w§\i]) (y,t — z/Ty) (%u(i) _ _L 85u(z) _ E 5’LL(Z) “lo 5u(z)
Ox uy Ot uy L €2l
Incompressibility — 96u® /6 + d6w™ /5y = 0 |5u(i) | /ygw(i) | = 0(62)

The vorticity wave is quasi-parallel to the front

an/D)duisl= O(eve) = (ay/D)OS Ozl ~ v, /(eL) > 06w ¢ /0y = O(v, /L
To leading order (@ /D)ours = Oeve) = (@n/DYPdusy/da} ve/(eL) 1//0y = O(ve /L)

longitudinal component
7 0 w. b y) of the vortex velocity

- c — N

Ve /Oy K €, 0<t <Tint: & ~2an/D)oury, afy,t)=2—= dz— 5’

—Dt

Wrinkles of very small amplitude are left on the shock front by the vortex

la| = O(* L, /ay,), o, | = O(*ve /ay)
15
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Shock-turbulence interaction

Clavin (2013) J. Fluid Mech., 721, 324-339
Strong shock propagating in a weakly turbulent flow

Composite solution for a single vortex

During crossover

0 4y (@)

— a
Ve /Uy K €, 0 <t <Tint: & =~2(an/D)ourys, ofy,t)= 2% B
—Dt

Do oy Oury
o2 "D ot
valid during a short lapse of time of order L/D

beginning of interaction < ¢ < end of interaction :

After crossover )

Pa ., 0%a —0 [Oa
T R0 (2 =0
otz N gy2 ot \ dy

involves a time scale of evolution L /@y longer than L/D
E=a N / 5 < 1

Composite equation

frozen velocity field 1, (37, Yy )

2 2 2 a
Pa P a0 (0a) _ lp T 0otinly duif(y,t)

goa gl 50 (% N
oz~ oz TP\ 5, D ot

taking advantage of the two different time scales

6

— u€|x:—5t

short living forcing term
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Model equation

Extension to 3 dimensions
L@ 2 L 2 —
y ( ) 0« —6NA04—|—D6|VQ‘ _ 50N 0duy 5

% 82&2 ot 5 ot
where 5u1f(y,z,t) = Ue(ilf,ya Zat)|x:—5t

T~ forcing term varying on the on the length scale L and on time scale L/D

non-dimensional form

n=y/L, (=z/L, T =ant/L, »=a/(el) e=an/D

0¢ _ pgy AV _ 06T/ | e =2 (5“”) 4] = O(ve fan)
oT ot ot

an

1 is a small term varying on the short (reduced) time scale € and on the (reduced) length scale unity

O /0t is a small (reduced) forcing term fluctuating rapidly |0y /07| = O(ve/(€ay)) (Ve /Ty < €)

Numerical results length scale of wrinkles of the shock front
the turbulence at the shock front at time 7 = 4 after starting the interaction
B. Denet et al. (2015) Combust. Sci. Technol. 187, (1-2), 296-323

The characteristic cell size of the patterns

at the shock front is much larger

than the integral scale of the turbulence

The size of the patterns looks to grow with time
Saturation by the box size 7
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- Numerical analysis of the model equation

B. Denet et al. (2015) Combust. Sci. Technol. 187, (1-2), 296-323

003 ‘ w w \ —

Spectral analysis of the pattern size ooz )
Evolution of the spectra of the wrinkles of the front shock

The size of the pattern increases with time

0.005

turbulence spectrum E(k) F

1ber

Comparison with DNS

DNS: J. Larsson et al. (2013) J. Fluid. Mech. 717, 293-321 Model equation: B. Denet et al. (2015)

DNS shock-vortex interaction  B. Denet et al. (2015)

D/a, = 2, Ve/ay = 0.8, v=14

Two Mach stems are observed
as in the model equation
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Lecture 15 :  Cellular detonations

15-1. Cellular detonations at strong overdrive
Order of magnitude. Scaling

Formulation
Outer flow in the burnt gas

Inner structure
Matching

Linear growth rate

Weakly nonlinear analysis

15-2. Cellular instability near the CJ condition

Formulation

Scaling
Model for CJ or near CJ regimes

Multidimensional stability analysis



Cellular detonations

Underlying mechanisms

. . . . . T = «t,
longitudinal oscillation of the complex shock reaction zone Fresh mixture )

_|_
transverse oscillatory mode of the lead shock

xT

Shocked gas

Transverse| wave

—

-

Longitudinal oscillation
>

Pulsation ~ 27/tn

Mach stems propagating
in the transverse direction
trajectory of triple points

Shock
wave

trajectory of Mach stems = makings

~ Propagation

Np punos jo paods
Np punos jo poods
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Cellular detonations

Underlying linear mechanisms y
. . . . . = a(t’ )
longitudinal oscillation of the complex shock reaction zone Fresh mixture 2] !

_|_
transverse oscillatory mode of the lead shock

Transverse|wa

x
‘ Shocked gas

Longitudinal oscillation
—p

Cellular detonations at strong overdrive

Clavin(2002)(2017) Clavin et al (1997)  Clavin Denet (2002) Daou Clavin (2003)
See the review by Clavin (2017) Combust. Sci . Technol. 189 (5) pp 747-775

Order of magnitude and scaling

Overdriven detonations in the Newtonian approximation M, > 1, My < 1

My =7uy/an E=My<1, <& M =0(1/e), (y—1) = O(e?)

period of oscillation: ty = 7, (TN)}

transverse velocity of the shock disturbances: ay

= wavelength of unstable disturbance GNEN): dn /€

detonation thickness dy = unty ~ Ty = 7,.(TyN)

The unstable wavelengths are much larger than the detonation thickness by an order 1/e

4



Weakly unstable detonations at strong overdrive

Overdriven detonations in the Newtonian approximation

My =1y /ay =My <1, & . =0(1/&), (y—1) = O(e?)

Stability limat qN = 0(62) gy =Q/c, TN

The detonation is stable against the longitudinal disturbances

The unstable wavelengths are much larger than the detonation thickness by an order 1/e
Y

Non-dimensional varitables of order unity z = a(t,y)

Fresh mixture

> T

u=u/uny, |v=ev/unt p=p/Dy, a=a/dy

Shocked gas

Transverse| wave

1
PNAN

linear approximation
2 -0 + [m(t) — v(x,y,t)] 9 +>§
z = o — v(X —
NDi T ot P ox )0

m(t) =1 — e?0a/0t = 1 + O(€?) v(X,y,t) = /()X@V/a}’)dxl =0(1)

X =

/ (@, 9. 0)d#, t=1/Tn, [y =egjdn

mass weighted coordinate




Linearization

qN:€2QQ U:1—|—62ﬂ2(X)—|—5’LL T:1+€2Tz(x)—|—5T p:1—|—€4]_)4—|—5p

v==5ul"+0()  Su=dul’ +0() 0T =0(¢*)  dp=0(€)

Linear equations valid up to €*

PNUY /DN 5 p q 95
(3 )] 2

ot  0Ox dx 0x
Eul :
uler €q a N a aV _ _ﬂ825p
ot = 0x) Oy y?
1w 6? 0 0 0
Energy eq. _g op+ — ou+u—v = qgow
1 Dp +vVa= Ly Y P (9 aX Jx
D T
Tp Dt ‘p divergence rate of heat release

Boundary conditions

x=0: u=[1+ (1/M.) — (y—1)/2] daf0t, v = [1— (1/M.)]0/0y
§p = —2€°0a /Ot 0Tn/Tn ~ —(y —1)0a /0t

Rankine-Hugoniot

X — 00 : boundedness condition



Linear analysis in normal modes

z = aly,t) a = aexp(ot + ik.y) 0f(x,y,t) = f(x)aexp(ot +ik.y)

wrinkled front of the lead shock o = 6T, o = |];7|ﬂNzN/€7 O'(Ii) _ 8(/-%) i iw(/-s;)

Expansion in powers of ¢

burnt gas

g

—*Wj@f v = 51)(()7;) + O(€?) du = 5uéi) +O(€)

Up
e 2
- :i;; acoustic wave O—(KJ) = O—O<K’) + ¢ 0.2(K) + ?
Up in the burnt gas

-V -
\l 6‘1(03

Zeroth-order of the vorticity wave 5p(i) =0

0 0 : o 0
4= (1) — (1) —
((% + a}() duy’ =0, ((% o )51) 0

length and time scales of order unity
Rankine-Hugoniot 5

x=0: ou) =0dajot, s’ =0da/y = sul! = ot —xy), vl = ga(t —x,v)
Yy

continuity . .
duy’ [0t + 800y Joy =0 = 0%a/ot — D)y =0 o0\= tik
transverse trayvelling waves

the growth or damping rate is of a smaller order



Linear analysis at strong overdrive: acoustics +entropy-vortivity waves
R. Daou and P. Clavin (2003), J. Fluid Mech., 482, 181-206

., bumtgas - ,

‘ Su = 6ul (x, 1) + € [5ug)(x,t) + 5u§“>] b @ =0
yowm ov = (SVSL) (x,t) + € [5V§Z) (x,t) + 5\/'%&)} + ... op = 62519%&) + .
ANCIY o S

ES . acoustic wave
D x‘ in the 1E)um‘c gas
, Two zones :
j_g Thin quasi-isobaric inner layer where the heat is released x = O(1)
Outer inert zone
heat refense OO 7O (inert) Acoustic waves in the outer zone
D2 . 82 82 1 ﬂb d 2 1 d2 2 ~
D—tzép—a?v(82 62)6})—0 — {;Z_)—b <&+O'> 2d2+ub/<c p(X):O

6p = p(x)e ity p(x) = pp exp(ilx)

o(k) = oo<(f<s>)+_€i0j2<"~> 2+ r2=0(2)| = i=0(?),|il=_¢ll,]| il =0(1)

the sound waves propagate in the burnt gas in a direction quasi-parallel to the front

Rankine-Hugoniot

x=0: 6p=—2¢4 = p(ex) = —2¢%0 exp(i€’lax) + O(€4>

the sound waves are smaller than the entropy-vorticity wave by a factor €
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Outer inert zone

o — Tik

~(a)(€2x) = —2e?0 exp(ie?lyx) + O(e*)
~(a)(e x) = 2ils eXP(Ze [oX) 1y = 09 — \/20002 + (h +q2 — 1)’%2
8v§ V(‘)y — —2K> eXp(ie [ox)

where gy = g2 (v — 1) = €2h

o = _
= (00 + €"u") exp(—0x) u* = contant of integration

~

v /9y = (—k? + 2ou*) exp(—0ox)

u* and o, are obtained by matching with the inner solution

Inner structure of the detonation

00w =01)  VO(x)=0() i=U9x) +a9(x)  v=VO(x)+v@(&x)

method similar to that used for galloping detonations

- i 1
VVO | 1 4 €2 <2 + 62M2>] K2e X

. i 1 —1 X )
OOx) — |1+ — 2 ]0+262il2 +a<x)/ V.VOdx ~ qN/ (W +50%) ax
i MU 2 0 0
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Matching

P.Clavin (2002), Nonlinear PDE’s in condensed matter and active flows, 49-97, Kluwer
See also the review by Clavin (2017) Combust. Sci . Technol. 189 (5) pp 747-775

lim U (x) = 4 (x) i) = (Lik + 2u*) exp(Firx — 20ox)
fast oscillation x = O(1)
slowly damped x = O(1/¢)
constant terms of lim U (x) = 0
x>>1
90 /9002 19092 3, 20
K 2/-62 Thtar—1 o ! 4h_28/7()
Algebraic equation of second e for o9
where oy = +ik =€ (y_1)=h

()(x) is the distribution of the non-dimensional rate of heat release in the steady state
O’y (x) is its derivative with respect to the Neumann temperature, denoting its sensitivity to the overdriven regime
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Linear growth rate

R. Daou and P. Clavin (2003), J. Fluid Mech., 482, 181-206

Re(o)/k : My
JRelo)/w, _ o [5(2)(,@] _ N g ()
aN /! VAN X
N\
quasi-isobaric instability mechanism . 1 stabilizing effect due to compressibility
. Im % <0 - 1)
) — ? 1 a — ;
SW (k) = (v — 1)sy) (k) + 55 (k) S (k) =2|Im T +S@(k)—1|>0
e strong instability due to wrinkling
sensitivity to Ty ' o0 B . . .
9 () = /oo R $0 () = /O (1 + i) Q(x)e— ¥ dx i N stabilisation \
P 0 still working when By = 0 / instability /
7 : : 0.005 25
6 Bly—1)=5 ] (a) ] (b)
g 5 ) 0.0025 : ,’II Unstable branch Im[za.?-
s / Relo Nonphys@ilr,’/_QN =0.04 15
N elo y . 5.
— Bly—1) = S e
’Tl\s 5 ./ ) 1.0
1 P=D=0 ] 0.0025]  \n. Stable |
branch 0.51
0 aN = 0.03 Unstable branch
0 2 4 6 . 8 10 T 10 15 20 .25 %0 o5 10 15 2o . 25
Arrhenius law with Sygy = 0.1 (y—1)=0.1, Ay = 10, Mz — 50
Threshold of linear instability for By =0 v = 1.05, M2 = 20
0.002 (MN = 0267)
Relo] qn = 0.26
Numeric
. |
good agreement between theory and numeric ° v
Analytic
-0.002 N :V‘0.2 A

-0.004
0

02 04 06 08 10, 12
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Weakly nonlinear analysis of cellular detonations
P. Clavin and B. Denet (2002), Phys. Rev. Lett, 88 (4) 044502

Near to the instability threshold the dominant nonlinear effects are those responsible for singularity formation

on the inert shock front (representative of Mach stem), see p.12 of lecture XIV

Model equation
A weakly nonlinear analysis leads to a combination of the linear equation for the multidimensional instability

of an overdriven detonation and the nonlinear equation for the lead shock

equation of the detonation front z = a(y,t)

0? o|Val? : — 0
—(; — *Via + [Val = qvL9(a) — 2M n /gy =LY ()
ot ot P o ot
quasi-isobaric instability
A =1+3(y-1)/2 LO(¢) = By (v — 1)15;(04) +18() L (a) ~ ka/2 in Fourier space

@)= g3 [ Webate- 1) = [ wealt-x/dx  whore W) = () + ) dx

Good qualitative agreement with the experimental observation

/y\

08 ‘ ‘ ‘ (b) —/——"—"——
(@) CONAVAVAVAVAVAVAVAVAVAN —_
g0} ] 117y ‘§///’
3 o t /\/\JW t -—\\%
O 0.2 = T
45Ty T

0.0 — N7
~— —

_0'20 5 10 15 20 7 _'?TQ
Mode number, 10 207 tN ?-§

_/_\



Conclusion for large overdrives

nonlinear dynamics of the lead shock linear terms due to combustion
Pa a0 (0a : anGla) (@)
— — | =) = a) — Mpy+/ a
otz ~ 9y | 9t.\ dy A S

NL 7 linear growth linear damping
term (quasi-isobaric mechanism) (compressible effect)

Quasi-iobaric instability mechanism thermal sensitivity of the

o0 distribution of heat release rate
Gpla) = / Oy ®)a(t —x,y)dx Oy (x) = 00/00N
& & o
Gle) = An(r = 1)ﬁGP(a) + i?y%\Gw(a) G a) = / U(x)a(t — x,y)/dx U(x) = Qx) + d(xQ) /dx
J 0

1-D galloping mechanism modification due to wrinkling

Multdim instability before 1-D instability

Superposition of two mechanisms
Nonlinear dynamics of the lead shock + linear oscillation due to the heat release

Oscillatory frequency wiy = O(1)  where ty = Treac(TN)

Nonlinear wavelength selection A ~ aunty/M y a € |2 — 5]
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Dynamics of the detonation waves near the CJ
212 — D=3100mss, T =2027 K oscillations
o direct b _~"
R —influence—— _ acoustif waves
C 06F shock wave heat release nducti
% 0.4 f@edba(}k _—> mauction
’5' ok s loop — N
8 00 entropy
i >

0.2 ' s : —

° ! Rezlative distagce N Q= O Oé(t) X
Two different coupling mechanisms: [ acoustic waves — oscillations
entropy wave —_—

Analytical solutions have been obtained in[two limiting cases

Strongly overdriven detonation in the Newtonian limit
P.Clavin and L. He (1996), J. Fluid Mech. 306, 353-378

quasi-isobaric flow

dominant mechanism: ENtTOPY WaAVE ey

(opposite conditions):

regime

Longitudinal oscillation

Slowest (dominant) mechanism in the loops:

CJ (or near CJ) close to the instability threshold

P. Clavin and FA.Williams (2009), J. Fluid Mech. 624, 125-150

Transonic How

Upwards propagating acoustic wave
4—




Cellular instability near the CJ regime
( basic approximation: small heat release )

Clavin Williams 2009, 2012

Fast: quasi-instanteneous

entropy wave

j\— downstream running acoustic wave
'?é; 12 — D=3100m/s, Ty = 2027 K ini%zeecéce
T e — T
= 08
3 06 shock wave heat release
c 0.
° eedback
% 0.4 \f /
§ 02 loop
g
3
o

o
)

2 3
Relative distance

Distinguished limit

upstream running acoustic wave

Slow

O

j\— oscillations
<t >

,/\
entropy wavq

acoustic wa

induction

S

nheat release
/€S

a(t)

<+
oscillations

X

Near the CJ regime the instability threshold concerns transonic conditions associated with small heat release

Same distinguished limit as in pp 9-10 lecture XII

notation

Clavin Williams 2009

2 (’7"'1) dm

¢ 2

Gl

<1

(v—1) =0

€)




FClvin 2V Cellular CJ detonation (small heat release)

Clavin Williams 2009, 2012

Formulation of the free boundary problem

Reactive Euler equations in 2-D geometry

D/Dt = 0/0t + ud/0x + wd/dy D* /Dt = D/Dt + ad/dx
105 1D% g 0 p, g

vp Dt — a Dt Tty Oy ﬁ__;a_y

IDT G-ADs v Do

T Dt v/ \pDt ¢, T, tn Dt ty

compressional heating
Boundary conditions

On the lead shock z = a(yyt) : Neumann conditions

At infty in the burned gas: boundedness condition

Distinguished limit

Transonic low M = a0/ Ot High thermal sensitivity of the inductio
= <1 M. —1=e¢ —1/e< 1, e(v—1)——— =0(1
€ 2 CpTu ) cJ ’ (’Y )/6 ( )kBTu ( )
Ao £ _[Tow
notation keTn | woT .

Scaling laws
2':/z]\f = €T, x/aqu — ga y/auzN - 77/61/2

w/ay =14 epu, v/ay =e?v, In(p/p,) =er, (T —T,)/T, = €0



Cellular CJ detonation (small heat release)

Clavin Williams 2009, 2012
2 (7 + 1) dm
2 Ty

<1

€

Normal mode analysis
Equation for the front of the lead shock

§=a(n,r)=eTTT"

t/%N — €T, LC/CLUEN = ga y/a’uzN - 77/61/2
Analytical result

Model for the distribution of heat release rate of the CJ wave

Q) =¢"e/nl, €20, n>1

. . . . Gm B
Algebraic equation for o(x) with a single parameter |H = (n+1)(y—1) ——
CpTN kaN
0.08 T
L (a) H=12.95
0.06 1
o e Vol For2 g // H:ll\\ 3
( o+ 02—1—2&2) ( o+ 0'2—|-2H2> £ 0.04 :
411+ =Ho+ |1+ E [ ‘ \ ]
2 2 s i BN ]
® 0.02 1 H=9 1
0.00 | @ \\\ ]
// // /, NN \\E
-0.02 : L

00 02 04 06 08 10 1.2
Wavenumber K

Bifurcation scenario similar to that of the strongly overdriven regimes



Generic character of the results:

The bifurcation scenario of CJ waves is similar to that at large overdrive

The integral equations are of the same type

Increasing the thermal sensitivity of the induction length

or stiffening the distribution of heat release promote the instability.

Detonations are unstable against the transverse disturbances before the longitudinal ones

Unstable wavelengths are larger than the detonation thickness



Thank you for your attention



Details of the calculation (strong overdrive)
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Non-dimensional variables of order unity

denoting w the original dimensional quantities and w the dimensionless quantity
w=1u/uy, v=ev/in, p=p/py, T=T/Ty and a =a/dy, dy =Unty

where the scaling of the transverse velocity v comes from the Rankine-Hugoniot condition

details of the analysis

A

notations

VN /Un x (0&/dy, 04/0z) and the scaling of the transverse coordinates 0/0y = edy'0/dy, 0/0z = edy'0/0z

Formulation (clavin et al. 1997, Clavin 2002)

1 x
X=_—= ,a ) 7t d ! D
PNUNTN /a<p(t:>n b4 t)de = — — @ + m(t) — v(x,y,1t)] 2—I—V.V A
= (ey/dwez/dy)  t=— Dt ot Ox Y
y =(€ey/an, N = in o RS , change of variable
mit where| m(t) =1 — (0a/0t)/D  and v(x,y,t)= [ V.vdx' =O0(1)
_m mass flux across oY v(t,y) V.v=0(1)
VI+IVal? e leading shock Y
continuity or or 9 = =5 /5
(in the linear approximation) a ™ m(t) & o & [u T T(X)U(X’ Y t)] where T(X, Y t) o pN/,O no%ns
Stability limit wmafeTy oy =0() iin/D = 0(2) =m0 =1+ 0

: , 9 Clavin Denet (2002)
Expanszon m powers Of €

Daou Clavin (2003)

small variations across the shocked gas

v = €q u=1+e(x) + 0u T =1+ ¢Ty(x) + 0T

p=1+¢"p,+dp

Linear equations

o 0 da]  9dp ( 0 9 ) -
2 —uv—1 = V.v —uV*<o
/E [((9‘5 8X) ou de] Ox ot Ox ( )= P
PNy /Dy =€ 1 u 0 0 19, 9
(8‘5 8x> op + a—(éu +uv) = gy (0w + vw), qN = €°¢2
Rankine-HugOnz’Ot conditions = (in/dn)0d/ot =uy'da/ot=0(1) Vo= edy' (‘;—Z, %) =0(1)
1 —1 1 ) .
x=0: Jdu~x 1+M3 — (72 )] g, ll_W] Va, 5]9%—2620%7 TN ~ —(v— 1)y

21



P.Clavin XV (y’ t) — Geottisy Su — a(x)&eotﬂn.y Sv = {,(X)deat-l-iﬂ-y 5p = p( ) ot+ik.y
Outer ﬂow (burnt gas) details of the analysis
8t % ou” =0, ot + x)V 0 wvalid up to € in the burnt gas oo = ik o7
) = [00 + e%éﬂ e o Vvl = {—/@2 + 62V;ﬂi vl = ogil)
unknown constants of integration
Bex) = 2200 = 4l = 2€?ilye’® Hlax V.5 = 2226l tox
. . 2 ~ . .
e e p(e?x) = —2¢%0 exp(ie?lax) + O(e*) ily ~ 09 — /20002 + (h + qa — 1) K2

the acoustic flow is small, of order €*, and varies on a long length scale

Inner detonation structure (inner zone)

Inner flow (reacting gas)

splitting i =U%(x) 4+ @ (%) v = VO (x) + v(@(x) 00x) =0(1) VO =0(1)

ﬂ _ d ~ /. . X _
L () oot el ) = ax (o o), = — [U“Mﬂ(x)@(“(x)} ~ N (w+v” ) 50 = / V.V dx!
0

subtracting out the acoustics . 2 2
valid up to €& gy = €“¢o

du/dx = qvw —=> dﬁ(i)/dx +aV.V® ~ qNVTV

( 2,2 ) (Vov) = —7v2%p = (9/0t+0/0x)V.VD ~ 0 valid up to €
subtracting out the acoustics
1 ~ .
x=0: v~x {1 — W] Va V(@) = 92,2 — V.V(Z) I~ [—1 + €2 <2 + 2M2>] K2e X valid up to €
Rankine-Hugoniot see p.6 lecture X and p.6 lecture XIII 1 61 u
Fy —_—

x=0: 5u~[1—|—]\;2—$]0}t (™ = 2€%il, — U(l)(X)—ll—i—

x
TR ]a+262112+a(x) / V.VWdx ~

22 QN/0X<W+U0) )dX



P.Clavin XV oo = tik o = ik + 202 0o

Matching

details of the analysis

internal solution
1

. _1 x x N
0@ (x) — [1 + 7 - 7 5 } o + 2¢%ils +u(x)/ V.VOdy ~ qN/ (w + @((;’w) dx’ v = ¢
U 0 0

7 (7 1 —0oX 7 (7 1 §
VV( ) ~ |:—1 —+ 62 <2 + 62]\4_3>:| /€2e i V.V(z)dxl = |:—1 + 62 (2 —+ m)} K/— (1 — e_ax)

0 g

at the end of the reaction w =0, w = 0: U¥(x) — constant term + oscillatory term

constant

1 ’Y_l 9. _ 2 1 /12 /OO z ~ (1) =
1 — —2€“ily— -1 2 — ( )d’ =
term [ +M5 5 ]0 613\%[ + € ( +€2M5>] 0‘|‘QN ; W+ g W | dX

@)

ily ~ 09 — /20002 + (h+ g2 — 1) K2
external solution . (1 _
’UJ(z) e |:0'0 + 62’UJZ<)Z2)] (& X

oscillatory term with an amplitude varying on a long length scale, Re(c) = O(é?)

matching = the constant term of the internal solution should be zero => | equation for ¢ when w is known

Reaction rate and dispersion relation o2(k)

_ O op O _ Ol h__k —oox
_QN(1+UO )W E‘{‘&—(l‘l'vo )W U(()):—O_—O(].—e 0) x=0: T:TN(Y7t)7 77/]:0

oT N oT
ot = Ox
Clavin et al (1997)

method similar to that used for galloping detonations see p.7-8 lecture XII™~ additional effect of wrinkling "~ . (2003)

<
<

S L 2 , o) 0002 0002 3. ¢ (i) .
/0 (WJF&(()Z)W) o — % [_1 +5(z)(ﬁ)} = | 2 p +h+q—1- 2 +1- Zh = 58 (k)| equation for oo (k)
S(i)(/‘i) =fBn(y - 1)8(572’ (k) + S((Ii)(l-{) S(ﬁ?z (k) = /oO Q;V(X)e—inXdX 85;)(’%) = /oo(l + inx)ﬁ(x)e*i"'xdx
0 0

23



Details of the calculation (CJ wave)
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Cellular instability near the CJ condition

(SmG” heat release) Clavin Williams 2009, 2012

Formulation
Extension of the analysis of galloping detonations (planar case) pp 9-13 lecture XII

Reactive Fuler equations in 2-D geometry

Same as in p.9 lecture XII but with D/Dt = 8/8t + u@/alE + w@/@y

+ - : +
iM lDu:qml_ﬁ_w D—Igzlz(aj:u)g—l—wg Dw  10p
~p Dt a Dt c, Tty Oy Dt 0Ot ox oy Dt pdy
Dy _ W IDT (y—1)1Dp  gm W
Dt tn T - " -

T Dt v pDt ¢, T.in

Distinguished limit

Near the CJ regime the instability threshold concerns transonic conditions associated with small heat release
Same distinguished limit as in pp 9-10 lecture XII

notation

With the notations of p.10 lecture XII

T 9 U
t= —

auiN 7

X =

I
=~

2

(Y+1) gm

2o @y

<1

Clavin Williams 2009
(v —1) = 0O(e)

1 .
—In <p>’ 0=
v Du

(T-T,

Ty

one introduces

U= w/au and Y = y/au%N

Anticipating that the transverse convection wd/dy introduces negligible corrections, the reduced equations take
the form

0

acoustic wave

9
ot ox

g 0 :
w(, 0) [a + “g] Y=w

+ (1+d)—| (F+ad) =W — —

5 _om
Ay

vorticity wave

entropy wave

Boundary conditions: Rankine-Hugoniot at the shock front and boundedness condition in the burnt gas x — o

25
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mm Scalings
Time scale Ay
illati
As in p. 11 lecture XII the slow time scale is controlled by the upstream-running acoustic i B
- wave in the feed back loop between the shock and the reacting gas acoustic wayes
T = EN/E =et| t= t/%N T = 0(1) 8/8t = 68/87‘ —D—|> /\/\/]\eft release
entropy wave
the downstream propagating acoustic wave and the voracity wave are quasi instantaneous induction >
x
Longitudinal variations
gm < ¢ 1y, = the variation across the detonation thickness are small
1 v T—-T
ﬁzﬁzl—keu, %E—ln(ﬁ) = €T, QEM:629 p=0Q1), m=0(Q1), 6=0(1)
Qo

T

Transverse scaling (obtained by the linear approximation of the Rankine-Hugoniot relations)
Rankine-Hugoniot

non-dimensional
equation of the

wy=D-un)ay, = £=0: U= 26\/}6&/8}7, 85/8y = 26\/}32&/8}72 where X = a(€t7 wrinkled shock front

(p.5 lecture IV, p.6 lecture XIII) yy/€ a=amplitude/(a,tx)

y = y/(autn) = O(1/Ve)

v =w/a, = O(e?)

[%i(liﬁ)%} ma):ezw_g_; = /0y = O() = 9%a/dy? = O(e) => {

a, = 0a/oT = O(1)

= vve = O(1 5 — 3/2 v =0(1 x = alrT
n Y\/_ O( ) Vv=e' v O( ) — ( 777) a, = da/0n = O(1)
Leading order relations R o ¢ 0
transverse convection wa— = _—ya— is negligible in front of the unsteady term ETRE
downstream propagating acoustic wave 5 y_ iy On tn o7
0 0 ov
—+(1+a)—}(%+a):e2w—— — —(7T—|—/L)=O _ .
L% Ox Oy ox same relations as in the planar case
entropy-vorticity wave . 0 see p.11 lecture XII
o 0. (V=1 =eh | Z[0—hr—1]~0
— U= [0—(y— 1] = W 0&
ot ox :> 5 >
o .0 o 9871, ox v _ 97 additional relation in the transverse direction
2t + Uae Y= 2t + Ual |V = “ oy Ox 26877 (vorticity wave)
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Model for CJ or near CJ regimes

In the moving frame x = a(n, 7)

T = €t,

3

n= \EY7 f = X—&(?], T)a

9wy =0

0

ox

0

aelf —

0 0
o¢’ Oy

hm — ]

~ 0

H\g(ﬁ

on

nge ) ot C

o

3

- W(ea %D)

(5

8VN o

€~ "

Clavin Williams 2009, 2012

. g)
e

the equations for the downstream running acoustic mode and the entropy-vorticity wave yield

, O

776&'

The boundary conditions at £ = 0 (Neumann state) for 7 and 6 are given by the Rankine-Hugoniot conditions in p.7 of lecture X where M,

is replaced by

(D — da/0t)

ay [1+ (0a/0y)?]

172 that is, to leading order, M, —1+¢ [\/?— ar — (1/2)(a§7)2} + .

the first nonlinear correction is purely geometrical

Up to first order, the boundary conditions at £ = 0 for , p and 7 are the same as in the planar case p 12 lecture XII where a, — &, + (1/ 2)(a§7)2

£E=0:

M"’_W:\/??

VE>O:

:_M—I_\/??

f—l—?aT

+(1/2)(a,

)]

=

0 =h\/f—hu+1

Upstream-running acoustic wave

where v is solution to

0 = 2h[\/f — &, —

(1/2)(ay)?] | ¥ =0

same relations as in the planar case

see p. 13 lecture XII

additional terms coming from the front wrinkling

3 first order PDEs for v, 1 and v» with 3 boundary conditions at £ =0

An integral equation for a(7n,7) is obtained when applying the downstream boundary condition

£ — 00

=1,

W =0,

27

B=fy = —

f—1

see Clavin-Williams 2009 for
a more general condition:

radiation condition

N
e O 0 0 _\ v, v
—u)—ew—a—y — (97_'_(# aT)a§ M= (07¢>+an an&g
? = % ng’u with the boundary condition|{ =0: v = 2fa + (1/2)(a, ) Jay,
£ On § T=a: w=(D-wa (p T ™)
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Multidimensional stability analysis (analytical expressions)

Analytical expressions for the linear growth rate vs the wave number, written o(x) in non-dimensional form, can be
obtained for a simplified reaction rate, assuming that it depends on temperature only at the Neumann state
w(,) ~ Wiy, )  with  (E/kgTN)(Ty—Tu)/Ty = O0(1)
This approximation is well verified for the main mechanism of instability that is associated with the variation
of the induction length

Model equation

Then the linear problem is reduced to solve a single ODE of second order (with variable coefficients)
d’y dy k2 1dQ ,
+ hIulQ

dC—g Jd_C - _‘M‘Y - 2 dC

where d¢ = d&/[u(€)], (&) is the distribution of heat release rate in the steady state and Q' (§) is the distribution

denoting the thermal sensitivity ( see p.8 lecture XII)
The dispersion relation is obtained by applying the 3 boundary conditions:

C=0:Y==2f dY/d¢=—-20/f, (—o0:Y =0 Clavin Williams 2009
Analytical result
. | | N e dEQ)
The equation for o becomes polynomial for a particular example Q(&) = e Oy(§) = dé and [ ~ 1
2 single parameter 0.08 ¢ . DAV
4(1+“+V“2+2”2> :Ha+<1+"+”2““2) H=(n+1)iy(y—1) Josef
’ ’ S 004 | /= ”\
The multidimensional instability develops at a finite wave length (larger than § 002 | H=9 Q\
the detonation thickness by a factor (M2 — 1)~%/2) when increasing the thermal e B H_(JS NGRS
-0.02 VI WS

sensitivity By or the induction length n . The Poincaré-Andronov (Hopf) bifurcation 00 02 04 08 om0 12

occurs before the planar instability with a pulsating frequency larger than the transit time by a factor (M2 — 1)
see the scaling of length and time p.11

—1

Bifurcation scenario similar to that of the strongly overdriven regimes
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Compressible external flow upstream from the flame

do
speed of the piston Uy(t) = O(t)Ub (t) — >0
.7 > dt
vi(t) downstream running acoustic wave
—_—
flow velocity z s at >
Tus(t) SN S
o (8) external flow of unburned gas 2 >7/V/1-q
. : uniform flow (initial state
Seml—perme?ble piston I =0 v= Vlf(T —0

»
>

| |
z1=0 2’1:7'/\/1—(] 21 =€z

weak discontinuity

. 0%y 1 0%*m ov 1 Omy
acoustic wave 5 = 5 — -
or (1—¢q) 0z or v 0z
z=0 w1 = m1f(T) v=vy(T)
T
zz ’—1—q: m =my(r=0)=0 v=v¢(T =0)
7=0: m=mys(r=0)=0 v=vs(r=0)
v
T =m(T—\1—qz _
downstream running acoustic wave ' 1 a21) > ov _ V(1 —q)0m
v=vi(T—+/1-q2) 021 y 0z1

Riemann solution (linear approximation) before the shock formation on the leading edge
spatial integration
1T —

vi(r) = vi(r =0) + YL (7

20 bis pressure versus flow velocity on the flame
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