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Combustion Waves and Fronts in Flows
P. Clavin and G. Searby

Cambridge University Press 2016
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Lecture 8: Thermo-acoustic instabilities. Vibratory flames
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Lecture 11: Initiation of detonations
Lecture 12: Galloping detonations

Lecture 13: Stability analysis of shock waves

Lecture 14: Nonlinear dynamics of shock waves. Mach stem formation
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Combustion is a fascinating phenomenon coupling complex chemistry to 
transport mechanisms and nonlinear !uid dynamics. "is book provides an up-
to-date and comprehensive presentation of the nonlinear dynamics of combustion 
waves and other non-equilibrium energetic systems. "e major advances in 
this #eld have resulted from analytical studies of simpli#ed models performed 
in close relation with carefully controlled laboratory experiments.  "e key to 
understanding the complex phenomena is a systematic reduction of the complexity 
of the basic equations.

Focusing on this fundamental approach, the book is split into three parts. Part I 
provides physical insights for physics-oriented readers, part II presents detailed 
technical analysis using perturbation methods for theoreticians, and part III 
recalls the necessary background knowledge in physics, chemistry and !uid 
dynamics. "is structure makes the content accessible to newcomers to the physics 
of unstable fronts in !ows, whilst also o$ering advanced material for scientists who 
wish to improve their knowledge.

Paul Clavin is Professor Emeritus at Aix-Marseille Université and is an honorary 
member of the Institut Universitaire de France (Chair of Mécanique Physique 
1993-2004). In 1995 he founded a renowned research institute, the Institut de 
Recherche sur les Phénomènes Hors Équilibre (IRPHE) and has received major 
awards from the Société Française de Physique (Plumey 1988), French Academy of 
Sciences (Grand Prix 1995) and from the Combustion Institute (Zeldovich Gold 
medal, San Francisco, August 2014).

Geo! Searby is retired Director of Research at the Institut de Recherche sur les 
Phénomènes Hors Équilibre (IRPHE). He is a renowned specialist of the physics of 
thermo-acoustic instabilities in combustion chambers and rocket motors, and his 
experiments have made major contributions to the understanding of the dynamics 
of !ame fronts. In 2004 he obtained a major award from the French Academy of 
Sciences.

Clavin and Searby.  9781107098688.  PPC.  C  M
  Y  K

Cover illustration: TBC

Clavin and Searby
Com

bustion W
aves and Fronts in Flow

s

Combustion Waves  
and Fronts in Flows
Flames, Shocks, Detonations, Ablation Fronts 
and Explosion of Stars

Paul Clavin and Geo! Searby

(Direct initiation and DDT)

(Shocks and detonations)

2nd day
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Orders of magnitude
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Lecture 1:

1-1: Overall combustion chemistry

1-2: Combustion waves in gaseous mixtures

1-3: Arrhenius law

1-4: Hydrocarbon/air flames

1-5: Instabilities of flames



reactants→ products + heat release

T < 500K : τr(T ) ≈ ∞ (frozen mixture of reactants)
reaction time τr(T ) extremely sensitive to temperature:

T ≈ 2500K : τr(T ) ≈ 10−6s.

Lavoisier 1777

thermal feedback ⇒ combustion waves

Ignition 
Reaction  

front 

Hot burned gas 
(equilibrium) 

Propagation 
velocity 
U 

Davy 1830Cold (frozen) 
Reactive mixture 

Euler 1738
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binding energy of small molecules ≈ a few eV
⇒ Tb − Tu ≈ 2000 K1eV/molecule ≈ 23 kcal/mole

(Cp � 10 cal/mole/K)

1-1: Overall combustion chemistry



1-2: Combustion waves in gaseous mixtures

John H.S. Lee 1990

Fast deflagrations : ≈ 100 m/s, ∆p/p ≈ −10−1

Turbulent propagation

Flames : 10 cm/s− 10 m/s, ∆p/p ≈ −10−5

Bec Bunsen
J. Quinard 2000 

Laser Tomography
L.Boyer 1980 

Mallard, Le Chatelier 1883

Laminar propagation

acethylen/oxygen

6
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Berthelot, Vielle 1884Detonations : ≈ 2000 m/s, ∆p/p ≈ +30

Cellular structure
Shchelkin 1960

3000 m/s



Marcelin Berthelot (1827-1907) Paul Vieille (1854-1934)

Ernest Mallard (1833-1899) Henry Le Châtelier (1850-1936) Yakov Borisovich Zeldovich (1914-1987)



Maxwell 1867 Einstein 1905

Back to the kinetic theory of gases

Bolzmann 1877
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Equilibrium state. The Maxwell-Boltzmann distribution
<latexit sha1_base64="NdI2GzI4JzKEbAmq52Qzw6mUMKA="></latexit><latexit sha1_base64="rQgnknMWqSg9nNZ5IBA/MS5am8I="></latexit><latexit sha1_base64="rQgnknMWqSg9nNZ5IBA/MS5am8I="></latexit><latexit sha1_base64="GtOVttJCov0p5qlTiYFtLrl5GoE="></latexit>

f (eq)(v, n, T ) d3v d3r = n
m3/2

(2⇡kBT )3/2
e�m|v|2/(2kBT )d3v d3r

<latexit sha1_base64="4vLnT+1VrAx5MOVQg9HSoJNQ+W4="></latexit><latexit sha1_base64="WzbmiewZK7DY/gCBc0agsiVGGtw="></latexit><latexit sha1_base64="WzbmiewZK7DY/gCBc0agsiVGGtw="></latexit><latexit sha1_base64="vpYs2nWGMDXb3ublDZKmRwTgRcY="></latexit>

m : mass of molecules, n : number density, T : temperature, kB : Boltzmann cst.
<latexit sha1_base64="4CNzxmQYA4vN6ldmjXG1EJX9LRo="></latexit><latexit sha1_base64="Y/NmmmulfNcDGYwn0BgD4NIy6p4="></latexit><latexit sha1_base64="Y/NmmmulfNcDGYwn0BgD4NIy6p4="></latexit><latexit sha1_base64="bHBZkrAdrqmlSAdNI2OLnOewdKI="></latexit>

velocity of molecules
<latexit sha1_base64="SqOUvJMgj2jJZPvdPA86XixwcXU="></latexit><latexit sha1_base64="HNY/IOIzl+eTqeniOZj02duagmc="></latexit><latexit sha1_base64="HNY/IOIzl+eTqeniOZj02duagmc="></latexit><latexit sha1_base64="jBoWPGVcYe4rIcrUolSHveOgmT8="></latexit>

element of volume
<latexit sha1_base64="74oitxFpKgY8Gplcb47vR2VFPYM="></latexit><latexit sha1_base64="McQ2A+cTDbb3LIWjNFgOSpu8s14="></latexit><latexit sha1_base64="McQ2A+cTDbb3LIWjNFgOSpu8s14="></latexit><latexit sha1_base64="4bTpiZLc9VE5Vq0ppiXwdwZcqHU="></latexit>

< distance >= l

< velocity >= V ≡
�

3kBT/m

< time >= τcoll ≡ l/V

mean free path

Binary collisions of molecules
<latexit sha1_base64="KEBQaZPchVqXA1+AXLYpY4N4HPI="></latexit><latexit sha1_base64="5Q4b2SCi8ePmDFCJgpMzxjhzoDI="></latexit><latexit sha1_base64="5Q4b2SCi8ePmDFCJgpMzxjhzoDI="></latexit><latexit sha1_base64="l5bN/kOGRo0iBnNc/wWRdLTQ5Z8="></latexit>

Molecular diffusion ≡ Random Walk
D = lV = l2/τcoll ≈ a2τcollspreading :

1
(4πDt)3/2

e−r2/4Dt

Di↵usion coe�cient
<latexit sha1_base64="8mwfXZEFsmuX8RSkhti3+tULyYE="></latexit><latexit sha1_base64="T8oVOEF63RmrwfubhaAx3C9tr5E="></latexit><latexit sha1_base64="T8oVOEF63RmrwfubhaAx3C9tr5E="></latexit><latexit sha1_base64="mtSXLha6DAlMjx/40sEu7o2qVsM="></latexit>

speed of sound: a ⇡ V
<latexit sha1_base64="IjawFMorvzgSfFN0uzUdSL3uBzY="></latexit><latexit sha1_base64="2ogfQAGe8jQiwNl2uWfMTFAfXvY="></latexit><latexit sha1_base64="2ogfQAGe8jQiwNl2uWfMTFAfXvY="></latexit><latexit sha1_base64="SObFEoMDbXV1MM/ImO4ihqjCeAE="></latexit>

⌧coll : collision time ⇡ relaxation time
<latexit sha1_base64="dXE8mrX2FUNmasi2m8DqKvyvCb0="></latexit><latexit sha1_base64="9jAvEIAwnl2ayf3sbSnB/0KfXTg="></latexit><latexit sha1_base64="9jAvEIAwnl2ayf3sbSnB/0KfXTg="></latexit><latexit sha1_base64="8uKs+WaK9KjM25TTxHRv827Uy6c="></latexit>



sound speed, ab/au =
�

Tb/Tu

molecular and thermal diffusion coefficients D ≈ DT

chemical energy/unit mass qm ⇒ Tb/Tu = 5− 10

reaction rate 1/τr(Tb)

detonation: D ≈ √qm ≈ ab

≈ 1000 m/s

laminar flames: UL ≈
�

D/τr(Tb)
≈ 1 m/s

propagation velocity supersonic

subsonic

D/au > 1

UL/au < 19

P.Clavin I

Parameters

<latexit sha1_base64="yJUo7yrMOlkVSMVE4bDLn+8uynA="></latexit>

(length)2/time

⇒ 1/τr(Tb) ≈ 3× 105s−1

Dimensional analysis

[qm] = (velocity)2

[D] = (velocity)2 × time
<latexit sha1_base64="3fdpS3jaViZPOElvPiCpRrMCuwY="></latexit>

10�5m2/s

Detonation= shock driven reaction wave;  Flame=reaction-diffusion wave

chemical energy/mass



MB distribution ∝ e−
1
2

mv2
kBT ⇒

Arrhenius factor

1
�r(T )

=
1

�coll
e�E/kBT

Kinetic theory of gases ) Arrhenius law
<latexit sha1_base64="sZ1fGfUexj8OV9VjTB09HghJCqY="></latexit><latexit sha1_base64="sZ1fGfUexj8OV9VjTB09HghJCqY="></latexit><latexit sha1_base64="sZ1fGfUexj8OV9VjTB09HghJCqY="></latexit><latexit sha1_base64="sZ1fGfUexj8OV9VjTB09HghJCqY="></latexit>

Maxwell-Boltzmann distribution
<latexit sha1_base64="vZk1l9YrqFQYKrFGaRBp+7R7zlg="></latexit><latexit sha1_base64="WU+0kTSsYffl8DX+B2FfIxzrJWc="></latexit><latexit sha1_base64="WU+0kTSsYffl8DX+B2FfIxzrJWc="></latexit><latexit sha1_base64="3GR2ZTPZF3ur5Anu06/VTqiIPCg="></latexit>

elastic collision rate 1/τcoll ≈ 109s−1

⇒ 1/τr(Tb) ≈ 3× 105s−1

Tb/Tu = 8⇒ τr(Tu) ≈ 1010 years !!

e−E/kBTb ≈ 3× 10−4

Tb/Tu = 8 � e�E/kBTu � 1.6� 10�28

high thermal sensitivity

Energy

Progress variableB
in

di
ng

en
er

gy

Rectants

Products

A
ct

iv
at

io
n

en
er

gy

H
ea

t
re

le
as

e

Products

Rectants

Inelastic
collision

E

kBTb
≈ 8

Collision in gases
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sound speed

UL/a ≈
�

e−E/kBTb � 1subsonic

laminar flame velocity

UL �
�

DT /�r

mean free pathflame thickness

dL ≈ l
�

eE/kBTb � lmacroscopic structure

UL Ub - UL

Flame

Unburnt mixture

at rest

Burnt gas

Zoom

Tb

Tu
dL

Temperature

dL � DT /UL

Kinetic theory of gases ⇒ Flame properties

D ≈ a2 τcoll ≈ l2/τcoll a ⇡ l/⌧coll
<latexit sha1_base64="Wum+1i9Wp8eeNEoerNaJexOdfsY="></latexit><latexit sha1_base64="q66rXNd/Y1UXa/ccFqalyX1E3Tg="></latexit><latexit sha1_base64="q66rXNd/Y1UXa/ccFqalyX1E3Tg="></latexit><latexit sha1_base64="pnyZrPpRiCwdEbvCShbQFfyEltM="></latexit>

sound speed
<latexit sha1_base64="sueleeOpUR8v6rmTB6PVSAzMmlA="></latexit><latexit sha1_base64="JufZ9Uz5cgaDK+kDYqV1G4bhhy8="></latexit><latexit sha1_base64="JufZ9Uz5cgaDK+kDYqV1G4bhhy8="></latexit><latexit sha1_base64="eVSK6hcKQBdqnQWBvoHFqyhUCjc="></latexit>

men free path
<latexit sha1_base64="IZ+7Rg1cw3jTmLjRgUUWa0gOsYU="></latexit><latexit sha1_base64="dtUq8qvKT3/xfJtVMwtuMJEbcuk="></latexit><latexit sha1_base64="dtUq8qvKT3/xfJtVMwtuMJEbcuk="></latexit><latexit sha1_base64="AY3MsnnHuhK7dEHeu7fWl8lRXPA="></latexit>

Overall reaction rate: highly sensitive to temperature, Arrhenius law
large activation energy

1-3: Arrhenius law



Maxwell 1867 Einstein 1905Bolzmann 1877

too small
too large

hydrocarbon/air
10− 50 cm/s

1− 10−1 mm

UL ≈ 8.6 m/se−E/kBTb ≈ 3× 10−4

a ≈ 500m/s
l ≈ 10−7 m dL ≈ 0.6× 10−5 m} ⇒

Limitations of the dimensional analysis

Molecular diffusion ≡ Random Walk

< distance >= l

< velocity >= V ≡
�

3kBT/m

< time >= τcoll ≡ l/V

a ≈ V

mean free path

spreading :

D = lV = l2/τcoll ≈ a2τcoll

1
(4πDt)3/2

e−r2/4Dt

11
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UL Ub - UL

Flame

Unburnt mixture

at rest

Burnt gas

Zoom

Tb

Tu
dL

Temperature

UL/a ≈
�

e−E/kBTb � 1

dL/l ≈ ULτr/l ≈
�

Dτr/l ≈
�

eE/kBTb � 1

Flame structure
UL ≈

�
D/τr(Tb)

1
τr(Tb)

=
1

τcoll
e−E/kBTb

Arrhenius factor



Methane-air flame

φ =
NF /NO2

ϑ+
F /ϑ+

O2

ϑ+
F F + ϑ+

o O2 � P

Equivalence ratio

φ = 1 : stoichiometry
φ > 1 : fuel rich
φ < 1 : fuel lean

Semenov  1934

Chain reactions in combustion

dL ≈ ULτr(Tb)

≈
�

DT τr(Tb)
≈ DT

�
τr(Tb)/DT

≈ DT /UL

UL dL

φ = 0.65
near to the flammability limit

”thicker flame”

12P.Clavin I

1-4: Hydrocarbon/air flames



Intrinsic instabilities
Stable Linearly stableLinearly unstable

Nonlinearly unstablePlanar flames are linearly unstable:

ρu > ρb- hydrodynamic instability of the flame front

induced flow Cusp formation
Huygens construction

Propane lean flame

Propane rich flame

DT < D

Unstable inner structure

- thermo-diffusive instability

13
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1-5: Instabilities of flames



Intrinsic instabilities
Stable Linearly stableLinearly unstable

Nonlinearly unstablePlanar flames are linearly unstable:

ρu > ρb- hydrodynamic instability of the flame front

induced flow Cusp formation
Huygens construction

Propane lean flame

Propane rich flame

DT < D

Unstable inner structure

- thermo-diffusive instability

14
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1-5: Instabilities of flames



System instability (combustion in a cavity)

The coupling of flames with acoustics can be unstable

Lord Rayleigh 1878

Thermo-acoustic instabilities (Rayleigh criterion)

Rocket engine
Combustion chambers

Gas turbines

15
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Vibratory instability of flames in tubes

G. Searby IRPHE 2006

Lean methane-air flame

φ = 0.73

φ = 0.8

UL = 23 cm/s

UL = 30 cm/s

16
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Tomography cut: L.Boyer (1980) Combust. Flame 39 pp 321-323

 G. Searby (1992) Combust. Sci. Technol. 81 pp 221-231



 Effect of geometrical parameters on thermo-acoustic instability 
of downward propagating flames in tubes

 
Ajit Kumar Dubey, Yoichiro Koyama, Nozomu Hashimoto, Osamu Fujita
Division of Mechanical and Space Engineering, Hokkaido University, Kita 13 Nishi 8 Kita-ku, Sapporo, Hokkaido, 930-8555, Japan 

Received 1 December 2017; accepted 19 June 2018 Available online 



Effect of acceleration

equipotential surface
in the absence of flame

in the presence of
an axial acoustic field

slightly faster

Methane rich Bunsen flame
φ = 1.5

Effect of an acoustic field on a Bunsen flame

18

P.Clavin I

Gravity

Propane flame propagating upwards Slow downwards propagating flame
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Lecture 1I
Governing equations of reacting flows



in local equilibriumGaseous mixtures in normal conditions � continuum medium

mean free path � macroscopic length

relaxation time towards equilibrium
of fluid particles macroscopic time scale�

many microscopic particles � a fluid ”particle”

2

!
internal structure of shock waves



P.Clavin II

3

Lecture 2: Governing equations

2-1. Conserved extensive quantities
2-2. Continuity

2-3. Fick’s law. Di�usion equation
2-4. Conservation of momentum
2-5. Conservation of total energy

Thermal equation

Inviscid flows in reactive gases

Conservative forms

One-dimensional inviscid and compressible flow

2.6. Entropy production

(simplified form, see de Groot et Mazur (1962) or Williams (1985) for more details)



extensive quantities mass weighted distribution a(r, t)
mass density ρ(r, t)

AV =
���

ρad3r

V

∂(ρa)/∂t = −∇.Jaa(r, t)conserved vector
tensor field Ja(r, t) 4

P.Clavin II

∂(ρa)/∂t = −∇.Jaconserved scalar

conserved quantities
(mass, momentum and energy)

: no production terms ω̇a = 0

a(r, t)

No volumetric production

2-1. Conserved extensive quantities

∂(ρa)/∂t = −∇.Ja + ω̇a

(dA/dt)1 = −
���

∇.Ja d3r

V

Gauss-Ostrogradsky theorem

constant volume

V

Σ

vector field Ja(r, t)

dA/dt =
���

[∂(ρa)/∂t] d3r = (dA/dt)1 + (dA/dt)2

(dA/dt)1 = −
��

n.Jad2σ

conservation equation V fixed

Σ

V

n

Ja

(dA/dt)2 = −
���

ω̇a(r, t) d3r

V
constant surface
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!
(definition of the di�usion flux in the equation for energy is slightly di�erent)

see slide 11

∂ρ/∂t = −∇.(ρu)J ≡ ρu

mass is a conserved scalar

��/�t = ��.J

(classical mechanics)

<latexit sha1_base64="eyG2GYDSNoZMkwsrpSy70awk9eI="></latexit>

r.(⇢u) = u.r⇢+ ⇢r.u

2-2. Continuity

D
Dt
≡ ∂

∂t
+ u.∇material (convective) derivative

1
ρ

Dρ

Dt
= −∇.u

continuity equation

1
v

Dv
Dt

= ∇.u
volume/unity of mass

v ≡ 1/ρ

ρDa/Dt = −∇.J�
a

conserved scalar:

∂(ρa)/∂t = −∇.Ja

ρDa/Dt = −∇.J�
a + ω̇a∂(ρa)/∂t = −∇.Ja + ω̇a

Lagrangian form of conservation equation

Ja ≡ ρau + J�
a

convection flux

diffusion flux ?



mass fraction Yi = ρi/ρ
�

i

Yi = 1

inert mixture mass fraction of species is a conserved scalar
�

i

J�
i = 0ρDYi/Dt = −∇.J�

i

Kinetic theory of gas (binary diffusion in an abundant species)

Fick’s law : J�
i = −ρDi∇Yi

ρDYi/Dt = ∇.[ρDi∇Yi]
Di > 0

archetype of irreversible phenomenon

ρDi ≈ cst.

diffusion equation

∂Yi/∂t = Di∆Yiu = 0

(random walk)

6
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2-3. Fick’s law. Di�usion equation



∂Y/∂t = D∆Y D > 0 [D] = (length)2/time

Diffusive damping. Dissipative phenomenon

∂n/∂t = D∆n

n(r, t) = NG(r, t) n(r, t) =
���

n(r�, 0)G(r− r�, t)d3r�

number density

Y (r, t) =
�

k

Ỹk(t)eik.r

dỸk(t)/dt = −(Dk2)Ỹk(t) Ỹk(t) = Ỹk(0)e−Dk2t

k = |k|

Fourier anaysis

Fourier 1824

7
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Diffusion eq. (linear)

wave vector

G(r, t) =
1

(4πDt)3/2
e−r2/4Dt

���
G(r, t)d3r = 1

∂G/∂t = D∆G

t = 0 : G(r, 0) = δ(r) r = |r|

Green function

probability distribution of the test particle

Self-similar solution

expanding Gaussian: mean thickness 
<latexit sha1_base64="Dhg3stFiBtKc+e9esbVP06r2bQU="></latexit>

d =
p
Dt



Euler equations
ρDu/Dt = −∇p

non dissipative equations
8
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π ≡ −2η(∇u)(s) − I(ξ − 2η/3)∇.u
Viscous stress tensor

ρDu/Dt = −∇(p + ρgz) + η∆u + (ξ + η/3)∇(∇.u)

Navier Stokes equations gravity

−ρgez,

gravity (body force)

Dvis = η/ρViscous shear di�usivity

thermodynamic pressure (isotropic)

Π = pI + πsurface force (stress tensor)

ρDu/Dt = −∇.Π

Momentum is a conserved vector (isolated system)

2-4. Conservation of momentum
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thermal diffusivityδeT = cV δT DT ≡ λ/ρcV [DT ] = (length)2/time

inert material echem = cst.
no flow u = 0

�T/�t = DT �T

Fourier equation
J�

q = −λ∇T,

Fourier law

thermal conductivity

(simplest form of heat flux)

2-5. Conservation of total energy

∂(ρetot)/∂t = −∇.Jetot ρ Detot/Dt = −∇.J�
etot

J�
etot

≡ Jetot − ρetotu

total energy is a conserved scalar

Question: what is the expression of          ?
<latexit sha1_base64="j59dpX8QFxokPaY1leWbaAZW8jA="></latexit>

Jetot

p∇.u = ρp(Dρ−1/Dt)
work doneheat

Inert flow (1st law of thermodynamics)

heat flux,

<latexit sha1_base64="itBrP8uM7cDv4vyOBvZKGRn5IDM="></latexit>

⇢DeT /Dt = �r.J0
q � pr.u

mass conservation
internal energy = thermal energy

without internal viscous dissipation

1
2
ρ

D
Dt

|u|2 = −u.∇p = −∇.(pu) + p∇.uEuler equation ⇒
Inviscid flowρDu/Dt = −∇p

eint = eT + echeminternal energy,

thermal energy, chemical energy (chemical bonds),
(kinetic + rotational & vibrational energy)

(Additive in a gas when interactions are neglected)

etot = |u|2/2 + eT + echem + ...total energy δeT = cV δT
internal energy

per unit mass



p = (cp − cv)ρT.

−p∇.u =
p

ρ

D
Dt

ρ =
D
Dt

p− ρ
D
Dt

[(cp − cv)T ]

ideal gas law

continuity ⇒

10

P.Clavin II Question: what is the expression of          for  a single component inert and inviscid flow ?
<latexit sha1_base64="j59dpX8QFxokPaY1leWbaAZW8jA="></latexit>

Jetot

<latexit sha1_base64="2eTlAa6rwubU9XXRn9aI9fMwGCQ="></latexit>

⇢D
⇥
eT + |u|2/2

⇤
/Dt = r(�rT )�r.(pu)

<latexit sha1_base64="9SiPDUaKbuk3h/68IcMC8UdN+ag="></latexit>

⇢DeT /Dt = r(�rT )� pr.u
<latexit sha1_base64="Cp22GtihSLrQkQYSU5MBWzSMsNs="></latexit>

(1/2)⇢D|u|2/Dt = �r.(pu) + pr.u1st law:
Internal energy Heat flux Compression 

Momentum

<latexit sha1_base64="YX/GTEFWcXZqdHm2SgJQjKb04o4="></latexit>

J0
etot = ��rT + pu

<latexit sha1_base64="C1C56hRhf9c/07qIZk/ckro39QM="></latexit>

@(⇢etot)/@t = �r.Jetot
ρ Detot/Dt = −∇.J�

etot

<latexit sha1_base64="N6fJLeIU8Nj08lfMSGpc9g7P0H4="></latexit>

Jetot = J0
etot + ⇢etotu

diffusion compression induced energy flux

δeT = cvδT cv ≈ cst. (for simplicity, can be easily removed)

Thermal balance of an inert and inviscid flow

<latexit sha1_base64="Ledduy5coBVZHvOfFU7hkZzT8q4="></latexit>

⇢cvDT/Dt = r(�rT )� pr.u<latexit sha1_base64="/6WMwALC1KgFKSiXdW4I/TeoMHw="></latexit>.

compression conduction

<latexit sha1_base64="TXeO/NbZ0nt9WYY6RPA911SKr+I="></latexit>

⇢cpDT/Dt = Dp/dt+r(�rT )<latexit sha1_base64="/6WMwALC1KgFKSiXdW4I/TeoMHw="></latexit>.



�+
1 A1 + . . . + �+

n An � ��1 A1 + . . . + ��n An + Q.

elementary reaction

Ẇ (j) � (J (j)
+ � J (j)

� ) and �(j)
i � (��(j)

i � �+(j)
i ), stoichiometric coefficientreaction rate

nb/(volume� time)

�DYi/Dt = ��.J�
i +

�

j

�(j)
i miẆ

(j),

conservation equation for the species

Q(j) =
n�

i=1

(�(j)+
i � �(j)�

i )mihi(To),

sum over the species

heat of the j th reaction

echem �
�

i

hiYi

equation for the chemical energy

enthalpy of formation per unit of mass of species i

�Dechem/Dt = �
�

i

�.(hiJ�
i)�

�

j

Q(j)Ẇ (j)

Reactive flows

�
DYi

Dt
= �.(�Di�Yi) +

�

j

�(j)
i miẆ

(j)(T, p, ..Yk..)

sum over the reactions

J0
i = �⇢DirYi

<latexit sha1_base64="GPnFkYz08dBZEQlKh9/lfCvLXLQ="></latexit><latexit sha1_base64="TPdy3hdT/WkNodgbfDqG/X/ZS90="></latexit><latexit sha1_base64="TPdy3hdT/WkNodgbfDqG/X/ZS90="></latexit><latexit sha1_base64="8iBDczAT/q3bfyzhKXCOM29fQcE="></latexit>

Fick law
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heat released by the jth reaction rate of the jth reaction
(number per unit time and unit volume)

echem �
�

i

hiYi �Dechem/Dt = �
�

i

hi�.J�
i �

�

j

Q(j)Ẇ j J0
i = �⇢DirYi

<latexit sha1_base64="GPnFkYz08dBZEQlKh9/lfCvLXLQ="></latexit><latexit sha1_base64="TPdy3hdT/WkNodgbfDqG/X/ZS90="></latexit><latexit sha1_base64="TPdy3hdT/WkNodgbfDqG/X/ZS90="></latexit><latexit sha1_base64="8iBDczAT/q3bfyzhKXCOM29fQcE="></latexit>

ρcpDT/Dt = Dp/Dt +∇.(λ∇T ) +
�

j

Q(j)Ẇ (j)

compression chemistryconduction

δeT = cvδT cv ≈ cst. (for simplicity, can be easily removed)
Thermal balance of inviscid flow of reactive gas

<latexit sha1_base64="Po6bLoP+DKRB508eQC2Zo8OcCXY="></latexit>

⇢D(eT + echem)/Dt = ⇢cvDT/Dt�
X

i

hir.J0i �
X

j

Q(j)Ẇ (j)

<latexit sha1_base64="+QnCdGLa0sz07wrMAPLn5Xs3GB0="></latexit>

⇢cvDT/Dt�
X

i

hir.J0i �
X

j

Q(j)Ẇ (j) = r.(�rT )�
X

i

hir.J0i � pr.u

ρcvDT/Dt = ∇.(λ∇T )− p∇.u +
�

j

Q(j)Ẇ (j)

−p∇.u =
p

ρ

D
Dt

ρ =
D
Dt

p− ρ
D
Dt

[(cp − cv)T ]continuity ⇒ <latexit sha1_base64="utLpireoQhW7HnbsI/wM0Rzg6qs="></latexit>

( p/⇢ = (cp � cv)T

<latexit sha1_base64="uvPfTBFSYFSfEYpyfa7WZ0agofw="></latexit>

�r.J0
q = r.(�rT )�

X

i

hir.J0
i

contribution of the species to the diffusive flux of internal energydiffusive flux of internal energy
<latexit sha1_base64="9+Nr9wNPSFHUfqvQja6hcy3mGYU="></latexit>

⇢D(eT + echem)/Dt = r.(�rT )�
X

i

hir.J 0
i � pr.u

<latexit sha1_base64="PZ3obyREuqGqIZne8C8JnA45ox0="></latexit>

⇢Deint/Dt = �r.J0
q � pr.u<latexit sha1_base64="QoswRuioehTEbFk+ZTqoyojIo2g="></latexit>

eint = eT + echem
work  done by volume change

<latexit sha1_base64="zKqbzoy6MNPuAESjzz9FF3+EY1o="></latexit>

1st law without internal viscous dissipation



Governing equations for inviscid flows of reactive gas
1
ρ

Dρ

Dt
= −∇.u, ρ

Du
Dt

= −∇p, p = (cp − cv)ρT,

ρcp
DT

Dt
=

Dp

Dt
+∇.(λ∇T ) +

�

j

Q(j)Ẇ (j),

ρ
DYi

Dt
= ∇.(ρDi∇Yi) +

�

j

ϑ(j)
i miẆ

(j).

stoichiometric coefficient

P.Clavin II

di�usive flux of total energyconvective flux of enthalpy

�(�etot)/�t = ��.[�uetot + up + Jq +
�

i

hiJ�
i] = ��.[�u(etot + p/�) + Jq +

�

i

hiJ�
i]

Conservative form of the energy equation (inviscid approximation)

<latexit sha1_base64="nZyeX3Cfr02ZYZl0D+X+24S9eU8="></latexit>

(1/2)⇢D|u|2/Dt = �r.(pu) + pr.u

<latexit sha1_base64="8JHnxxOvn7EKWQjAVn+KTAsGAHk="></latexit>

etot ⌘ eint + |u|2/2, eint = eT + echem

<latexit sha1_base64="hH0wexTax84oLKbGSxQl/wWJPPA="></latexit>

) J0
etot = Jq +

X

i

hiJ
0
i + pu

<latexit sha1_base64="3lqpjkOwEpfcfrtHpsfG7FKi0rc="></latexit>

⇢D(eT + echem)/Dt = r.(�rT )�
X

i

hir.J0
i � pr.u

<latexit sha1_base64="N+oph0IHBFk+bqTKQsPz2YN2sNs="></latexit>

⇢Detot/Dt = �r.

"
Jq +

X

i

hiJ
0
i + pu

#
Jq = ��rT

Lagragian form

Eulerian form

progress variable

ρqmDψ/Dt ≡
�

j

Q(j)Ẇ (j), ψ ∈ [0, 1]

heat released per unit mass

etot + p/ρ = cpT + |u|2/2− qmψ
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Ideal gas:
<latexit sha1_base64="GyrhFY/Kn6BBIyw5icYqlpxDqDo="></latexit>

p = (cp � cv)⇢T

Π = pI + π

π ≡ −2η(∇u)(s) − I(ξ − 2η/3)∇.u
bulk viscosityshear viscosity

Viscous flow:

<latexit sha1_base64="6qYETUNqRUiybm14D0jpXHFpyUk="></latexit>

 b = 1,  o = 0Jumps across a planar wave between 2 uniform flows

<latexit sha1_base64="z/a7tTL/2DZz8CONmxiTSabzT9Q="></latexit>

[⇢u]+� = 0
<latexit sha1_base64="YDgvbYzm8yMN8KNDEcW57XfPJqM="></latexit>

[cpT + u2/2� qm ]
+
� = 0

<latexit sha1_base64="Vu07L49Q0/RRSQm22++gyi5tfs4="></latexit>

[p+ ⇢u2]+� = 0

(inner structure in steady  state !!)

propagation velocity

<latexit sha1_base64="a776UJz3ZgTlt8xnt4L+BZUO2z0="></latexit>

u = (⇢o/⇢)D
<latexit sha1_base64="7ER30bCJFdYLRyDEvmT07+vjw9c="></latexit>

T/To = (p/po)(⇢o/⇢)

<latexit sha1_base64="T8TwbNt9KLd3pQfd8hNlFjsj//0="></latexit>✓
p

po
,
⇢o
⇢

◆

unburned 

<latexit sha1_base64="XHgWwoFljkEdzFT22AmZNZnuPUU="></latexit>✓
p

po
� 1

◆
= �⇢oD2

po

✓
⇢o
⇢

� 1

◆

burned gas

burned gas

p/po
<latexit sha1_base64="uxRbhSDDVpU7r60JMFgYHxh39Ag="></latexit><latexit sha1_base64="0iGE77ZvpN9OhLSHzBpzBuhl3z4="></latexit><latexit sha1_base64="0iGE77ZvpN9OhLSHzBpzBuhl3z4="></latexit><latexit sha1_base64="rpoB13QDuO+WSM32UWx6O5MGPfM="></latexit>

⇢o/⇢
<latexit sha1_base64="5gblZH2oUebvyMHb8KF0KUdi6lo="></latexit><latexit sha1_base64="Y1ji6nc934q1Ir5+Y97LqWzPFbI="></latexit><latexit sha1_base64="Y1ji6nc934q1Ir5+Y97LqWzPFbI="></latexit><latexit sha1_base64="8jEAQxieqLRE4gKOV85OMGV0I3k="></latexit>

pb/po
<latexit sha1_base64="esqGpY83il4OkSNXgadTG/IOD3s="></latexit><latexit sha1_base64="LLRpOELK8gjH/+0wsAsvQkHUTPE="></latexit><latexit sha1_base64="LLRpOELK8gjH/+0wsAsvQkHUTPE="></latexit><latexit sha1_base64="zXSXnIYitxO8H1diNwJyT+45uT8="></latexit>

⇢o/⇢b
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pb/po
<latexit sha1_base64="sYSsXPOyQyw7cEMsRfAFVbbjZYM="></latexit><latexit sha1_base64="2nDf1P7o8jynzhkw44SnzGH69cw="></latexit><latexit sha1_base64="2nDf1P7o8jynzhkw44SnzGH69cw="></latexit><latexit sha1_base64="LZuDxLzAmonAx4oVWpo3GPL5lhc="></latexit>

1
<latexit sha1_base64="g1i9Gv5G5dEJ1x2qJuCRdAQqlk0="></latexit><latexit sha1_base64="yraERDksW1+IfQyGO+cRJ+OV9cU="></latexit><latexit sha1_base64="yraERDksW1+IfQyGO+cRJ+OV9cU="></latexit><latexit sha1_base64="mU91OBWaWcZQJxywxYSk+Riity0=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwVZJuLK4Kbly2YB9QS5mk0zo2yYRkIpTSL3Crn+UH+Af6F94ZU1CL6AQyZ84993AfXhyIVDnOa8FaW9/Y3Cpul3Z29/YPyodHnVRmic/bvgxk0vNYygMR8bYSKuC9OOEs9ALe9aZXOt594EkqZHSjZjEfhGwSibHwmSKq5Q7LFafqmGOvAjcHFeSnKcsvuMUIEj4yhOCIoAgHYEjp68OFg5i4AebEJYSEiXMsUKLcjFScFIzYKf0n9JoTlqSRpF/AxhnFJSkTwtrZNvHMuGj2dx9GNek6ZnR7uVdIrMIdsX/lLZX/zesTqzBG3XQraBaxYfRU/NwlMxPQldtfulLkEBOn8YjiCWHfZC5napuc1PSu58hM/M0oNavffq7N8K6rpGW6P1e3Cjq1qutU3ZZTaVzmay3iBKc4p91doIFrNNE23o94wrNVs3rW0GKfUquQ5xzj27HuPwCQ4Iqj</latexit>

1
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subsonic
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su
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n
ic

<latexit sha1_base64="hBe8uYgLjsDeoP0OK+pugyf25/c="></latexit><latexit sha1_base64="IHtYYeA84yzYiTkwU7gv9GGq5sc="></latexit><latexit sha1_base64="IHtYYeA84yzYiTkwU7gv9GGq5sc="></latexit><latexit sha1_base64="0AFvCl09pWYH+0vwZRl71FH2jW4="></latexit>

burned gas

burned gas

Rankine (1870) Hugoniot (1889)
<latexit sha1_base64="l/dgkGZzgo+8EIsxkqi8XBTztn8="></latexit>

qm = 0
Michelson (1893) Rayleigh (1910)

<latexit sha1_base64="z4APRY0wAHmK3dc+tRnmbP9N8Bk="></latexit>

qm > 0

∂ρ

∂t
= −∂(ρu)

∂x

∂(ρu)
∂t

= − ∂

∂x

�
p + ρu2 − µ

∂u

∂x

�

∂(ρetot)
∂t

= − ∂

∂x

�
ρu(cpT + u2/2− qmψ)− λ

∂T

∂x
− µu

∂u

∂x

�
µ ≡ 4η/3 + ξ

Compressible reacting flow in planar geometry (conservative form)<latexit sha1_base64="VRTfk+OgMk3nZ23HJtoulO4S6wQ="></latexit>

⇡ = �µ@u/@x

∂(ρetot)/∂t = −∇.[ρu (cpT + |u|2/2− qmψ) + J�
q + u.π]

<latexit sha1_base64="5a+8koCJAXR+DnxBmmRvYM/sJiE="></latexit>

�⇢Dqm
@ 

@x



∂ρ

∂t
= −∂(ρu)

∂x

∂(ρu)
∂t

= − ∂

∂x

�
p + ρu2 − µ

∂u

∂x

�

∂(ρetot)
∂t

= − ∂

∂x

�
ρu(cpT + u2/2− qmψ)− λ

∂T

∂x
− µu

∂u

∂x

�

Compressible and viscous flow in planar geometry 

viscous term

Conservative form

Mass Momentum

Inert flow:

<latexit sha1_base64="WiuCy4nO4NNOrl9UOnm+LriRRB0="></latexit>

@[⇢(cvT + u2/2)]

@t
= �

@
⇥
⇢u(cvT + u2/2) + up

⇤

@x
+
@(�@T/@x)

@x
+
@(µu@u/@x)

@x
<latexit sha1_base64="I3ngOhbnVKWZaarfWt32nsTcn70="></latexit>

etot = cvT + u2/2
<latexit sha1_base64="7y1zaKEseIJs4twlwOKoA8Jv3WI="></latexit>

⇢
D[(cvT + u2/2)]

Dt
= �

@
�
up)

@x
+

@(�@T/@x)

@x
+

@(µu@u/@x)

@x

Lagrangian   Form
<latexit sha1_base64="jQaz66hJN+qp0Zi56vOxJSeqPrI="></latexit>

D

Dt
⌘ @

@t
+ u

@

@x
<latexit sha1_base64="wAsWHRSA69mpP39119xcFA4AzT0="></latexit>

1

⇢

D⇢

Dt
= �@u

@x
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entropy is a function of state that is not a conserved quantity
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Various forms of the governing equations
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1-D COMPRESSIBLE and NON-DISSIPATIVE FLOW
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  Riemann invariants

  Piston set in motion from rest 
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(in open space)

quasi-isobaric flame structure

3-1. Quasi-isobaric approximation (Low Mach number)

ρ(u.∇)u ≈ −∇p ⇒ δp ≈ ρuδu

p ≈ ρa2 ⇒ δp/p ≈ u2/a2 ≡M2

slow evolution ∂/∂t ≈ u.∇ � a |∇|

very subsonic flow+ M2 � 1 � �p/p� �T/T = O(1)

� �u � u

order of magnitude
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reference frame of the flame
<latexit sha1_base64="KgLwbtakZvmbeCCKwPlvkwMNMhk="></latexit><latexit sha1_base64="KgLwbtakZvmbeCCKwPlvkwMNMhk="></latexit><latexit sha1_base64="KgLwbtakZvmbeCCKwPlvkwMNMhk="></latexit><latexit sha1_base64="KgLwbtakZvmbeCCKwPlvkwMNMhk="></latexit>

⇢u
⇢b

=
Tb

Tu
=

Ub

Uu
> 1

<latexit sha1_base64="rrR64TYYO5kW+6G56JOvCT5B4Qs="></latexit><latexit sha1_base64="rrR64TYYO5kW+6G56JOvCT5B4Qs="></latexit><latexit sha1_base64="rrR64TYYO5kW+6G56JOvCT5B4Qs="></latexit><latexit sha1_base64="rrR64TYYO5kW+6G56JOvCT5B4Qs="></latexit>

quasi-isobaric approximation: �T � cst.

conservation of mass: ⇢U = cst.
<latexit sha1_base64="YhV+kojnzqFEyqUWMZ0Hyzf/kGk="></latexit><latexit sha1_base64="U+B296DWYk44uiC8JU0xjBXns0c="></latexit><latexit sha1_base64="U+B296DWYk44uiC8JU0xjBXns0c="></latexit><latexit sha1_base64="Y+9Ie811hFa7v4YBhWTnJSiniNA="></latexit>

Quasi-steady inner structure: Velocity of the front / Fresh mixture UL = cst.
<latexit sha1_base64="sV+7yBpktxgojoRZ/m9TMT8PzT0="></latexit><latexit sha1_base64="sV+7yBpktxgojoRZ/m9TMT8PzT0="></latexit><latexit sha1_base64="sV+7yBpktxgojoRZ/m9TMT8PzT0="></latexit><latexit sha1_base64="nm05qU8VWyeysrWIVwd9QMvdHOw="></latexit>

one end is closed and the other open
<latexit sha1_base64="o5UZWMJtagnEEhmqXSfD9yAq/1o="></latexit><latexit sha1_base64="LjRINJBaYGFH2bL4D3WxvTJCoRM="></latexit><latexit sha1_base64="LjRINJBaYGFH2bL4D3WxvTJCoRM="></latexit><latexit sha1_base64="PjtNz2JK4X622PveAIPat/ArLxQ="></latexit>
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Flame

Unburnt
mixture

Burnt
gas

reference frame of the flame

axis oriented towards the burned gas

m ≡ ρuUL = ρbUb, Ub/UL ≈ Tb/Tu, ≈ 4− 8

D/Dt = md/dx�

quasi-isobaric approximation: �T � cst.

<latexit sha1_base64="yDA/DF0a6ees4ZQxrORCmSuQ36I="></latexit>⇢u = constantmass:

mass flux across the flame

m?
mcp

dT

dx
− d

dx

�
λ

dT

dx

�
=

�

j

Q(j)Ẇ (j)(T, ..Yi..)

m
dYi

dx
− d

dx

�
ρDi

dYi

dx

�
=

�

j

ϑ(j)
i MiẆ

(j)(T, ..Yi� ..),species :

energy :

frozen statex = �1 : T = Tu, Yi = Yiu, Ẇ (j) = 0
<latexit sha1_base64="x+jYwkDSaDKgpQe778rHtGwcBkE="></latexit><latexit sha1_base64="pxh945HnryLtYvlmJ2a0rYs019I="></latexit><latexit sha1_base64="pxh945HnryLtYvlmJ2a0rYs019I="></latexit><latexit sha1_base64="jB1mXfW/82wRAGCUJ1G+CNY7vXY="></latexit>

boundary conditions:
unburned gas

equilibrium statex = +1 : dT/dx = 0, Yi = Yib, Ẇ (j) = 0
<latexit sha1_base64="oXN7B5UlZe3XNpXUk8AS9+eMXuU="></latexit><latexit sha1_base64="oXN7B5UlZe3XNpXUk8AS9+eMXuU="></latexit><latexit sha1_base64="oXN7B5UlZe3XNpXUk8AS9+eMXuU="></latexit><latexit sha1_base64="hiLMENq8tepeTNvBHWFxsO5k0Gs="></latexit>

burned gas

closed system of equations for
<latexit sha1_base64="fnyufElkyHA7POaiycl+UmCcdkM="></latexit>

T
<latexit sha1_base64="Tg+yQC4exdtnW7WaNxgNSBIoBWQ="></latexit>

Yiand

eigenvalue: flame velocity

Problem set up of the steady inner structure of a planar flame



R→ P + Q

R in an inert ; Y = mass fraction of R

P.Clavin III

3-2. One-step irreversible reaction
Flame

Unburnt
mixture

Burnt
gas

m
dY

dx
− d

dx

�
ρD

dY

dx

�
= −ρẆ

mcp
dT

dx
− d

dx

�
λ

dT

dx

�
= ρqRẆ qR = energy released per unit of mass of R

m ≡ ρuUL unknown

Velocity and structure of the planar flame
(reference frame of the flame)  

<latexit sha1_base64="biNLNh59uSxPpZcfSA/tDBe6/MA="></latexit>

⇢u = constant

mYu =
� +∞

−∞
ρẆdx

cp(Tb − Tu) = qm ≡ qRYux→ +∞ : Y = 0
x→ −∞ : Y = Yu, T = Tu unburned

burned
<latexit sha1_base64="7vmizmngx6KQKIx3iVlXewWZZ0k="></latexit>

@T

@x
= 0

(mass flux)

Arrhenius law

ρẆ = ρb
Y

τr(T )
1

τr(T )
≡ e−E/kBT

τcoll

1
τrb

≡ e−E/kBTb

τcoll

1
τr(T )

=
1

τrb
e−

Tb
T β(1−θ) β ≡ E

kBTb

�
1− Tu

Tb

�
θ ≡ T − Tu

Tb − Tu
∈ [0, 1]

Reduced activation energy Reduced temperature



m
dθ

dx
− ρDT

d2θ

dx2
= ρ

Ẇ

Y1u
, m

dψ

dx
− ρDT

Le
d2ψ

dx2
= −ρ

Ẇ

Y1u
,

x = −∞ : θ = 0,ψ = 1, x = +∞ : θ = 1,ψ = 0

θ ≡ T − Tu

Tb − Tu
∈ [0, 1] ψ ≡ Y

Yu
∈ [0, 1]

Reduced temperature and mass fractionLe ≡ DT /D

β ≡ E

kBTb

�
1− Tu

Tb

�

ρ
Ẇ

Yu
= ρb

ψ

τrb
e−

Tb
T β(1−θ)

1
τrb

≡ e−E/kBTb

τcoll

3-3. Unity Lewis number and large activation energy

Le = 1

ψ = 1− θ m
dθ

dx
− ρDT

d2θ

dx2
= ρ

Ẇ

Y1u
,

x = −∞ : θ = 0, x = +∞ : θ = 1,

ρ
Ẇ

Yu
= ρb

(1− θ)
τrb

e−
Tb
T β(1−θ)

<latexit sha1_base64="MsVn69f0A4BfA9Kc45lcSQ9XWOQ="></latexit>

 = 1� ✓

P.Clavin III

β � 1

(a) (b)

0                                  1

ρ
Ẇ

Yu
= ρb

w�(θ)
τrb

w�(θ) ≈ (1− θ)e−β(1−θ)

(reaction rate is non negligible only when T � Tb)

<latexit sha1_base64="vTEHda7RhN+lsLS5uQU7sM6RzFw="></latexit>

1� ✓ = O(1/�)Thin reaction zone
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origin x = 0 : location of the reaction zone � = 1

Ẇ � 0preheated zone

matching condition

w�(θ) ≈ (1− θ)e−β(1−θ)

m
dθ

dx
− ρDT

d2θ

dx2
= ρ

Ẇ

Y1u
, m?

1
τrb

≡ e−E/kBTb

τcoll

(a) (b)

0                                  1

Zeldovich 1938

β →∞ β ≡ E

kBTb

�
1− Tu

Tb

�

3-4. Zeldovich & Frank-Kamenetskii asymptotic analysis
Ya. B. Zeldovich, D.A. Frank-Kamenetskii Acta Phys. Chem. (1938) 9, 341-350 
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mdθ/dx− ρDT d2θ/dx2 =
ρb

τrb
(1− θ)e−β(1−θ)

−DTb

2
d
dx

�
dθ

dx

�2

≈ 1
τrb

(1− θ)e−β(1−θ) dθ

dx

Θ = β(1− θ) τrb
DTb

2

�
dθ

dx

�2

≈
� 1

θ
(1− θ)e−β(1−θ)dθ =

1
β2

� β(1−θ)

0
Θe−ΘdΘ⇒

P.Clavin III

(a) (b)

0                                  1

ρbDTb
d2θ

dx2
≈ ρbDTb

δθ

d2
r

≈ ρbDTb

d2
r

1
β

ρb

τrb
w�(θ) ≈ ρb

τrb
δθ ≈ ρb

τrb

1
β

dr ≈
�

DTbτrb

�
m

d�

dx
� m

��

dr
� �bDTb

drdL

1
�

Inner reaction layer

dimensional analysis
UL ≈

�
DTb/τrb

ρbDTbdθ/dx|θ=1 = mθ → 1 :downstream entrance of the external zone

⇒ dr/dL = O(1/β)

Asymptotic solution � ��
upstream exit of the inner layer β(1− θ)→∞ : DTbdθ/dx→

�
(2/β2)DTb/τrb

� �

0
�e��d� = 1

m = ρb

�
(2/β2)DTb/τrb, UL = m/ρu,

matching

<latexit sha1_base64="pE9etvq1OfSNZDQ09pqvkm2298c="></latexit>

m
d✓

dx
� ⇢DT

d2✓

dx2
=

⇢b
⌧rb

(1� ✓)e��(1�✓)

m = ρDT /dL⇐
δθ = O(1/β) dr � dL

�
<latexit sha1_base64="YFeIiCjx14BPhkehjh/uN58Ytvg="></latexit>

UL / DT /dL



SUMMARY
<latexit sha1_base64="/9LlJ9L9VgVNYzd3blWLAdSkFyA="></latexit><latexit sha1_base64="uDR+IcKkicyz1cFrSMZOiDWuDOc="></latexit><latexit sha1_base64="uDR+IcKkicyz1cFrSMZOiDWuDOc="></latexit><latexit sha1_base64="mkVFzRQ/j7RJ5rnZhmo2KU299Ig="></latexit>

Flame=quasi-isobaric reaction-diffusion wave.
The flame velocity is highly sensitive to temperature

DTb ⇡ a2b⌧coll
<latexit sha1_base64="/GlrL0/LG7/qpEZbVEvxYZMEV/4="></latexit><latexit sha1_base64="DgAbVoUJwU7oTYXfyPOvPnNG1Ec="></latexit><latexit sha1_base64="DgAbVoUJwU7oTYXfyPOvPnNG1Ec="></latexit><latexit sha1_base64="lAlviWC6rfS074XuPjcp584oVFA="></latexit>

Ub

ab
=

1

�

p
2 e�E/kBTb

<latexit sha1_base64="TAZnNQw1bBch1eRaeazbQjDjF+o="></latexit><latexit sha1_base64="yhw/s4ST4vFMQ/KFik5rQ13dIx0="></latexit><latexit sha1_base64="yhw/s4ST4vFMQ/KFik5rQ13dIx0="></latexit><latexit sha1_base64="omtkJsKqqw5cmsI31Ac/ac0u3bs="></latexit>

E

kBTb
� 1 :

<latexit sha1_base64="pBFSX7xKKWWROY222FJsa8XMt48="></latexit><latexit sha1_base64="ui4H6IpzMQeggxLz90KqGp6OaHE="></latexit><latexit sha1_base64="ui4H6IpzMQeggxLz90KqGp6OaHE="></latexit><latexit sha1_base64="NaQpmQXl8zeT/iejGzRrYalbXFU="></latexit>

markedly subsonic

high thermal sensitivity 
<latexit sha1_base64="8YLAhlIOOV3LMNnONHxNny+nu6Q="></latexit>

�Ub

Ub
⇡ �

2

�Tb

Tb
, � � 1

1
τrb

≡ e−E/kBTb

τcoll

Ub =

s
2

�2

DTb

⌧rb
<latexit sha1_base64="q/rXHIO9hz1eOlLOEoeT7JhYUSg="></latexit><latexit sha1_base64="LCED17Fn7VOO0PzYZ4bKhDaO5Y4="></latexit><latexit sha1_base64="LCED17Fn7VOO0PzYZ4bKhDaO5Y4="></latexit><latexit sha1_base64="dkaofhdLGcxC7zd555q0ijr1F+E="></latexit>

β ≡ E

kBTb

�
1− Tu

Tb

�
<latexit sha1_base64="pe3eTm7td/AsP2QSoxQ4iBSO21g="></latexit>

� 1ZFK result for a one-step first order reaction in the limit 

Laminar flame velocity/unburned gas
<latexit sha1_base64="lVWMC51IEY/aJ+t/Bs0yRHRnpHE="></latexit>

UL = (Tu/Tb)Ub 2 [15 cm/s� 9 m/s]

Transit time
<latexit sha1_base64="3yhb7RUX97AqzMjpmUZ8xIPl3+E="></latexit>

⌧L = (dL/UL) 2 [10�4s� 10�3s]

<latexit sha1_base64="qLWAPFDQ8NduCYL3tde/+wG4nuM="></latexit>⌧ 1
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non-dimensional form
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� � 0 � � [0, 1]

t = 0

�

1

0

t�� t��

µ = µmini
µ = µmini

�

propagation of steady state � = 1 into steady state � = 0

steady state: � = 0

Flames 3.5) Reaction-diffusion waves with a smooth reaction rate

stability of steady states
stable: dw/d� < 0,

unstable: dw/d� > 0,

� = 1, w = 0 stable steady state(equilibrium state)

two di�erent cases depending on the property of the initial state � = 0

(I) : � = 0, w = 0 metastable steady state
(II) : � = 0, w = 0 unstable steady state

initial state:
(out of equilibrium)
(less stable)

Metastable state Stable equilibrium state Unstable state Stable equilibrium state

dΦ/dθ = −w(θ)

(I) (II)
meta-stable unstablestable stable

<latexit sha1_base64="Jx0vcI54O5W9Ngv4DVT7YY0dhQg="></latexit>

@✓

@⌧
� @2✓

@⇠2
= w(✓)<latexit sha1_base64="Is2RIW2N9gJDt9QoHdm+4S0A+VA="></latexit>

⌧ ⌘ t

⌧r
, ⇠ ⌘ xp

D⌧r
<latexit sha1_base64="tUcXbtBEc2XgvcLVEhlTqFRSaEo="></latexit>

!(✓) = ✓(1� ✓)for example:
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µ unknown, number of solutions ?

propagating planar wave at constant velocity
��

�t
� �2�

�x2
= w(�)

µ
dθ

dξ
− d2θ

dξ2
= w(θ)

�/�t = µd/d�

�/�x = d/d�
� � x + µt

�(�)

traveling wave solution (from right to left)

Metastable state Stable equilibrium state Unstable state Stable equilibrium state

dΦ/dθ = −w(θ)

(II)(I)

� = �� : � = 0, w = 0,
initial state

� = +� : � = 1, w = 0
final (equilibrium) state

µ is an eigenvalue of the problem

C
on

ce
nt

ra
tio

n 
of

 s
ca

la
r

Upstream
unstable state

Downstream
equilibrium state

ZFK flame model: � > 0, case (II)

� � [0, 1]

meta-stable unstable

stablestable

Larangian coordinate:

ODE:propagation velocity ?
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P.Clavin III Number of solutions ? phase space, phase portrait
C

on
ce

nt
ra

tio
n 

of
 s

ca
la

r

Upstream
unstable state

Downstream
equilibrium state dY/d� = µ [Y � �(X)]

� � 0
µ ?µ

dX

d�
� d2X

d�2
= �(X)X � �,

dX/d� = Y/µ

Y � µd�/d�

second order system

Y = µ
dX

d�
k± = µr±

�
dY

dX

�

±
= k±

δX = A+eξ r+ + A−eξ r− , δY = k+A+eξ r+ + k−A−eξ r−

Two eigenvalues r+and r− and two eigendvectors k+and k−

µ
d�X

d�
� d2�X

d�2
= ��

��X µr � r2 � ��
� = 0 2r± = µ±

�
µ2 � 4��

�

(equilibrium state)
Linearisation about X = 0, Y = 0 and X = 1, Y = 0

� � �� � ��
��

� < 0
fixed points: dX/d� = dY/d� = 0
Y = 0, dY/d� = 0

dY /dX = µ2[Y − w(X)]/Y

dY/dX = 0/0
<latexit sha1_base64="PMEasTNQyNOr6yDFHwXIpoLlca0="></latexit>

!0
✓ ⌘ d!/d✓|✓=0,1

A� = 0

Unstable state

Focus
Saddle

Equilibrium state

No solution (� � 0)

r+ > 0, r� < 0Im r� �= 0, Im r+ �= 0
� � �� � �� ��

� < 0
��

� > 0

Re r± > 0

Saddle

Metastable or
equilibrium state

Saddle

Equilibrium
state

One solution
r� < 0, r+ > 0 r+ > 0, r� < 0

� � �� � ��
��

� < 0��
� < 0

case (I)

Unstable state

 

Saddle

Equilibrium state

No
n 

de
ge

ne
ra

te
Part

icu
lar

tra
jec

tor
y

Degenerate

Infinite numbers of solutions
One particular solution

r+ > 0, r� < 0r+ > r� > 0
� � �� � ��

��
� < 0��

� > 0

case (II)
stable initial state unstable initial state

<latexit sha1_base64="E5JLDD0Xuvx0ReNMsY0qptGOAMs="></latexit>
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✓ ⌘ d!

d✓
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> 0
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∂θ/∂t− ∂2θ/∂ξ2 = ω�
oθ, where ω�

o ≡ ∂w/∂θ|θ=0 > 0

θ(ξ, t) ≡ Z(ξ, t)e+ω�
ot ∂Z/∂t− ∂2Z/∂ξ2 = 0

Z = e−ξ2/4t/
√

t θ ∝ exp[−ξ2/4t + ω�
ot− ln(t)/2] ξ2 ≈ 4ω�

ot
2

the lower bound solution is selected µmini ≡ 2
�

dw/dθ|θ=0

Kolmogorov 1937

µflame ∝

�

2
� 1

0
w(θ)dθ�=

2r± = µ±
�

µ2 � 4��
�

µ wave velocity

µmini

continuous spectrum with a lower bound

Unstable state

Focus
Saddle

Equilibrium state

Unstable state

 

Saddle

Equilibrium state

No
n 

de
ge

ne
ra

te
Part

icu
lar

tra
jec

tor
y

Degenerate

t = 0

�

1

0

t�� t��

µ = µmini
µ = µmini

�

r+ = r� = µ/2 k+ = k�lower bound :µmini ≡ 2
�

dw/dθ|θ=0

soft case � collapse of the 2 eigenvaluessoft nonlinear term �(�)

OK for a soft term ω(θ)
Wrong for a stiff term ω(θ)

The lower bound solution changes of nature when ω(θ) get stiffer

Soft ω(θ) = θ(1− θ)
Stiff w(θ, β) = (β2/2)θ(1− θ)e−β(1−θ), β � 1

Clavin, Liñan (1984) in NATO ASI Series B. Physics vol. 116 pp 292-338

Infinite number of travelling wave 
solutions (continuous set) 

Foot of the temperature profile

<latexit sha1_base64="qPagWiPZvi2gNWq1L8AL8DH2ijk="></latexit>
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Lecture 4 : Hydrodynamic instability of flames

4-2. Linearized Euler equations of an incompressible fluid

4-1. Jump across an hydrodynamic discontinuity

4-3. Conditions at the front

4-4. Dynamics of passive interfaces

4-5. Darrieus-Landau instability

4-6. Curvature e�ect: a simplified approach
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Jump across an hydrodynamic discontinuityIV − 1)
P.Clavin IV

flame considered as a discontinuity
flame thickness and curvature neglected

�∂ρ/∂t = −∇.(ρu) ρDu/Dt = −∇p ∂(ρu)/∂t = −∇.(pI + ρuu)
Low Mach nb approx + inviscid approx: Euler eqs

�� dL<latexit sha1_base64="RMxzm9mGhR+wCfcBqeg+NwMjvcg="></latexit>

⇢b < ⇢u,
⇢b
⇢b

⇡ 1

8

Flame is treated as a surface of discontinuity (zero thickness) separating two incompressible flows

UL Ub - UL

Flame

Unburnt mixture

at rest

Burnt gas

Zoom

Tb

Tu
dL

Temperature

[ρu]+− = 0 ρu = ρuUL = ρbUb

�
p + ρu2

�+
− = 0

[w]+− = 0ρu �= 0 ⇒

(reference frame of the flame)jumps in the normal direction

∂ρ/∂t = −∂(ρu)/∂x− ∂(ρw)/∂z,

∂(ρu)/∂t = −∂(p + ρu2)/∂x− ∂(ρuw)/∂z,

∂(ρw)/∂t = −∂(ρuw)/∂x− ∂(p + ρw2)/∂z

r = (x, z), u = (u, w)reference frame of the flame

x

u
u w

z

ρu

ρb

2 dim

tilted planar front

�
a(x, y, t)dx = 0lim

dL → 0
dL

if a(r, t) is regular

<latexit sha1_base64="PRp+P0JkV3BibpPMb9tnBPoZPV0="></latexit>
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Z

dL

@a

@x
dx = [a]+�
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ρu ρb

UL Ub

ρu > ρb

Flame front

Burnt gas
at rest

Fresh mixture

UL Ub - UL

Flame

Unburnt mixture

at rest

Burnt gas

Zoom

Tb

Tu
dL

Temperature

Piston effectreference frame of the flame front

Inclined flame front

Burnt gas

Fresh mixture

deviation of the stream lines

tilted front

Ub

UL
=

�u

�b
=

Tb

Tu

u−|B > UL

u−|A < UL

flame motion

flame motion

instability mechanism
�� dL, dL/�� 0

� � UL/�

dL

”instantaneous” modification of the flow field, both upstream and donstream
(low Mach nb approx: the speed of sound is infinite, a � �)

conservation of mass + isobaric approx



Unburned gas Burned gas

ρ− ρ+

x = α(y, t)

α�
y ≡ ∂α/∂y

nf =



 1�
1 + α�2

y

, −
α�

y�
1 + α�2

y



 , un ≡ uf .nf =
�
uf − α�

ywf

�
/
�

1 + α�2
y

wtg =
�
wf + α�

yuf

�
/
�

1 + α�2
y

α̇t ≡ ∂α/∂t Df =
α̇t�

1 + α�2
y

normal velocity of the front

equation of the perturbed front

ρ−U−n = ρ+U+
n

ρ−
�
u−f − α̇t − α�

yw−
f

�
= ρ+

�
u+

f − α̇t − α�
yw+

f

�

conservation of mass

uf = (uf , wf )flow velocity at the front
P.Clavin IV
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Wtg = wtgUn ≡ un −Df =
�
uf − α̇t − α�

ywf

�
/
�

1 + α�2
y

flow velocity relative to the perturbed front

normal component tangentail component

( reference frame !)

reference frame of the planar unperturbed flame
(x = 0)<latexit sha1_base64="gCq/5aWCSzYNmQZTwKDRtV/RueI="></latexit>

[x� ↵(y, t)] ! x

[Wtg]
+
− = 0

�
p + ρU2

n

�+
− = 0

p−f + ρ−

�
u−f − α̇t − α�

yw−
f

�2

1 + α�2
y

= p+
f + ρ+

�
u+

f − α̇t − α�
yw+

f

�2

1 + α�2
y

�
w−

f + α�
yu−f

�
=

�
w+

f + α�
yu+

f

�

conservation of momentum

normal tangential
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Lecture 4 : Hydrodynamic instability of flames

4-2. Linearized Euler equations of an incompressible fluid

4-1. Jump across an hydrodynamic discontinuity

4-3. Conditions at the front

4-4. Dynamics of passive interfaces

4-5. Darrieus-Landau instability

4-6. Curvature e�ect: a simplified approach

(G. Darrieus 1938, L. Landau 1944)



Linearized Euler equations for an incompressible and inviscid flow 
Linear

a = a + δa
mf = ρ−u−f = ρ+u+

f

∂

∂x
δu± +

∂

∂y
δw± = 0,

�
ρ±

∂

∂t
+ mf

∂

∂x

�
δu± = − ∂

∂x
δπ±

�
ρ±

∂

∂t
+ mf

∂

∂x

�
δw± = − ∂

∂y
δπ±,

x→ −∞ : no disturbances, δu− = 0
x→ +∞ : disturbances remain finite,

π± ≡ p± − ρ±g(t)x,

external force per unit volume
<latexit sha1_base64="6RHPlY1MxxsljjKMgO3MDd1n7Lo="></latexit><latexit sha1_base64="1dkzTZOd+Yw0VGnue2stOtkKEjQ="></latexit><latexit sha1_base64="1dkzTZOd+Yw0VGnue2stOtkKEjQ="></latexit><latexit sha1_base64="8prRYE8QKkqgtGUF2UltiEWywFc="></latexit>

⇢ g
<latexit sha1_base64="6MR0A+bOIwCvptiP9sWnZUbT9j0="></latexit><latexit sha1_base64="1G8jBBzYu3Wh9QXe+DVNkfdJ7go="></latexit><latexit sha1_base64="1G8jBBzYu3Wh9QXe+DVNkfdJ7go="></latexit><latexit sha1_base64="7pjEQRUrq3uxs4Wl9pMfPz15Gg8="></latexit>

acceleration  
in the normal direction

�
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

�
δπ± = 0

Laplace equation for the pressure
<latexit sha1_base64="1Gvyyuh/CujaKS3jSf+5IAVBYFM="></latexit><latexit sha1_base64="Zu5kGx3b8cN7xcgFBQ/0HfMyt/U="></latexit><latexit sha1_base64="Zu5kGx3b8cN7xcgFBQ/0HfMyt/U="></latexit><latexit sha1_base64="arrT0ZnWMDPTIAtL6ys17E80sgQ="></latexit>

δa(x,y, t) = ã(x, t)eik.y α(y, t) = α̃(t)eik.y

transverse coordinates

Fourier decomposition of the flame surface x = ↵(y, t)
<latexit sha1_base64="IFF6tn6rLQZlKOrbNxfnkG1XoYg="></latexit><latexit sha1_base64="qFMXxdmwuYQYQzOyCaHVCmb7gGE="></latexit><latexit sha1_base64="qFMXxdmwuYQYQzOyCaHVCmb7gGE="></latexit><latexit sha1_base64="4p23SHDkjMSybWJ2UeJ9IjjQHHE="></latexit>

↵(y, t) = ↵̃(t) e ik.y
<latexit sha1_base64="xt5/6WFjscaqyiE7DBvNqNGvRSc="></latexit><latexit sha1_base64="usWiE8MiI32zlYnfMQXMg8E2NaE="></latexit><latexit sha1_base64="usWiE8MiI32zlYnfMQXMg8E2NaE="></latexit><latexit sha1_base64="03BA47/PwtddJKg7kRTE78Tzshc="></latexit>

k = (2⇡/⇤)nk
<latexit sha1_base64="Nzf1aLOZt27PwIFpdnQvgO+NbNU="></latexit><latexit sha1_base64="SO9wNdY/U8wmE1fjlHUNd3wuO+Y="></latexit><latexit sha1_base64="SO9wNdY/U8wmE1fjlHUNd3wuO+Y="></latexit><latexit sha1_base64="UpL7BtGe76fFMnDFnMZQ5ERns38="></latexit>

wave vector
<latexit sha1_base64="bPtKQOCt4wwkUrkGn3D9129WZ9Q="></latexit><latexit sha1_base64="bPtKQOCt4wwkUrkGn3D9129WZ9Q="></latexit><latexit sha1_base64="bPtKQOCt4wwkUrkGn3D9129WZ9Q="></latexit><latexit sha1_base64="ZU5pw6/2bqEwpaFi4rlqIcrPpvQ="></latexit>

k = |k| = 2⇡/⇤
<latexit sha1_base64="hQHjSbamUsF5bcWzRK3y/cWDYuA="></latexit><latexit sha1_base64="hQHjSbamUsF5bcWzRK3y/cWDYuA="></latexit><latexit sha1_base64="hQHjSbamUsF5bcWzRK3y/cWDYuA="></latexit><latexit sha1_base64="wCcNGLufNW/PEYay7DJ3yjoNW1o="></latexit>

wave length
<latexit sha1_base64="/dwByE2shgutG4cut0nk3oUILDM="></latexit><latexit sha1_base64="3zcFtJM1BnkKxBETPjUK54+RMzQ="></latexit><latexit sha1_base64="3zcFtJM1BnkKxBETPjUK54+RMzQ="></latexit><latexit sha1_base64="uXmGs0anr1mS7mKXsHck2uNaJ2I="></latexit>

x
<latexit sha1_base64="O9GFrmIuuqzqmADBlulA+dT2jEA="></latexit><latexit sha1_base64="O9GFrmIuuqzqmADBlulA+dT2jEA="></latexit><latexit sha1_base64="O9GFrmIuuqzqmADBlulA+dT2jEA="></latexit><latexit sha1_base64="tyaC3NnzwjonHqBtKyUmddUdI90=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwVZJu1F3BjcsW7ANqKZN0WscmmZBMxFL6BW71s/wA/0D/wjtjCmoRnUDmzLnnHu7DiwORKsd5LVgrq2vrG8XN0tb2zu5eef+gncos8XnLl4FMuh5LeSAi3lJCBbwbJ5yFXsA73uRSxzv3PEmFjK7VNOb9kI0jMRI+U0Q1HwblilN1zLGXgZuDCvLTkOUX3GAICR8ZQnBEUIQDMKT09eDCQUxcHzPiEkLCxDnmKFFuRipOCkbshP5jes0IS9JI0s9h44TikpQJYe1sm3hmXDT7uw+jmnQdU7q93CskVuGW2L/yFsr/5vWIVRjh3HQraBaxYfRU/NwlMxPQldtfulLkEBOn8ZDiCWHfZC5mapuc1PSu58hM/M0oNavffq7N8K6rpGW6P1e3DNq1qutU3aZTqV/kay3iCMc4pd2doY4rNNAy3o94wrNVs7rWwGKfUquQ5xzi27HuPgAztorp</latexit>

y
<latexit sha1_base64="w6VDxgjMc4T9uwpmUiUuG5yYUy8="></latexit><latexit sha1_base64="OG93IOAt3SQEIiiq32lJ8qGYQQU="></latexit><latexit sha1_base64="OG93IOAt3SQEIiiq32lJ8qGYQQU="></latexit><latexit sha1_base64="L/JcSTXnbLAfWqS1gmlvtb8BMns=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwVZJurLuCG5ct2AfUUibptI5NMiGZCKX0C9zqZ/kB/oH+hXfGFNQiOoHMmXPPPdyHFwciVY7zWrDW1jc2t4rbpZ3dvf2D8uFRJ5VZ4vO2LwOZ9DyW8kBEvK2ECngvTjgLvYB3vemVjncfeJIKGd2oWcwHIZtEYix8pohqzYblilN1zLFXgZuDCvLTlOUX3GIECR8ZQnBEUIQDMKT09eHCQUzcAHPiEkLCxDkWKFFuRipOCkbslP4Tes0JS9JI0i9g44zikpQJYe1sm3hmXDT7uw+jmnQdM7q93CskVuGO2L/ylsr/5vWJVRijbroVNIvYMHoqfu6SmQnoyu0vXSlyiInTeETxhLBvMpcztU1OanrXc2Qm/maUmtVvP9dmeNdV0jLdn6tbBZ1a1XWqbsupNC7ztRZxglOc0+4u0MA1mmgb70c84dmqWT1raLFPqVXIc47x7Vj3HzYCiuo=</latexit>

burned gas
<latexit sha1_base64="HxF6ixCz+nw1EQgS0bMWqQnoefI="></latexit><latexit sha1_base64="IgDOEfHS3C+LD1y4c23DOkqiQGc="></latexit><latexit sha1_base64="IgDOEfHS3C+LD1y4c23DOkqiQGc="></latexit><latexit sha1_base64="yPdvhfnLeH5BQu2+JGZatj8HUMk="></latexit>

fresh mixture
<latexit sha1_base64="f9M5bQKjkyvTjyJBUq+eE6ehtPo="></latexit><latexit sha1_base64="Sa+6Jy4KUkDpfznCfkeekjDbBOc="></latexit><latexit sha1_base64="Sa+6Jy4KUkDpfznCfkeekjDbBOc="></latexit><latexit sha1_base64="xvokKo6mjL2x0UWauMkJAg+QJuo="></latexit>

⇢�
<latexit sha1_base64="Ymitw/PhCmaNSaMznQ44J5KfeLA="></latexit><latexit sha1_base64="2mCTNGCeX7QTr38NTWw4WYpm484="></latexit><latexit sha1_base64="2mCTNGCeX7QTr38NTWw4WYpm484="></latexit><latexit sha1_base64="GDyOngEbMO0dVfTce2WY3lLbXyk="></latexit>

⇢+
<latexit sha1_base64="6ucigDC410OW80IhK6JGHm4G2dk="></latexit><latexit sha1_base64="Z/0F3CfN8jE1ULVrPzsRleZ98QI="></latexit><latexit sha1_base64="Z/0F3CfN8jE1ULVrPzsRleZ98QI="></latexit><latexit sha1_base64="fRq9dY3h0doyCQZ1Th7CV6fBx/Q="></latexit>

⇤
<latexit sha1_base64="2VwmW9Sycb1alRkqanOp30UHai4="></latexit><latexit sha1_base64="2VwmW9Sycb1alRkqanOp30UHai4="></latexit><latexit sha1_base64="2VwmW9Sycb1alRkqanOp30UHai4="></latexit><latexit sha1_base64="JVyfI2XqR6HVxVNRwGYnUIIpPwU="></latexit>

The Fourier components depends also on k

Linear problem
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flow velocity

∂

∂x
δu± +

∂

∂y
δw± = 0,

�
ρ±

∂

∂t
+ mf

∂

∂x

�
δu± = − ∂

∂x
δπ±

�u±(x,y, t) = ũ±(x, t) eik.y
<latexit sha1_base64="4V2rkH3rDwmMVW8qETFMhe3QK7k="></latexit><latexit sha1_base64="4V2rkH3rDwmMVW8qETFMhe3QK7k="></latexit><latexit sha1_base64="4V2rkH3rDwmMVW8qETFMhe3QK7k="></latexit><latexit sha1_base64="OGolO8pObmVsprMkFqTPVnlUcFE="></latexit>

�w±(x,y, t) = w̃±(x, t) eik.y
<latexit sha1_base64="YV71fF4MI+/Lzz0AWlJZiDYjrlo="></latexit><latexit sha1_base64="YV71fF4MI+/Lzz0AWlJZiDYjrlo="></latexit><latexit sha1_base64="YV71fF4MI+/Lzz0AWlJZiDYjrlo="></latexit><latexit sha1_base64="vnkX3a1G17A+4mN4AsdaWa26Eg0="></latexit>

ρ±
�

∂

∂t
+ u±

∂

∂x

�
ũ±(x, t) = ±|k|π̃±f (t)e∓|k|x∂ũ±

∂x
+ ik.w̃± = 0

�
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

�
δπ± = 0

x→ −∞ : no disturbances, δu− = 0
x→ +∞ : disturbances remain finite,

π± ≡ p± − ρ±g(t)x,

x
<latexit sha1_base64="O9GFrmIuuqzqmADBlulA+dT2jEA="></latexit><latexit sha1_base64="O9GFrmIuuqzqmADBlulA+dT2jEA="></latexit><latexit sha1_base64="O9GFrmIuuqzqmADBlulA+dT2jEA="></latexit><latexit sha1_base64="tyaC3NnzwjonHqBtKyUmddUdI90=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwVZJu1F3BjcsW7ANqKZN0WscmmZBMxFL6BW71s/wA/0D/wjtjCmoRnUDmzLnnHu7DiwORKsd5LVgrq2vrG8XN0tb2zu5eef+gncos8XnLl4FMuh5LeSAi3lJCBbwbJ5yFXsA73uRSxzv3PEmFjK7VNOb9kI0jMRI+U0Q1HwblilN1zLGXgZuDCvLTkOUX3GAICR8ZQnBEUIQDMKT09eDCQUxcHzPiEkLCxDnmKFFuRipOCkbshP5jes0IS9JI0s9h44TikpQJYe1sm3hmXDT7uw+jmnQdU7q93CskVuGW2L/yFsr/5vWIVRjh3HQraBaxYfRU/NwlMxPQldtfulLkEBOn8ZDiCWHfZC5mapuc1PSu58hM/M0oNavffq7N8K6rpGW6P1e3DNq1qutU3aZTqV/kay3iCMc4pd2doY4rNNAy3o94wrNVs7rWwGKfUquQ5xzi27HuPgAztorp</latexit>

y
<latexit sha1_base64="w6VDxgjMc4T9uwpmUiUuG5yYUy8="></latexit><latexit sha1_base64="OG93IOAt3SQEIiiq32lJ8qGYQQU="></latexit><latexit sha1_base64="OG93IOAt3SQEIiiq32lJ8qGYQQU="></latexit><latexit sha1_base64="L/JcSTXnbLAfWqS1gmlvtb8BMns=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwVZJurLuCG5ct2AfUUibptI5NMiGZCKX0C9zqZ/kB/oH+hXfGFNQiOoHMmXPPPdyHFwciVY7zWrDW1jc2t4rbpZ3dvf2D8uFRJ5VZ4vO2LwOZ9DyW8kBEvK2ECngvTjgLvYB3vemVjncfeJIKGd2oWcwHIZtEYix8pohqzYblilN1zLFXgZuDCvLTlOUX3GIECR8ZQnBEUIQDMKT09eHCQUzcAHPiEkLCxDkWKFFuRipOCkbslP4Tes0JS9JI0i9g44zikpQJYe1sm3hmXDT7uw+jmnQdM7q93CskVuGO2L/ylsr/5vWJVRijbroVNIvYMHoqfu6SmQnoyu0vXSlyiInTeETxhLBvMpcztU1OanrXc2Qm/maUmtVvP9dmeNdV0jLdn6tbBZ1a1XWqbsupNC7ztRZxglOc0+4u0MA1mmgb70c84dmqWT1raLFPqVXIc47x7Vj3HzYCiuo=</latexit>

burned gas
<latexit sha1_base64="HxF6ixCz+nw1EQgS0bMWqQnoefI="></latexit><latexit sha1_base64="IgDOEfHS3C+LD1y4c23DOkqiQGc="></latexit><latexit sha1_base64="IgDOEfHS3C+LD1y4c23DOkqiQGc="></latexit><latexit sha1_base64="yPdvhfnLeH5BQu2+JGZatj8HUMk="></latexit>

fresh mixture
<latexit sha1_base64="f9M5bQKjkyvTjyJBUq+eE6ehtPo="></latexit><latexit sha1_base64="Sa+6Jy4KUkDpfznCfkeekjDbBOc="></latexit><latexit sha1_base64="Sa+6Jy4KUkDpfznCfkeekjDbBOc="></latexit><latexit sha1_base64="xvokKo6mjL2x0UWauMkJAg+QJuo="></latexit>

⇢�
<latexit sha1_base64="Ymitw/PhCmaNSaMznQ44J5KfeLA="></latexit><latexit sha1_base64="2mCTNGCeX7QTr38NTWw4WYpm484="></latexit><latexit sha1_base64="2mCTNGCeX7QTr38NTWw4WYpm484="></latexit><latexit sha1_base64="GDyOngEbMO0dVfTce2WY3lLbXyk="></latexit>

⇢+
<latexit sha1_base64="6ucigDC410OW80IhK6JGHm4G2dk="></latexit><latexit sha1_base64="Z/0F3CfN8jE1ULVrPzsRleZ98QI="></latexit><latexit sha1_base64="Z/0F3CfN8jE1ULVrPzsRleZ98QI="></latexit><latexit sha1_base64="fRq9dY3h0doyCQZ1Th7CV6fBx/Q="></latexit>

⇤
<latexit sha1_base64="2VwmW9Sycb1alRkqanOp30UHai4="></latexit><latexit sha1_base64="2VwmW9Sycb1alRkqanOp30UHai4="></latexit><latexit sha1_base64="2VwmW9Sycb1alRkqanOp30UHai4="></latexit><latexit sha1_base64="JVyfI2XqR6HVxVNRwGYnUIIpPwU="></latexit>

↵(y, t) = ↵̃(t) e ik.y
<latexit sha1_base64="xt5/6WFjscaqyiE7DBvNqNGvRSc="></latexit><latexit sha1_base64="usWiE8MiI32zlYnfMQXMg8E2NaE="></latexit><latexit sha1_base64="usWiE8MiI32zlYnfMQXMg8E2NaE="></latexit><latexit sha1_base64="03BA47/PwtddJKg7kRTE78Tzshc="></latexit>

k = (2⇡/⇤)nk
<latexit sha1_base64="Nzf1aLOZt27PwIFpdnQvgO+NbNU="></latexit><latexit sha1_base64="SO9wNdY/U8wmE1fjlHUNd3wuO+Y="></latexit><latexit sha1_base64="SO9wNdY/U8wmE1fjlHUNd3wuO+Y="></latexit><latexit sha1_base64="UpL7BtGe76fFMnDFnMZQ5ERns38="></latexit>

wave vector
<latexit sha1_base64="bPtKQOCt4wwkUrkGn3D9129WZ9Q="></latexit><latexit sha1_base64="bPtKQOCt4wwkUrkGn3D9129WZ9Q="></latexit><latexit sha1_base64="bPtKQOCt4wwkUrkGn3D9129WZ9Q="></latexit><latexit sha1_base64="ZU5pw6/2bqEwpaFi4rlqIcrPpvQ="></latexit>

k = |k| = 2⇡/⇤
<latexit sha1_base64="hQHjSbamUsF5bcWzRK3y/cWDYuA="></latexit><latexit sha1_base64="hQHjSbamUsF5bcWzRK3y/cWDYuA="></latexit><latexit sha1_base64="hQHjSbamUsF5bcWzRK3y/cWDYuA="></latexit><latexit sha1_base64="wCcNGLufNW/PEYay7DJ3yjoNW1o="></latexit>

�⇡±(x,y, t) = ⇡̃±(x, t) eik.y
<latexit sha1_base64="lrUnZiQ2EkDEySiTUCWAYHjUGbI="></latexit><latexit sha1_base64="lrUnZiQ2EkDEySiTUCWAYHjUGbI="></latexit><latexit sha1_base64="lrUnZiQ2EkDEySiTUCWAYHjUGbI="></latexit><latexit sha1_base64="tka7LU43qvEL+Z1p0TJhtQLIBPM="></latexit>

∂2π̃±

∂x2
− |k|2π̃± = 0 π̃±(x, t) = π̃±f (t)e∓|k|xpressure

value at the front
<latexit sha1_base64="F08GdFFrpT6vokqXsnYlOicyKlo="></latexit><latexit sha1_base64="x8OP5JhmgsvWpTHO1bZVGtL1sA4="></latexit><latexit sha1_base64="x8OP5JhmgsvWpTHO1bZVGtL1sA4="></latexit><latexit sha1_base64="bo77cawxUzO8QWAZGI4cWhGlnTU="></latexit>

x = 0
<latexit sha1_base64="ZW0K+ZD9cenoXMe9DPxAiw36b+M="></latexit><latexit sha1_base64="ZW0K+ZD9cenoXMe9DPxAiw36b+M="></latexit><latexit sha1_base64="ZW0K+ZD9cenoXMe9DPxAiw36b+M="></latexit><latexit sha1_base64="mjIf3Zf2DllFwceTd56RcEfK6lc="></latexit>

given !
<latexit sha1_base64="xUnWg6gUhkpoWxJFUPeGnmhqrfE="></latexit><latexit sha1_base64="QALtLVRkKDZWmhds7RtYIJPsFOA="></latexit><latexit sha1_base64="QALtLVRkKDZWmhds7RtYIJPsFOA="></latexit><latexit sha1_base64="0cXSqmq8U27Lo0PGtde1LPKXYN0="></latexit>

Laplace equation

Fourier decomposition:



ρ±
�

∂

∂t
+ u±

∂

∂x

�
ũ±(x, t) = ±|k|π̃±f (t)e∓|k|x∂ũ±

∂x
+ ik.w̃± = 0

ũ±(x, t) = ũ±R(x, t) + ũ±P (x, t)

general solution to the homogeneous equation + particular solution of the full equation
<latexit sha1_base64="fvZT2prlqqMCCea896cFhTk2Pm8="></latexit><latexit sha1_base64="3U0qYDCHJhdNY8FmoYf7rOoiMF8="></latexit><latexit sha1_base64="3U0qYDCHJhdNY8FmoYf7rOoiMF8="></latexit><latexit sha1_base64="meJvOb+EwXJ87WRe+r69nvAvRG8="></latexit>

π̃±(x, t) = π̃±f (t)e∓|k|x

∂ũ±R
∂t

+ u±
∂ũ±R
∂x

= 0, ũ±R = ũ±r (t− x/u±), ũ−R = 0, ũ+
R = ũ+

r (t− x/u±),
vorticity of the burnt gas flow

general solution to the homogeneous equation
<latexit sha1_base64="wf+4wEhn9PxDAqWY28lLdb4NInU="></latexit><latexit sha1_base64="spvy4y1P23/E/nZJePLtD+R5JJc="></latexit><latexit sha1_base64="spvy4y1P23/E/nZJePLtD+R5JJc="></latexit><latexit sha1_base64="mNM4O8Ie8JDC23KCYumuepIrwsQ="></latexit>

<latexit sha1_base64="7arQwMnufVfTIB9O6YtFICCj6Vg="></latexit>

u�(x, t) = u�
P (x, t)

potential flow in unburned gas

ũ±P (x, t) = ũ±p (t)e∓kx,

look for a particular solution of the form
<latexit sha1_base64="ston/Wml4/Ds1N4PIKdaHExsdYo="></latexit><latexit sha1_base64="CaGvP1cu1sdVyw9qva1VdQeGbVE="></latexit><latexit sha1_base64="CaGvP1cu1sdVyw9qva1VdQeGbVE="></latexit><latexit sha1_base64="tOCuGQL1bRuGAga2hvfugb44AcQ="></latexit>

particular solution
<latexit sha1_base64="7qHCV5Add/FpYkYO0q2PaKeUHlY="></latexit><latexit sha1_base64="dvG02gC5s1mEn/fBE1vGjID56Gg="></latexit><latexit sha1_base64="dvG02gC5s1mEn/fBE1vGjID56Gg="></latexit><latexit sha1_base64="KWK+4rZOmpldyAp/GCcwGnvlAZc="></latexit>

ρ±
�

d
dt
∓ u±k

�
ũ±p (t) = ±kπ̃±f (t))

<latexit sha1_base64="zXeAbIkgOkt8BT28PivQrrOOpws="></latexit><latexit sha1_base64="goKCS9V2IvBFFwvtOxiRuQGNCMQ="></latexit><latexit sha1_base64="goKCS9V2IvBFFwvtOxiRuQGNCMQ="></latexit><latexit sha1_base64="hhkDAYeeQoOOfeOzvUq379Wn3PQ="></latexit>

3 unknown functions: ũ−f (t), ũ+
p (t), ũ+

r (t)

corresponding to the flow at the front x = 0
<latexit sha1_base64="bGcGRZYb9fa6qfSYTTawEVlA5bM="></latexit><latexit sha1_base64="MbYy4n0RrwLSEuf4b0gMqjjdZBc="></latexit><latexit sha1_base64="MbYy4n0RrwLSEuf4b0gMqjjdZBc="></latexit><latexit sha1_base64="MM+LZRaPdOp6WlF1Xz9ukNnh4S0="></latexit>

<latexit sha1_base64="+Vo978heWpcO7aBcLruZnWOzLdQ="></latexit>

x ! �1 : ũ� = 0; ũ�(x, t) = ũ�
f (t)e

kx

<latexit sha1_base64="s2fW28b7XuG0ymV7POwqe8k6SnE="></latexit>

ũ�
f (t) ⌘ ũ�

p (t)

π̃±(x, t) = π̃±f (t)e∓|k|x

source term



P.Clavin IV

3 unknown functions: ũ−f (t), ũ+
p (t), ũ+

r (t)

x < 0 :






ũ−(x, t) = ũ−f (t)e+kx,

kπ̃−(x, t) = −ρ−
�

d
dt

+ u−k

�
ũ−f (t)e+kx,






ũ+(x, t) = ũ+
p (t)e−kx + ũ+

r (t− x/u+),

kπ̃+(x, t) = ρ+

�
d
dt
− u+k

�
ũ+

p (t)e−kx,
x > 0 :

Linear solution of the Euler equations
<latexit sha1_base64="LbOJeyY2WiWGUOE7pxVRGcuJrDA="></latexit><latexit sha1_base64="gJfKlLR+nmy2v1VP/DZhRNN7A6w="></latexit><latexit sha1_base64="gJfKlLR+nmy2v1VP/DZhRNN7A6w="></latexit><latexit sha1_base64="RONShOZ8//6jyB0rGL7SmmjE1Gw="></latexit>

flow on the front
<latexit sha1_base64="tkrgoKQjoCKNTW635bzsAZXAieM="></latexit><latexit sha1_base64="tkrgoKQjoCKNTW635bzsAZXAieM="></latexit><latexit sha1_base64="tkrgoKQjoCKNTW635bzsAZXAieM="></latexit><latexit sha1_base64="pVSsjQq4a/3hd/jSjoGigWy+hJg="></latexit>

2 for the conservation of normal and tangential momentum

4 boundary conditions at the flame front involving the additional unknown α̃(t)

δm−
f = δm+

f = 0
2 for the conservation of mass (inner flame structure not modified)

m � �(u� ��/�t)

Boundary conditions on the front
<latexit sha1_base64="WtHci+dAh7LNF57gBje9pDhdyfE="></latexit><latexit sha1_base64="+Wk0ETGcrL4Px/N9TANTfMrJwnQ="></latexit><latexit sha1_base64="+Wk0ETGcrL4Px/N9TANTfMrJwnQ="></latexit><latexit sha1_base64="6LvLThUReWnk+ntMF3IJHXHUk+A="></latexit>

Unburned gas flow

Burned gas flow
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Lecture 4 : Hydrodynamic instability of flames

4-2. Linearized Euler equations of an incompressible fluid

4-1. Jump across an hydrodynamic discontinuity

4-3. Conditions at the front

ρ−U−n = ρ+U+
n

ρ−
�
u−f − α̇t − α�

yw−
f

�
= ρ+

�
u+

f − α̇t − α�
yw+

f

�

conservation of mass

[Wtg]
+
− = 0

�
p + ρU2

n

�+
− = 0

p−f + ρ−

�
u−f − α̇t − α�

yw−
f

�2

1 + α�2
y

= p+
f + ρ+

�
u+

f − α̇t − α�
yw+

f

�2

1 + α�2
y

�
w−

f + α�
yu−f

�
=

�
w+

f + α�
yu+

f

�

conservation of momentum

normal tangential



elimination of ũ+
p

12

⇒
dũ+

r

dt
= −

dũ+
p

dt
+

d2α̃

dt2

Normal momentum

δp−f + 2ρ−u−f (δu−f − α̇t) = δp+
f + 2ρ+u+

f (δu+
f − α̇t)

IV-3) Conditions at the  front

kũ+
p (t) +

1
u+

dũ+
r (t)
dt

+ kũ−f (t) = mf

�
1

ρ+ −
1

ρ−

�
k2α̃(t)⇒

k
d�̃

dt

d�̃

dt

notation
af (t) � a(x = 0, t)

a(x, t)

δa(x,y, t) = ã(x, t)eik.y α(y, t) = α̃(t)eik.y

transverse coordinates

π̃+
f − π̃−f = (ρ− − ρ+)g(t)α̃(t)⇒

hydrostatic presure

π± ≡ p± − ρ±g(t)x,

x < 0 :






ũ−(x, t) = ũ−f (t)e+kx,

kπ̃−(x, t) = −ρ−
�

d
dt

+ u−k

�
ũ−f (t)e+kx,






ũ+(x, t) = ũ+
p (t)e−kx + ũ+

r (t− x/u+),

kπ̃+(x, t) = ρ+

�
d
dt
− u+k

�
ũ+

p (t)e−kx,
x > 0 :

ik.w̃−(x, t) = −kũ−(x, t), ik.w̃+(x, t) = − ∂

∂x
ũ+(x, t).

���
y/�y � �k2�̃(t) = kũ+

p + (1/u+)dũ
+
r /dt

<latexit sha1_base64="ipXUbhx0WX2MPMpPt+ZbHut7Buk="></latexit><latexit sha1_base64="S9S+tnisd0XPhBWluy75ml6kyVE="></latexit><latexit sha1_base64="S9S+tnisd0XPhBWluy75ml6kyVE="></latexit><latexit sha1_base64="4t7409Wo924hbXCgQcpupK0uzoE="></latexit>

⇒

ũ−f = dα̃/dt ⇒

Equation for the front

(�� + �+)
d2�̃

dt2
+ 2mfk

d�̃

dt
�

�
(�� � �+)g(t)k + (u+ � u�)mfk2

�
�̃ = 0

↵(y, t) = ↵̃(t) e ik.y
<latexit sha1_base64="xt5/6WFjscaqyiE7DBvNqNGvRSc="></latexit><latexit sha1_base64="usWiE8MiI32zlYnfMQXMg8E2NaE="></latexit><latexit sha1_base64="usWiE8MiI32zlYnfMQXMg8E2NaE="></latexit><latexit sha1_base64="03BA47/PwtddJKg7kRTE78Tzshc="></latexit>

Linear dynamical

ũ−f (t) = ũ+
p (t) + ũ+

r (t) = dα̃/dt
ρ−

�
δu−f − α̇t

�
= ρ+

�
δu+

f − α̇t

�
= 0 δu−f = δu+

f = α̇t⇒

Mass ρ−
�
u−f − α̇t − α�

yw−
f

�
= ρ+

�
u+

f − α̇t − α�
yw+

f

�
= 0

<latexit sha1_base64="HtRvI18LZArNUcEia6CZm8xiWis="></latexit><latexit sha1_base64="N6Ny8OW0nzH73gR8yDPkA9lvV08="></latexit><latexit sha1_base64="N6Ny8OW0nzH73gR8yDPkA9lvV08="></latexit><latexit sha1_base64="mpcmWBEET/MSZcUfXLoG637r4Cs="></latexit>

potential rotational<latexit sha1_base64="ehoOE+JvozT52nG2Q2ASNvM4u2g="></latexit>

@↵/@t

Tangential momentum
∂

∂y

�
w−

f + α�
yu−f

�
=

∂

∂y

�
w+

f + α�
yu+

f

�� �
<latexit sha1_base64="IwbrJCCvbpXB/507oQFcFHJptQk="></latexit>

@/@y
⇒

�
1

u+

d
dt
− k

�
ũ+

p = −mf

�
1

ρ+ −
1

ρ−

�
k2α̃ +

1
u+

d2α̃

dt2
+ kũ−f

elimination of dũ+
r /dt

⇒ mf

�
1

u+

d
dt
− k

�
ũ+

p + mf

�
1

u−
d
dt

+ k

�
ũ−f = (ρ− − ρ+)kg(t)α̃(t)

⇒



(�� + �+)
d2�̃

dt2
+ 2mfk

d�̃

dt
�

�
(�� � �+)g(t)k + (u+ � u�)mfk2

�
�̃ = 0

Equation for the Fourier components of the front
<latexit sha1_base64="DI0gYX1ycEINdUAb3TJVahVv/NQ="></latexit><latexit sha1_base64="fxvdrPm0nzij9InQgTaSp0MSBgg="></latexit><latexit sha1_base64="fxvdrPm0nzij9InQgTaSp0MSBgg="></latexit><latexit sha1_base64="p1119Rc+t30oHInS+iJtpQw/mw0="></latexit>

SUMMARY
<latexit sha1_base64="/9LlJ9L9VgVNYzd3blWLAdSkFyA="></latexit><latexit sha1_base64="uDR+IcKkicyz1cFrSMZOiDWuDOc="></latexit><latexit sha1_base64="uDR+IcKkicyz1cFrSMZOiDWuDOc="></latexit><latexit sha1_base64="mkVFzRQ/j7RJ5rnZhmo2KU299Ig="></latexit>

Fourier decomposition of the flame surface x = ↵(y, t)
<latexit sha1_base64="IFF6tn6rLQZlKOrbNxfnkG1XoYg="></latexit><latexit sha1_base64="qFMXxdmwuYQYQzOyCaHVCmb7gGE="></latexit><latexit sha1_base64="qFMXxdmwuYQYQzOyCaHVCmb7gGE="></latexit><latexit sha1_base64="4p23SHDkjMSybWJ2UeJ9IjjQHHE="></latexit>

k = (2⇡/⇤)nk
<latexit sha1_base64="Nzf1aLOZt27PwIFpdnQvgO+NbNU="></latexit><latexit sha1_base64="SO9wNdY/U8wmE1fjlHUNd3wuO+Y="></latexit><latexit sha1_base64="SO9wNdY/U8wmE1fjlHUNd3wuO+Y="></latexit><latexit sha1_base64="UpL7BtGe76fFMnDFnMZQ5ERns38="></latexit>

wave vector
<latexit sha1_base64="bPtKQOCt4wwkUrkGn3D9129WZ9Q="></latexit><latexit sha1_base64="bPtKQOCt4wwkUrkGn3D9129WZ9Q="></latexit><latexit sha1_base64="bPtKQOCt4wwkUrkGn3D9129WZ9Q="></latexit><latexit sha1_base64="ZU5pw6/2bqEwpaFi4rlqIcrPpvQ="></latexit>

k = |k| = 2⇡/⇤
<latexit sha1_base64="hQHjSbamUsF5bcWzRK3y/cWDYuA="></latexit><latexit sha1_base64="hQHjSbamUsF5bcWzRK3y/cWDYuA="></latexit><latexit sha1_base64="hQHjSbamUsF5bcWzRK3y/cWDYuA="></latexit><latexit sha1_base64="wCcNGLufNW/PEYay7DJ3yjoNW1o="></latexit>

wave length
<latexit sha1_base64="/dwByE2shgutG4cut0nk3oUILDM="></latexit><latexit sha1_base64="3zcFtJM1BnkKxBETPjUK54+RMzQ="></latexit><latexit sha1_base64="3zcFtJM1BnkKxBETPjUK54+RMzQ="></latexit><latexit sha1_base64="uXmGs0anr1mS7mKXsHck2uNaJ2I="></latexit>

x
<latexit sha1_base64="O9GFrmIuuqzqmADBlulA+dT2jEA="></latexit><latexit sha1_base64="O9GFrmIuuqzqmADBlulA+dT2jEA="></latexit><latexit sha1_base64="O9GFrmIuuqzqmADBlulA+dT2jEA="></latexit><latexit sha1_base64="tyaC3NnzwjonHqBtKyUmddUdI90=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwVZJu1F3BjcsW7ANqKZN0WscmmZBMxFL6BW71s/wA/0D/wjtjCmoRnUDmzLnnHu7DiwORKsd5LVgrq2vrG8XN0tb2zu5eef+gncos8XnLl4FMuh5LeSAi3lJCBbwbJ5yFXsA73uRSxzv3PEmFjK7VNOb9kI0jMRI+U0Q1HwblilN1zLGXgZuDCvLTkOUX3GAICR8ZQnBEUIQDMKT09eDCQUxcHzPiEkLCxDnmKFFuRipOCkbshP5jes0IS9JI0s9h44TikpQJYe1sm3hmXDT7uw+jmnQdU7q93CskVuGW2L/yFsr/5vWIVRjh3HQraBaxYfRU/NwlMxPQldtfulLkEBOn8ZDiCWHfZC5mapuc1PSu58hM/M0oNavffq7N8K6rpGW6P1e3DNq1qutU3aZTqV/kay3iCMc4pd2doY4rNNAy3o94wrNVs7rWwGKfUquQ5xzi27HuPgAztorp</latexit>

y
<latexit sha1_base64="w6VDxgjMc4T9uwpmUiUuG5yYUy8="></latexit><latexit sha1_base64="OG93IOAt3SQEIiiq32lJ8qGYQQU="></latexit><latexit sha1_base64="OG93IOAt3SQEIiiq32lJ8qGYQQU="></latexit><latexit sha1_base64="L/JcSTXnbLAfWqS1gmlvtb8BMns=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwVZJurLuCG5ct2AfUUibptI5NMiGZCKX0C9zqZ/kB/oH+hXfGFNQiOoHMmXPPPdyHFwciVY7zWrDW1jc2t4rbpZ3dvf2D8uFRJ5VZ4vO2LwOZ9DyW8kBEvK2ECngvTjgLvYB3vemVjncfeJIKGd2oWcwHIZtEYix8pohqzYblilN1zLFXgZuDCvLTlOUX3GIECR8ZQnBEUIQDMKT09eHCQUzcAHPiEkLCxDkWKFFuRipOCkbslP4Tes0JS9JI0i9g44zikpQJYe1sm3hmXDT7uw+jmnQdM7q93CskVuGO2L/ylsr/5vWJVRijbroVNIvYMHoqfu6SmQnoyu0vXSlyiInTeETxhLBvMpcztU1OanrXc2Qm/maUmtVvP9dmeNdV0jLdn6tbBZ1a1XWqbsupNC7ztRZxglOc0+4u0MA1mmgb70c84dmqWT1raLFPqVXIc47x7Vj3HzYCiuo=</latexit>

burned gas
<latexit sha1_base64="HxF6ixCz+nw1EQgS0bMWqQnoefI="></latexit><latexit sha1_base64="IgDOEfHS3C+LD1y4c23DOkqiQGc="></latexit><latexit sha1_base64="IgDOEfHS3C+LD1y4c23DOkqiQGc="></latexit><latexit sha1_base64="yPdvhfnLeH5BQu2+JGZatj8HUMk="></latexit>

fresh mixture
<latexit sha1_base64="f9M5bQKjkyvTjyJBUq+eE6ehtPo="></latexit><latexit sha1_base64="Sa+6Jy4KUkDpfznCfkeekjDbBOc="></latexit><latexit sha1_base64="Sa+6Jy4KUkDpfznCfkeekjDbBOc="></latexit><latexit sha1_base64="xvokKo6mjL2x0UWauMkJAg+QJuo="></latexit>

⇢�
<latexit sha1_base64="Ymitw/PhCmaNSaMznQ44J5KfeLA="></latexit><latexit sha1_base64="2mCTNGCeX7QTr38NTWw4WYpm484="></latexit><latexit sha1_base64="2mCTNGCeX7QTr38NTWw4WYpm484="></latexit><latexit sha1_base64="GDyOngEbMO0dVfTce2WY3lLbXyk="></latexit>

⇢+
<latexit sha1_base64="6ucigDC410OW80IhK6JGHm4G2dk="></latexit><latexit sha1_base64="Z/0F3CfN8jE1ULVrPzsRleZ98QI="></latexit><latexit sha1_base64="Z/0F3CfN8jE1ULVrPzsRleZ98QI="></latexit><latexit sha1_base64="fRq9dY3h0doyCQZ1Th7CV6fBx/Q="></latexit>

⇤
<latexit sha1_base64="2VwmW9Sycb1alRkqanOp30UHai4="></latexit><latexit sha1_base64="2VwmW9Sycb1alRkqanOp30UHai4="></latexit><latexit sha1_base64="2VwmW9Sycb1alRkqanOp30UHai4="></latexit><latexit sha1_base64="JVyfI2XqR6HVxVNRwGYnUIIpPwU="></latexit>

mf = ⇢�UL
<latexit sha1_base64="mWpHWshZC6MGGGXwgx3TOfNA1Ak="></latexit><latexit sha1_base64="9iYxkuV8iRVAGQdXAOXjupSIiik="></latexit><latexit sha1_base64="9iYxkuV8iRVAGQdXAOXjupSIiik="></latexit><latexit sha1_base64="tF7spgMjC8W6u84m1/ryhV1pAH4="></latexit>

<latexit sha1_base64="eLCfIb3gxPLQpdJ5JDp3oio5yHo="></latexit>g

The Fourier components depends also on k

Ordinary differential equation of second order for the Fourier component
of the wrinkle labelled by the wave number  

gravity

<latexit sha1_base64="HX4gxh00E2X4LkxK9dO8ZFQ4Cog="></latexit>

↵̃k(t)

<latexit sha1_base64="y6DA42PuXZba2DSGZAFCpY4+3As="></latexit>

↵(y, t) = ↵̃k(t)e
iky

wave nb
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Lecture 4 : Hydrodynamic instability of flames

4-2. Linearized Euler equations of an incompressible fluid

4-1. Jump across an hydrodynamic discontinuity

4-3. Conditions at the front

4-4. Dynamics of passive interfaces

4-5. Darrieus-Landau instability

4-6. Curvature e�ect: a simplified approach
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(ρ− + ρ+)
d2α̃

dt2
+ 2mfk

dα̃

dt
− k[(ρ− − ρ+)g(t) + (u+ − u−)mfk]α̃ = 0

 Dynamics of a passive interface mf = 0

Rayleigh

α̃(t) = α̂ ei�t � = B
�

gk B �

�
(�+ � ��)
(�+ + ��)

g = cst.

Gravity waves

(ρ− − ρ+)g < 0
� � Im � �= 0

Faraday (parametric) instability. Mathieu’s equation
d2α̃

dt2
+ �2

o [1 + � cos(�τ)] α̃ = 0g(t) oscillating

linearly unstableRe(σ) < 0 : linearly stable Re(σ) > 0 :

α̃(t) = α̂ eσt �(y, t) = �̃(t)eik.y
Normal mode analysis

<latexit sha1_base64="Zag6gyNuABHcm2i6O/8SUeK6UTs="></latexit><latexit sha1_base64="IrDIvrLfGHftC2PYrGL7++zsXLA="></latexit><latexit sha1_base64="IrDIvrLfGHftC2PYrGL7++zsXLA="></latexit><latexit sha1_base64="LGS7L8kTnZiQZ/Oxix+vslKWrbw="></latexit>

Rayleigh-Taylor instability

g = cst. (ρ− − ρ+)g > 0 �2 �Atkg = 0, At > 0

g > 0, At ≡
ρ− − ρ+

ρ− + ρ+
> 0

Rayleigh-Taylor bubble (upwards propagation)

� =
�

Atgk
ok with dimension

Ububble = 0.361
�

2gR
Nonlinear analysis

<latexit sha1_base64="6atEkuGznHYqsINQdlm5WH60l7Y="></latexit><latexit sha1_base64="SebIJKY8V3+DE1aAyLOdFchZCAs="></latexit><latexit sha1_base64="SebIJKY8V3+DE1aAyLOdFchZCAs="></latexit><latexit sha1_base64="ZOW7rLKWZw1oI2VPujoN0j0WxcA="></latexit>
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Lecture 4 : Hydrodynamic instability of flames

4-2. Linearized Euler equations of an incompressible fluid

4-1. Jump across an hydrodynamic discontinuity

4-3. Conditions at the front

4-4. Dynamics of passive interfaces

4-5. Darrieus-Landau instability

4-6. Curvature e�ect: a simplified approach



P.Clavin IV IV-5) Darrieus-Landau instability of flames

shorter is the wavelength stronger is the instability !?k = 2π/Λ
however the analysis is valid only in the limit dL/Λ→ 0

17

Stabilisation at small wavelength, Λ ≈ dL

∂α

∂t
= BDT

∂2α

∂y2
. σdiff ≡ 1/τdiff = −BDT k2 = −BULk(dLk)

mf = ρ−u− = ρ+u+g = 0

ρu � ρb : σ =
�

UbUL k (ρu − ρb)/ρu � 1 : σ = (Ub − UL)k/2

σ ∝ ULkno length scale in the problem; dimensional analysis ⇒dL/Λ→ 0 :

(ρ− + ρ+)
d2α̃

dt2
+ 2mfk

dα̃

dt
− (u+ − u−)mfk2α̃ = 0

σ

ULk
=

1
1 + υ−1

b

�
−1±

�
1 + υb − υ−1

b

�
σ = AULk, A > 0u− ≡ UL

υb ≡ ρ−/ρ+ = u+/u− > 1 (ρ− + ρ+)σ2 + 2mfkσ − (u+ − u−)mfk2 = 0
α̃(t) = α̂ eσt

Darrieus 1938
Landau 1944

Landau Darrieus

Unstable

Stable

B > 0 ?first order correction

kdL < 1 : �/UL = Ak � Bk2dL + . . .

introduce the growth rate
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Lecture 4 : Hydrodynamic instability of flames

4-2. Linearized Euler equations of an incompressible fluid

4-1. Jump across an hydrodynamic discontinuity

4-3. Conditions at the front

4-4. Dynamics of passive interfaces

4-5. Darrieus-Landau instability

4-6. Curvature e�ect: a simplified approach

The full analysis can be found in

P. Clavin & G.Searby (2016) Combustion waves and fronts in flows Cambridge University Press pp.  61-69, 471-473

P. Clavin & F.A. Williams (1982) Journal of Fluid Mechanics 116 pp. 251-282
P. Pelcé & P. Clavin (1982) Journal of Fluid Mechanics 124 pp. 219-237
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 Curvature effect: a simplified approach

flame propagating downwards g < 0
�

1 +
ρb

ρu

�
d2α̃

dt2
+ 2ULk

dα̃

dt
=

�
ρu

ρb
− 1

�
k

�
− ρb

ρu
|g| + U2

Lk

�
1− k

km

��
α̃

1
km

≡ 2BdL

equation for the flame front

curvature effect
(ρu+ρb)

d2α̃

dt2
+2mfk

dα̃

dt
(1 + BkdL) = kα̃(ρu−ρb) [g(t) + UbULk (1− 2BkdL)]

(correction due to curvature, finite thickness effect kdL �= 0)

 G.H. Markestein  (1964) Nonsteady flame propagation  New York: Pergamon

δm−
f /ρ− ≡ (δu−f − α̇t) = −BDT ∂2α/∂y2

m̃−
f (t)/mf ≈ BdLk2α̃(t) DT = ULdL

first order in perturbation analysis dL/�� 1

modification to the inner flame structure
<latexit sha1_base64="9Y+W6JPGy6bkIdMum6gltWyr08A="></latexit>

�m�
f (t) ⇡ �m�

f (t) 6= 0

Normal momentum δp−f + 2ρ−u−f (δu−f − α̇t) = δp+
f + 2ρ+u+

f (δu+
f − α̇t)

π̃f+ − π̃f− = −2mf

�
1
ρb
− 1

ρu

�
m̃f (t) + (ρu − ρb)g(t)α̃(t)(flame notations: ρ+ → ρb, ρ− → ρu, ρu > ρb)

modification of the mass flux introduces new terms in the momentum eq.

non-dimensional parameters υb ≡ ρ−/ρ+ = u+/u− > 1
κ ≡ kdL G0 ≡ (ρb/ρu)Fr−1 Fr−1 ≡ |g|dL/U2

Lκm ≡ 1/(2B)s = ��L

(1 + ��1
b )s2 + 2�s� (�b � 1)�

�
�Go + �

�
1� �

�m

��
= 0

Froude number

Stability limits of flames propagating downwards
marginal wavenumber

�
−Go + κ

�
1− κ

κm

��
= 0,<latexit sha1_base64="ULqMc41RS3g9Hyn0o2DshlP98uI="></latexit>

s ⌘ �⌧L= 0



P.Clavin IV Stability limits of flames propagating downwards
κ ≡ kdL G0 ≡ (ρb/ρu)Fr−1 Fr−1 ≡ |g|dL/U2

Lκm ≡ 1/(2B)non-dimensional parameters

20

Flames propagating upwards: bubble flames

(1 + ��1
b )s2 + 2�s� (�b � 1)�

�
�Go + �

�
1� �

�m

��
= 0s = ��L

σ = 0marginal wavenumber
�
−Go + κ

�
1− κ

κm

��
= 0,

g = 0, G0 = 0

G0 = G0cG0 > G0c

UL < 10cm/s

curvature stabilizes the small wavelengths

gravity stabilizes the large wavelengths of slow propagating flame

Goc =
kcdL

2
, kc =

km

2
, ULc =

�

2
ρb

ρu

|g|
kc

the planar flame is stable (at all wavelength) beyond a stability threshold, namely for slow flames

UL ≈ 10cm/sMarginal wave number at the instability threshold 
<latexit sha1_base64="xApC2YL1L7PBJzZKnVKOvqLP4NE="></latexit>

kc

OK with experiments
G. Searby and J. Quinard (1990) Combust. Flame, 83 (3-4) 298-311

Slow flame propagating downwards

quadratic equation for the marginal wave number
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Lecture 5: Thermo-diffusive phenomena

5-1. Flame stretch and Markstein numbers

5-2. Thermo-di�usive instabilities
Planar flames for Le �= 1

Jump conditions across the reaction layer

Linear equations and linear analysis

Cellular instability (Le < 1)

Oscillatory instability (Le > 1)

Passive interfaces

One-step flame model

The second Markstein number

Unburnt gas Burnt gas<latexit sha1_base64="hJz7f3791IxuKxIUH1bydWwuCaQ="></latexit>

Le ⌘ DT /D
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Two mechanisms modify the inner flame structure

ρu ρb

TbTu

dL

tr
an

sv
er

se
ve

lo
ci

ty

transverse convectiontransverse diffusion

Unburnt gas Burnt gas

θ = 0

θ = 1

ψ = 0

ψ = 1

ξ = 0ξ = -√Le

θ, ψ

ξ

A

B

One-step model R→ P + Q

rate of stretch of flame surface

A single scalar: the Markstein number

normal flame velocity in the fresh mixture

M

(U−n − UL)/UL = −M(τL/τs)

1/τs

U−n = u−n −Df , u−n ≡ nf .u−f

U−n

<latexit sha1_base64="iHsRVEciY5L+5DUv0h62vTboiyQ="></latexit>

� � 1

5-1. Flame stretch and Markstein numbers



1
τs
≡ 1

δ2s

d
dt

δ2s = ∇.ue|f − nf .∇ue|f .nf .

P.Clavin V

4

Stretch rate, strain and curvature of a flame

ζcoordinate normal to the front
1

δ3r

d
dt

δ3r =
1

δ2s

d
dt

δ2s +
1
δζ

d
dt

δζ

1
δ3r

d
dt

δ3r = ∇.ue|felement of volume δ3r = δ2s δζ

continuity

1
τs

=
1

δ2s

dδ2s

dt
δ2selement of surface area drf/dt = ue(rf )

Passive interface

thickness of the element

(0 thickness, fully convected )

ue (rf + δζ nf ) ≈ ue (rf ) + δζ nf .∇ue

1
��

d
dt

�� = nf .�ue.nf

dδζ/dt = nf . [ue(rf + δζ nf )− ue(rf )]
<latexit sha1_base64="LfVJvcME3SasXKo1L+tBE2VRK9U="></latexit>

�⇣ ⌧ 1 :

normal to the front 
<latexit sha1_base64="30Yc2jIyf5WXPO2UF0hslnelv+4="></latexit>

|nf | = 1

flow velocity 

<latexit sha1_base64="kDIHEE1KQL9+/YABQJSO8OZ7Q4U="></latexit>

= r.ue|f

Flame (first order correction) dL/Λ� 1

ue(rf ) = u−f − ULnf

1/τs = −UL∇.nf +∇.u−|f − nf .∇u−|f .nf
nf .∇n|f .nf = 0

nf .nf = 1
flame moving with the normal velocity

<latexit sha1_base64="PE5cpjPwLeryJTXXy80sO5ljl4U="></latexit>

UL
flow velocity relative to  the flame 

flow velocity in the laboratory frame 
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1/τs = −UL∇.nf +∇.u−|f − nf .∇u−|f .nf

−∇.nf = 1/R ≡ (1/R1 + 1/R2)differential geometry

1/τs = UL/R− nf .∇u−|f .nf

incompressibility

front curvature strain rate
Burnt gas

Fresh

gas

Flame

S
tr

ea

m
l in

e

Solid wallImploding

flame

Quiescent

fresh gas

Outflowing

burnt gas

M =
υb

υb − 1
J +

l

2
D

(υb − 1)

J =
� 1

0

(υb − 1)λ(θ)
1 + (υb − 1)θ

dθ, D = −
� 1

0

(υb − 1)λ(θ) ln θ

1 + (υb − 1)θ
dθ,

υb ≡ ρu/ρb > 1 θ ≡ (T − Tu)/(Tb − Tu) heat conductivity λ(θ)l ≡ β(Le− 1)
gas expansion ⇒ hydrodynamics kinetics + diffusion

(U−n − UL)/UL = −M(τL/τs)

Clavin, Williams, JFM (1982) 116 p. 252-282, Clavin, Garcia,  J. Méc. Théor. Appl. (1983) 2(2) p. 245-263,

Lewis number Le
<latexit sha1_base64="nF1PiFHvM9BnchHZG2B9MRi/QMs="></latexit>

⌘ DT /D
<latexit sha1_base64="Ykf35BALb44whVafPnkRL0IGfwk="></latexit>

�(Le� 1) = O(1)
<latexit sha1_base64="eFkCbBgYF/7JxhjmSzQUJiu9/pA="></latexit>

� � 1Asymptotic analysis:

R→ P + QFirst order correction to the laminar flame velocity
<latexit sha1_base64="uVON/xB/mgWnsppAnZvvrSYAlKA="></latexit>

⌧L/⌧s ⌧ 1, ⌧L ⌘ dL/UL, (U�
n � UL)/UL / ⌧L/⌧s
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P.Clavin V The second Markstein number

Mfc �=Msr

flow strain rate
(U−n − UL)/UL = −Mfc(dL/R) +Msr(τLnf .∇u−|f .nf )

front curvature

numerical and experimental data

U−n − UL

UL
= −2(M−

fc −M
−
sr)

dL

Rf

U+
n − Ub

Ub
= −2M+

fc

dL

Rf

Df = 0, U−n = u−n u+
n = 0 U+

n = −Df

Unburned gas Burned gas

Flame front

Burnt gasFresh gas

Flame front

R > 0

R < 0

Streaml ine

Msr varies with the position inside the flame structure

difficulty with the finite thickness:

Msr(τLnf .∇u−|f .nf ) = cst.

ρu ρb TbTu

dL

tr
an

sv
er

se
ve

lo
ci

ty

U−n �= UL U+
n �= Ub

ρbU
−
n �= ρbU

+
n

M+
fc �=M

−
fc M+

sr �=M−
sr

Markstein numbers in the burned gas
U+

n ≡ u+
n −Df u+

n ≡ nf .u+(rf )

(U+
n − Ub)
Ub

= −M+
fc

dL

R
+M+

srτLnf .∇u+|f .nfUb

UL
=

Tb

Tu

Flame

Unburnt
mixture

Burnt
gas

Clavin, Graña-Otero, JFM (2011) 689 p. 187-217,
multiple-step flame model



P.Clavin V

7

β ≡ E

kBTb

�
1− Tu

Tb

�
θ ≡ T − Tu

Tb − Tu
∈ [0, 1] 1

τrb
≡ e−E/kBTb

τcoll
ψ ≡ Y/Yu

∂θ

∂t
−DT ∆θ =

ψ

τrb
e−β(1−θ) ∂ψ

∂t
−D∆ψ = − ψ

τrb
e−β(1−θ)

x = −∞ : θ = 0,ψ = 1 x = +∞ : θ = 1,ψ = 0
ρ = cst.

Thermo-diffusive flame model for a one-step kinetics

<latexit sha1_base64="Q1Ck0rysyMLTSK2aAu/T3BtEnp4="></latexit>

⇢u = 0 in the lab. frame

instability mechanism �= hydrodynamic instability

ρT = ρoTo
ρcpDT/Dt = ∇.(λ∇T ) +

�

j

Q(j)Ẇ (j)(T, ..Yk..)
equations + fluid mechanics

�DYi/Dt = �.(�Di�Yi) +
�

j

�(j)
i miẆ

(j)(T, ..Yk..),

5-2. Thermo-di�usive instabilities

−d2θ

dξ2
≈ β2

2
ψe−β(1−θ) d2θ

dξ2
+

1
Le

d2ψ

dξ2
= 0

reaction layer

µ =
√

Le

matching
(first order reaction rate)

µ ≡ UL

UL(Le = 1)

µ
dθ

dξ
− d2θ

dξ2
=

β2

2
ψe−β(1−θ) µ

dψ

dξ
− 1

Le
d2ψ

dξ2
= −β2

2
ψe−β(1−θ)

?

Unburnt gas Burnt gas

Unperturbed  (steady state) planar flame Le≠ 1 
(frame attached to the flame front) <latexit sha1_base64="sjYhv+6dFtnJzKbLx2uB+B2KVjM="></latexit>

⇠ ⌘ x� @↵/@t

dL(Le=1)

reduced laminar flame velocity



β ≡ E

kBTb

�
1− Tu

Tb

�
θ ≡ T − Tu

Tb − Tu
∈ [0, 1]

1
τrb

≡ e−E/kBTb

τcoll
ψ ≡ Y/Yu

∂θ

∂t
−DT ∆θ =

ψ

τrb
e−β(1−θ) ∂ψ

∂t
−D∆ψ = − ψ

τrb
e−β(1−θ)

x = −∞ : θ = 0,ψ = 1 x = +∞ : θ = 1,ψ = 0

Mathematical model for analyzing the thermo-diffusive instability Le≠1: 

Sivashinsky, Combust. Sci. Technol. (1977) 15 p. 137-146,

Joulin, Clavin, Combust. Flame (1979) 35 p. 139-153

Lewis number Le
<latexit sha1_base64="nF1PiFHvM9BnchHZG2B9MRi/QMs="></latexit>

⌘ DT /D
<latexit sha1_base64="Ykf35BALb44whVafPnkRL0IGfwk="></latexit>

�(Le� 1) = O(1)
<latexit sha1_base64="eFkCbBgYF/7JxhjmSzQUJiu9/pA="></latexit>

� � 1Asymptotic analysis:

Unburnt gas Burnt gas

competition of transverse diffusive fluxes of species and 
temperature for the flame temperature on the reaction sheet

burnt gas

x

y

shifted longitudinal profiles



P.Clavin V Flame temperature of curved flame for Le �= 1
Le �= 1 ⇒ θf �= 1

Le− 1 = O(1/β) ⇒ (θf − 1) = O(1/β)β � 1

Preheated zone

ξ ≡ x/dL, η = y/dL, τ ≡ t/τL
∂θ

∂τ
+

∂θ

∂ξ
−∆θ = 0,

∂ψ

∂τ
+

∂ψ

∂ξ
− 1

Le
∆ψ = 0

non-dimensional equations in the reference frame attached to the unperturbed flame

boundary conditions: jump conditions and ξ = −∞ : θ = 0,ψ = 1, ξ =∞ : θ = 1,ψ = 0.

perturbed flame temperature (reaction layer)
<latexit sha1_base64="UAiWrZ0kSGd7qzp16ISdoBTZA74="></latexit>

✓f ⌘ Tf � Tu

Tb � Tu
?

unperturbed flame temperature

dθ/dξ|ξ=0− = e−β(1−θf )/2

valid up to 1st ordervalid at the leading order

�
dθ

dξ
+

1
Le

dψ

dξ

�0+

0−
= 0

jump conditions across the reaction layer

Θ1 = Ψ1/Le 1
β2

d2Θ1

dξ2
=

1
2
e−β(1−θf )Ψ1e−Θ1

integration and matching dθ/dξ|ξ=0− ≈ Le1/2 e−β(1−θf )/2

ψ = −Ψ1/β + ..θ = θf −Θ1/β + ..

β(θf − 1) = O(1) dθ/dξ|0+ = O(1/β)

the thin reaction layer of curved flame is quasi-planar
−d2θ

dξ2
≈ β2

2
ψe−β(1−θ) d2θ

dξ2
+

1
Le

d2ψ

dξ2
= 0 ξ = non-dimensional normal coordinate ξ ≡ x

dL(Le = 1)

Joulin, Clavin; Combust. Flame (1979) 35 p. 139-153
Clavin,  Searby; Cambrige University Press (2014) p. 390-393

Unburnt gas Burnt gas
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�
d
dζ
− d2

dζ2

�
θ̃(ζ) +

�
ς + κ2

�
θ̃(ζ) =

�
ς + κ2

� dθ

dζ
�

d
dζ
− 1

Le
d2

dζ2

�
ψ̃(ζ) +

�
ς +

κ2

Le

�
ψ̃(ζ) =

�
ς +

κ2

Le

�
dψ

dζ

boundary conditions: jump conditions and ζ = −∞ : θ̃ = 0, ψ̃ = 0, ζ = +∞ : θ̃ = 0, ψ̃ = 0

frame of reference attached to the reaction sheet (ζ, η, τ)

θ = θ(ζ) + δθ, θf = 1 + δθf , ψ = ψ(ζ) + δψlinearization

∂

∂ξ
=

∂

∂ζ
,

∂

∂η
→ ∂

∂η
− ∂a

∂η

∂

∂ζ
,

∂

∂τ
→ ∂

∂τ
− ∂a

∂τ

∂

∂ζ

�
∂

∂τ
+

∂

∂ζ
−

�
∂2

∂ζ2
+

∂2

∂η2

��
δθ =

�
∂a
∂τ
− ∂2a

∂η2

�
dθ

dζ

�
∂

∂τ
+

∂

∂ζ
− 1

Le

�
∂2

∂ζ2
+

∂2

∂η2

��
δψ =

�
∂a
∂τ
− 1

Le
∂2a
∂η2

�
dψ

dζ

external equations

a(η, τ) = âe(iκη+ςτ), δθf (η, τ) = θ̃f âe(iκη+ςτ)

ς ≡ στL, κ ≡ kdL δθ = θ̃(ζ)âe(iκη+ςτ)δψ = ψ̃(ζ)âe(iκη+ςτ)

harmonic analysis
(normal modes)

reduced linear growth rate

complex number real number
givenunknown

<latexit sha1_base64="oAKj42snfsJbSHamxiUC4L+zvfQ="></latexit>

&()?

reduced coordinates:  
reference state=steady flame 

reduced equation for the wrinkled reaction sheet: 
<latexit sha1_base64="jfohHGU9UXChdRIfILimpKec/14="></latexit>

⇠ = a(⌘, ⌧)

<latexit sha1_base64="7YyO11MJTe5ZSd0+B75p5neZyiM="></latexit>

dL, ⌧L

ζ ≡ ξ − a(η, τ) � = 0 : reaction sheet

change of variable: 
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�
d
dζ
− d2

dζ2

�
θ̃(ζ) +

�
ς + κ2

�
θ̃(ζ) =

�
ς + κ2

� dθ

dζ
�

d
dζ
− 1

Le
d2

dζ2

�
ψ̃(ζ) +

�
ς +

κ2

Le

�
ψ̃(ζ) =

�
ς +

κ2

Le

�
dψ

dζ

external equations
ς and θf ?
� given

θ̃ = dθ/dζ ψ̃ = dψ/dζ

θ
−

= eζ ψ
−

= 1− eLeζθ
+

= 1 ψ
+

= 0

particular solutions

θ(ζ = 0) = θf

boundary conditions
� � ±� : �̃ = 0

�̃� = d�
�
/d� �

�
d�

�
/d�

��
�=0

�
es��

s� =
Le
2

�
1 +

�

1 +
4
Le

�
� +

�2

Le

��
1
Le

s2 � s�
�

� +
�2

Le

�
= 0

ψ(ζ = 0) = 0
� � �� : �̃ = 0

mass fraction in the preheated zone zone

� > 0 : �̃ = � = 0

r± =
1
2

�
1∓

�
1 + 4(ς + κ2)

�
θ̃± = dθ

±
/dζ +

�
θ̃f − dθ

±
/dζ

���
ζ=0

�
er±ζ

r2 � r � (� + �2) = 0
general solution to
the homogeneous equation

Linear solutions in the external zones (preheated and burned gas) 

Unburnt gas Burnt gas

burned gas:
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dθ/dξ|ξ=0− = e−β(1−θf )/2

valid up to 1st ordervalid at the leading order

�
dθ

dξ
+

1
Le

dψ

dξ

�0+

0−
= 0jump conditions ς and θf ?

β � 1 : Le = 1 + l/β, l ≡ β(Le− 1) = O(1)asymptotic analysis

β(1− θf ) = O(1) βθ̃f = O(1)

θ̃f (r+ − r−) = (s− − r−) + (1− Le)2nd condition
(r+ − r−) = −

�
1 + 4(ς + κ2)

Le→ 1 : s− − r− → 0

θ̃f ≈
(Le− 1)

2

�
1�

1 + 4(ς + κ2)
− 1 +

2ς + 4κ2

1 + 4(ς + κ2)

�
to leading order in small values of (Le-1) = O(1/�)

dispersion relation
<latexit sha1_base64="bA4/0Dnr+RuquqFssmP6nIB0RPg="></latexit>

⇣()

root of − l

2

�
1−

�
1 + 4(ς + κ2) + 2ς

�
=

�
1−

�
1 + 4(ς + κ2)

� �
1 + 4(ς + κ2)

�

dθ̃−/dζ|ζ=0 = βθ̃f/2 1− r− = r+ = βθ̃f/2linearized 1stcondition
valid to leading order using �̃f = O(1/�)

βθ̃f = 1 +
�

1 + 4(ς + κ2)�<latexit sha1_base64="vqtIZh7srsh7clruko8xJpOq7FE="></latexit><latexit sha1_base64="j77CYufmrWc3aNSDBNJT7O++1VA="></latexit><latexit sha1_base64="j77CYufmrWc3aNSDBNJT7O++1VA="></latexit><latexit sha1_base64="ZE7iRx9k9Ki9EzxjWVL6rzs+9YY=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwY0m6UXcFNy5bsA+opUzSaR2bZEIyEUrpF7jVz/ID/AP9C++MKahFdAKZM+eee7gPLw5EqhzntWCtrK6tbxQ3S1vbO7t75f2DdiqzxOctXwYy6Xos5YGIeEsJFfBunHAWegHveJMrHe888CQVMrpR05j3QzaOxEj4TBHVPBuUK07VMcdeBm4OKshPQ5ZfcIshJHxkCMERQREOwJDS14MLBzFxfcyISwgJE+eYo0S5Gak4KRixE/qP6TUjLEkjST+HjROKS1ImhLWzbeKZcdHs7z6MatJ1TOn2cq+QWIU7Yv/KWyj/m9cjVmGEC9OtoFnEhtFT8XOXzExAV25/6UqRQ0ycxkOKJ4R9k7mYqW1yUtO7niMz8Tej1Kx++7k2w7uukpbp/lzdMmjXqq5TdZtOpX6Zr7WIIxzjlHZ3jjqu0UDLeD/iCc9WzepaA4t9Sq1CnnOIb8e6/wCHY4qe</latexit>
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− l

2

�
1−

�
1 + 4(ς + κ2) + 2ς

�
=

�
1−

�
1 + 4(ς + κ2)

� �
1 + 4(ς + κ2)

�

M < 0
∂α

∂t
∝ −DT

∂2α

∂y2

∂α

∂t
=

�
β(Le− 1) + 2

2

�
DT

�
∂2α

∂y2
+

∂2α

∂z2

�
= [β(Le− 1) + 2]

DT

R
, 2/R = 1/R1 + 1/R2

M = β(Le− 1) + 2 M =
υb

υb − 1
J +

l

2
D

(υb − 1)
J =

� 1

0

(υb − 1)λ(θ)
1 + (υb − 1)θ

dθ, D = −
� 1

0

(υb − 1)λ(θ) ln θ

1 + (υb − 1)θ
dθ,

ς = −(l + 2)κ2/2− 8κ4 unstable disturbances

Turing type of instability
TuringZeldovich

small Le
<latexit sha1_base64="4f9OKLpfmA+/WjEVX+xoElQi7IA="></latexit><latexit sha1_base64="hZsb2jW4JXsOhIENHz0alTjCVXE="></latexit><latexit sha1_base64="hZsb2jW4JXsOhIENHz0alTjCVXE="></latexit><latexit sha1_base64="fUOAF0SXv03t0iXg6xZoB8+d/IY="></latexit>

Re
<latexit sha1_base64="23HLoebin6RsH7FjMxvDY2JC4d4="></latexit>

& > 0 Im
<latexit sha1_base64="1FuMI3Yw+XeUNkrjqSaY8GjnHOQ="></latexit>

& = 0

∂α

∂t
=

�
β(Le− 1) + 2

2

�
DT

∂2α

∂y2

l ≡ β(Le− 1) < −2l ≡ β(Le− 1) > −2 stable unstableσ > 0σ < 0: :

ς = −(l + 2)κ2/2

κ ≡ kdL � 1
κ = 0 : ς(κ) = 0

θ̃f = (Le− 1)κ2

Weakly curved limit. Small wavenumber expansion
|ς| ≡ |σ|τL � 1

is real
<latexit sha1_base64="RqCwOhyczia9xH97DXGjaPwQnqo="></latexit>

� ⌘ ⇣/⌧L

Cellular instability for Le ≡ DT /D < 1
linear instability: Re

<latexit sha1_base64="23HLoebin6RsH7FjMxvDY2JC4d4="></latexit>

& > 0
<latexit sha1_base64="l+V66lJOTK8HpYtFZWooMJqIX80="></latexit>

(Re � > 0)
<latexit sha1_base64="ebM08UIdvvh1Wag0/UQVtW629jg="></latexit>

e�t = e&⌧



heavy hydrocarbons: DF < DO2
<latexit sha1_base64="RYG9uSSyLszEOxL+AEuc8TQHjHo="></latexit><latexit sha1_base64="40P2ZJTY2IatMN/gVVDT6KPLOuQ="></latexit><latexit sha1_base64="40P2ZJTY2IatMN/gVVDT6KPLOuQ="></latexit><latexit sha1_base64="7G539G0JbzBWkqoG+xcGpQPNkoI="></latexit>

lean mixtures of an heavy hydrocarbon ) limiting species = F
<latexit sha1_base64="GOI0mTAzNzcauPvGW8VjmjWVqug="></latexit><latexit sha1_base64="DEzVe8vzXDTspqGRJ1yrcw0dNlg="></latexit><latexit sha1_base64="DEzVe8vzXDTspqGRJ1yrcw0dNlg="></latexit><latexit sha1_base64="cl9Eg354zk2jpyll5KmI4VGCx5o="></latexit>

D = DF
<latexit sha1_base64="SFr5I72lvBwZIJBVt/uibITE35E="></latexit><latexit sha1_base64="KQLQMWVEt1ee4gEgOBEDqAFRfK8="></latexit><latexit sha1_base64="KQLQMWVEt1ee4gEgOBEDqAFRfK8="></latexit><latexit sha1_base64="GVMpNchpnJaA9Ia1Vwdwh8nf+UU="></latexit>

species in excess = O2
<latexit sha1_base64="ZHrNK2lX6+2HD4t+r0FwKZiarRg="></latexit><latexit sha1_base64="8V0GywUPguRQmI5vrnE7l4oHXOs="></latexit><latexit sha1_base64="8V0GywUPguRQmI5vrnE7l4oHXOs="></latexit><latexit sha1_base64="h8s2Gyp8hwSOVv0NisARgUnVzts="></latexit>

DT = DO2
<latexit sha1_base64="C8bMZIPFQ2On6nR2k4tXUit4chE="></latexit><latexit sha1_base64="V1boHZa1/T2DwoGQpw7VjXUfZZM="></latexit><latexit sha1_base64="V1boHZa1/T2DwoGQpw7VjXUfZZM="></latexit><latexit sha1_base64="ip/iIu9LYvsUV5eDwpN/91/B/ks="></latexit>

rich mixtures of light fuels are thermo-di↵usive stable
<latexit sha1_base64="8SE7WZ5zjwLaRSC4fxvdmGrGpMM="></latexit><latexit sha1_base64="r+67jQzZCmhinKq1DM14yiH2CWw="></latexit><latexit sha1_base64="r+67jQzZCmhinKq1DM14yiH2CWw="></latexit><latexit sha1_base64="0PsdGQ3W0XZYUunj/1pHxxiEqD8="></latexit>

example: hydrogen-air
<latexit sha1_base64="bZM7lvQtGxKS2jSTC8H4+sswm9M="></latexit><latexit sha1_base64="yeYk1WtE1j3p0cLYk5bFBF4LP6w="></latexit><latexit sha1_base64="yeYk1WtE1j3p0cLYk5bFBF4LP6w="></latexit><latexit sha1_base64="6ZST3x+AUWaXzEPhCXKYoFoVnw8="></latexit>

rich mixtures of heavy hydrocarbons are thermo-di↵usive unstable
<latexit sha1_base64="23OoIPggii+mhwWiK1pU16G1SFc="></latexit><latexit sha1_base64="eGfpgRuJpgD5izs9+MHdMi0GXJ8="></latexit><latexit sha1_base64="eGfpgRuJpgD5izs9+MHdMi0GXJ8="></latexit><latexit sha1_base64="R5KMiigQv3S0pIDMnVLqYsS19dc="></latexit>

example: propane-air
<latexit sha1_base64="5ICAzxDXcMh4uf9yE/Zlnnoto+s="></latexit><latexit sha1_base64="MwwHUkGvNCe5a1rcK1Q//gA4KOw="></latexit><latexit sha1_base64="MwwHUkGvNCe5a1rcK1Q//gA4KOw="></latexit><latexit sha1_base64="l4LJQsfw10n7Hc3IPu0YNDj1+Jo="></latexit>

<latexit sha1_base64="Gs8O2N5HVRZYxqlO2onXcCeesLw="></latexit>

Le ⌘ DT /D = DO2/DF > 1 )
thermo-diffusive stable<latexit sha1_base64="03G9hDWuu/r5Z/YkzGopQS3Wz5A="></latexit>

�(Le� 1) > �2 )

<latexit sha1_base64="JF8xX7KarND8uEWkkzkl/nlwygA="></latexit>

> DF
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Oscillatory instability Le ≡ DT /D > 1
Im(ς) �= 0

l ≡ β(Le− 1) = l∗ : Re(ς) = 0, κ∗ �= 0
Poincaré-Andronov bifurcation l∗ ≈ 10

l∗∗ ≈ 11 : planar pulsation. OK for solid combustion Cellular
instability

Stable

Oscillating
instability

Ad
ia
ba
tic

Ex
tin
ct
io
n

effect of heat losses
Joulin, Clavin, Combust. Flame (1979) 35 p. 139-153

heat loss

thermal quenching

Stable

Unstable

M < 0

M > 0

Hydrodynamics + diffusion

Propane rich flame
M < 0

hydrodynamic + cellular instabilities
shorter wavelengths are unstable

Propane lean flame
M > 0

hydrodynamic instability only
∂φ

∂τ
−H(φ)−�φ +

1
2
|∇φ|2 = 0Sivashinsky eq. 1977

geometrical term: Huygens constructionnonlinear equation (weak gas expansion)
Sivashinsky, Acta. Astronaut. (1977) 4 p. 1177-1206
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Lecture 6: Thermal quenching and flammability limits

6-1. Extinction through thermal loss

6-2. Basic concepts in chemical kinetics

6-3. Flame speed near flammability limits

Combustion of hydrogen

Two-step model. Crossover temperature

One-step model with temperature cuto�
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Zeldovich 1941

Davy 1830

dθ/dξ|ξ=0− = e−β(1−θf )/2

�
dθ

dξ
+

1
Le

dψ

dξ

�0+

0−
= 0

jumps across the thin reaction zone :

ξ < 0 :

�
θ−(ξ) = θfe[µ+h/(βµ)]ξ,

ψ−(ξ) = 1− eLe µξ,
ξ > 0 :

�
θ+(ξ) = θfe−[h/(βµ)]ξ,

ψ+(ξ) = 0,

external solutions : w = 0

a small heat loss can quench the flame

Zoom

slope

ξ = −∞ : θ = 0, ψ = 1, ξ = +∞ : θ = 0, ψ = 0

µ
dθ

dξ
− d2θ

dξ2
= w − τL

τcool
θ, µ

dψ

dξ
− 1

Le
d2ψ

dξ2
= −w

ξ ≡ x/dL µ = UL/ULadia 1/τcool ≈ DT /R2

Formulation (volumetric heat loss in a planar flame)

τL

τcool
≈

�
DT

R UL

�2

τL ≈ DT /U2
L ⇒ tube radiusR =

β →∞ w(θ, ψ) = (β2/2)ψ exp[−β(1− θ)]τL/τcool = h/β h = O(1) β(1− θf ) = O(1)

unknown flame temperature < adiabatic flame temperature : θf < 1

Asymptotic analysis for small heat loss and a one-step reaction
<latexit sha1_base64="h4r9cLEB5P3VQ1FTatXN50/do28="></latexit><latexit sha1_base64="o2LodEtTmr415E2g0Kt+yMInxSc="></latexit><latexit sha1_base64="o2LodEtTmr415E2g0Kt+yMInxSc="></latexit><latexit sha1_base64="rw1iEGUFrVX0fLObkTegXY/H2Kw="></latexit>

Joulin, Clavin, Combust. Flame (1979) 35 p. 139-153

6-1. Extinction through thermal loss
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�
dθ

dξ
+

1
Le

dψ

dξ

�0+

0−
= 0

ξ < 0 :

�
θ−(ξ) = θfe[µ+h/(βµ)]ξ,

ψ−(ξ) = 1− eLe µξ,
ξ > 0 :

�
θ+(ξ) = θfe−[h/(βµ)]ξ,

ψ+(ξ) = 0,

Zoom

slope

⇒
⇒

−(h/βµ)θf − (µ + h/βµ)θf + µ = 0

β(1− θf ) = 2h/µ2θf − 1 = O(1/β)

dθ/dξ|ξ=0− = e−β(1−θf )/2 ⇒

µ2 lnµ2 = −2h

µ = exp(−h/µ2)

Non dimensional
flame speed 

Non dimensional heat loss0.0

1.0

µ

2h

C-shaped curve: no solution for 2 h > 1/e
quenching at finite flame velocity UL/ULadia = 1/

√
e
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Lecture 6: Thermal quenching and flammability limits

6-1. Extinction through thermal loss

6-2. Basic concepts in chemical kinetics

6-3. Flame speed near flammability limits

Combustion of hydrogen

Two-step model. Crossover temperature

One-step model with temperature cuto�
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Combustion of hydrogen

k1f (T ∗) ≡ B1fe−E1/kBT∗
= nB4fhydrogen combustion:

Flammability limit
Tb = T ∗ ⇒ qRY ∗

u ≡ cp(T ∗ − Tu)

Simplified two-step model: crossover temperature

(B) R + X → 2X, ωB = cRcXBBe−E/kBT , E � kBT

(R) M + X → P + Q, ωR = cXnBR, ER = 0

cRBBe−E/kBT

nBR

T ∗ T

no reaction Arrhenius law OK

cRBBe−E1/kBT∗
= nBR T ∗ ∈ [900K − 1400K]

Clavin,  Searby; Cambridge University Press (2014) p. 390-393

6-2. Basic concepts in chemical kinetics

k̃j = B̃jT
νe−Taj/T

units: moles/cm3, s−1 and Kelvin

ωj = k̃jc1jc2j or ωj = k̃jc1jc2jc3j

dcij/dt = −ωj

Label Reaction k̃j B̃j νj Taj

k̃1f 3.52× 1016 -0.7 8590
1 O2 + H � OH + O

k̃1b 7.04× 1013 -0.264 72
k̃2f 1.17× 109 1.3 1825

2 H2 + OH � H2O + H
k̃2b 1.29× 1010 1.196 9412
k̃3f 5.06× 104 2.67 3165

3 H2 + O � OH + H
k̃3b 3.03× 104 2.63 2433

4f O2 + H + M → HO2 + M k̃4f 5.79× 1019 -1.4 0
5f H + H + M → H2 + M k̃5f 1.30× 1018 -1 0
6f H + OH + M → H2O + M k̃6f 4.00× 1022 -2 0
7f HO2 + H → OH + OH k̃7f 7.08× 1013 0 148
8f HO2 + H → H2 + O2 k̃8f 1.66× 1013 0 414
9f HO2 + OH → H2O + O2 k̃9f 2.89× 1013 0 -250

(4f) chain breaking
M + H + O2 →M + HO2,
rate : ω4f = cHcO2nk4f

k4f = B4f

H2 + O2 → HO2 + H
(8b) initiation

(1f), (2f), (3f)
shuffle reactions

chain branching
O2 + 3H2 → 2H2O + 2H

rate: ω1f ≡ cHcO2k1f

Sanchez & Williams, Prog. Energy Combust. Sci. (2014) 41 p. 1-55

C.K. Law; Cambridge University Press (2006)



Methane-air flame

φ =
NF /NO2

ϑ+
F /ϑ+

O2

ϑ+
F F + ϑ+

o O2 � P

Equivalence ratio

φ = 1 : stoichiometry
φ > 1 : fuel rich
φ < 1 : fuel lean

φ = 0.65
near to the flammability limit

”thicker flame”

P.Clavin I
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Two-step model for rich hydrogen flames near the flammability limit
(consumption of hydroperoxide included)

O2 + 3H2 → 2H2O + 2H,
ω1f = cHcO2k1f (T ), k1f (T ) = B1fe−E1/kBT

H + H→ H2 + Q,
ω4f + ω5f = ncHcO2B4f + nc2

HB5f

nB4f = B1fe−E1/kBT∗

m
dθ

dx
− ρDT

d2θ

dx2
≈ ρ

τ∗
ψ2J(T )

m
dψ

dx
− ρDO2

d2ψ

dx2
≈ − ρ

τ∗
ψ2e−

E
kB

( 1
T −

1
T∗ )J(T )

1/τ∗ ≡ (nB2
4fc∗O2u)/B5f





T > T ∗ : J(T ) ≡ Tu

T
[e−

E
kB

( 1
T −

1
T∗ ) − 1]

T < T ∗ : J(T ) = 0

x = −∞ : θ = 0, x = +∞ : θ = 1
reaction of order 2 with a temperature cutoff

Tb − T ∗

T ∗
� kBT ∗

E
⇒ [e−

E
kB

( 1
T −

1
T∗ ) − 1] ≈ E

kB
(

1
T ∗
− 1

T
)� 1very close to the flammability limit

dcH

dt
=

�
B1fe�E1/kBT � nB4f

�
cO2cH � nB5fc2

H

H in quasi-steady state⇒

T > T ∗ : T < T ∗ : cH = 0

(B1fe−E1/kBT − nB4f )/nB4f � 1 tri molecular recombination reaction (5f)

cH � cO2

[B1fe�E1/kBT � nB4f ]
nB5f

One-step model (near the flammability limit) cHB5 � cO2B4f � �5f � �4f

Label Reaction k̃j B̃j νj Taj

k̃1f 3.52× 1016 -0.7 8590
1 O2 + H � OH + O

k̃1b 7.04× 1013 -0.264 72
k̃2f 1.17× 109 1.3 1825

2 H2 + OH � H2O + H
k̃2b 1.29× 1010 1.196 9412
k̃3f 5.06× 104 2.67 3165

3 H2 + O � OH + H
k̃3b 3.03× 104 2.63 2433

4f O2 + H + M → HO2 + M k̃4f 5.79× 1019 -1.4 0
5f H + H + M → H2 + M k̃5f 1.30× 1018 -1 0
6f H + OH + M → H2O + M k̃6f 4.00× 1022 -2 0
7f HO2 + H → OH + OH k̃7f 7.08× 1013 0 148
8f HO2 + H → H2 + O2 k̃8f 1.66× 1013 0 414
9f HO2 + OH → H2O + O2 k̃9f 2.89× 1013 0 -250



P.Clavin VI

�
θ > θ∗ : j(θ) ≈ b∗(θ − θ∗)
θ < θ∗ : j(θ) = 0

m
dψ

dx
− ρbDO2

d2ψ

dx2
≈ − ρb

τ∗
ψ2j(θ)

m
dθ

dx
− ρbDT

d2θ

dx2
≈ ρb

τ∗
ψ2j(θ)

b∗ ≡ Tu

T ∗
E

kBT ∗
Tb − Tu

T ∗

θ∗ ≡ (T ∗ − Tu)
(Tb − Tu)

Tb > T ∗ ⇒ θ∗ < 1 but close to 1

reaction zone: ψ = Le(1−θ), DT
d2θ

dx2
=

Le2b∗

τ∗
(1−θ)2[(θ−1)− (θ∗−1)] Le ≡ DT /DO2

9

Tb

UL

dUL

dTb
=

2Tb

Tb − T ∗

∞

the least heat loss quenches the flame at a non zero velocity

Divergence of the thermal sensitivity: Thermal quenching

+ matching ⇒ DT
dθ

dx

����
−
≈ Le

�
b∗

6
(1− θ∗)2

�
DT

τ∗
ρu

ρb

UL�
DT /τ∗

≈ Le
�

b∗

6
(1− θ∗)2×dθ

dx
+

� 1

θ∗
dθ

θ ≡ (T − Tu)
(Tb − Tu)

∈ [θ∗, 1]

the flame velocity decreases smoothly to zero when approaching the flammability limit Tb → T ∗

the flame thickness d∗L diverges, Tb → T ∗ :
d∗L
dL
∝ 1

β2

�
T ∗ − Tu

Tb − T ∗

�2

ρu

ρ∗
UL�

DT /τ∗
≈ Le

�
b∗

6

�
Tb − T ∗

T ∗ − Tu

�2

0 <
Tb − T ∗

Tb − Tu
� 1 ⇒

6-3. Flame speed near flammability limits
He, Clavin, Combust. Flame (1993) 93 p. 391-408
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Lecture 7: Flame kernels and quasi-isobaric ignition

7-1. Introduction
7-2. Zeldovich critical radius
7-3. Critical radius near the flammability limits

7-4. Dynamics of slowly expanding flames
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 Introduction

Flammability limits Critical conditions of ignition

Upward propagation limit is different from downwards

Turbulence facilitates ignition of hydrocarbon lean mixtures
Turbulence may suppress ignition of hydrocarbon rich mixtures

Some hydrocarbon lean mixtures that are flammable cannot be ignited quasi-isobarically
Some hydrocarbon rich mixtures that are non-flammable can sustain curved flames

Ignition in turbulent flows
Princeton experiments (2014) Wu & al.

3
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P.Clavin VII VII-2) Zeldovich critical radius
Flame kernel for a flame far from the flammability limits

Zeldovich

R � Rf : θ = θf , ψ = 0; R→∞ : θ = 0, ψ = 1

θ ≡ (T − Tu)/(Tb − Tu) ψ ≡ Y/Yu τrb ≡ τr(Tb) cp(Tb − Tu) = qRYu

Unstable steady spherical solution for the one-step model of adiabatic flames

�� =
1

R2

d
dR

�
R2 d�

dR

�
�� =

1
R2

d
dR

�
R2 d�

dR

�

−DT
1

R2

d
dR

�
R2 dθ

dR

�
= D

1
R2

d
dR

�
R2 dψ

dR

�
=

ψ

τrb
e−β(1−θ)

No flow

concentration temperature

mass
flux heat


flu
x

burnt

gas

reaction rate

Le �= 1 ⇒ Tf �= Tb

Flame temperature

DT
d

dR

�
R2 d�

dR

�
+ D

d
dR

�
R2 d�

dR

�
= 0 (conservation energy)

Le > 1⇒ Tf < Tb

Le < 1⇒ Tf > Tb

Le � DT /D

DT θ = D(1− ψ) ⇒ θf = 1/Le

double integration from R = 0 to R =�
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concentration temperature

mass
flux heat


flu
x

burnt

gas

reaction rate

−DT
1

R2

d
dR

�
R2 dθ

dR

�
= D

1
R2

d
dR

�
R2 dψ

dR

�
=

ψ

τrb
e−β(1−θ)

R � Rf : θ = θf , ψ = 0; R→∞ : θ = 0, ψ = 1

θ ≡ (T − Tu)/(Tb − Tu) ψ ≡ Y/Yu τrb ≡ τr(Tb) cp(Tb − Tu) = qRYu

Unstable steady spherical solution for the one-step model of adiabatic flames

Asymptotic analysis � � 1

τb ≡ β2τrb/2, dL ≡
�

DT τb
(Le=1)

Radius of the kernel 1
Le

DT

Rf
= e

β
2 ( 1

Le−1)
�

Le
DT

τb
⇔ Rf

dL
= Le−3/2e

β
2 (1− 1

Le ),matching �

Le > 1 : Rf � dLLe < 1 : Rf � dL

Thin reaction zone thickness� flame radius Rfβ →∞

x � R�Rf , |x|� Rf : �DT
d2�

dx2
= D

d2�

dx2
=

�

�rb
e��(1��)

ψ ≡ Le(θf − θ) �e��(1��) = e�(�f�1)(Le/�)�e��

d2�
d�2

=
R2

f

DT

e�(�f�1)

�2�rb
Le �e��Θ ≡ β(θf − θ) = O(1)

� � �(x/Rf ) = O(1), � � [��,+�]

� � [0, �]
Inner variables

β →∞ : − lim
Θ→∞

DT
dθ

dR
= eβ(θf−1)/2

�

2 Le
DT

β2τrb
�d�

d�
+

� �

0
d� �

External zones

d
dR

�
R2 d�

dR

�
= 0 R2 d�

dR
= cst. R = Rf : � = �f = 1/Le

R � Rf : θ =
1
Le

Rf

R
, R = Rf : DT

dθ

dR
= − 1

Le
DT

Rf
R < Rf : θ = θf



Rfconvective flux dRf/dt < 0Rf Rf < Rf : |di�usion fluxes| � 1/R

Rf Rf > Rf : |di�usion fluxes| � 1/R

heat flux towards the preheated zone

convective flux dRf/dt > 0 Rf

convection should be added to restore equilibrium

θf = 1/Le = cst.� = �fRf/R preheated zone at rest

d�/dR|R=Rf = ��f/Rf

Instability ? (adiabatic condition)

positive feed back: amplification

DCnHm < DO2 ≈ DT , Le ≈ DO2/DCnHm > 1

Lean hydrocarbon mixtures Le > 1 are difficult to ignite (Rf > dL)

Quasi-isobaric ignition as a nucleation problem

Le < 1 : Rf � dL Le > 1 : Rf � dL

<latexit sha1_base64="pWXc8+b0mVhV25/QmoquKGlxr6U="></latexit>

Rf

dL
=

1

Le3/2
e

�
2 (1� 1

Le )

Deshaies, B, Joulin G.. Combust. Sci. Technol. (1984) 37, 99-116 
Ignition by a constant energy source

lean hydrogen mixtures, diameter = 2− 15 mm
Ronney P et al.  AIAA J. (1998) 36, 1361-1368 

Flame balls in microgravity

Stabilization in the presence of heat loss for Le < 1
Buckmaster at al. Combust. Flame (1990) 79, 381-392 

Stability analysis
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7-1. Introduction
7-2. Zeldovich critical radius
7-3. Critical radius near the flammability limits
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ψ = Le(θf − θ)




T > T ∗ : ẇ = (β3/4)Le2eβ(θf−1)

�
(θf − θ)2

�
eβ(θ−θf ) − e−ε−β(θf−1)

��

T < T ∗ : ẇ = 0

θ∗ � θ < θf

θ∗ ≡ T ∗ − Tu

Tb − Tu
= 1− ε

β

�
dθ

dζ

�2

=
Le2

2
eβ(θf−1)

θf�

θ∗=1−ε/β

β3(θf − θ)2
�

eβ(θ−θf ) − e−ε−β(θf−1)
�

dθ×dθ

dζ
⇒

at the exit of the reaction layer
(entrance of the preheated zone)

ẇ = 0

Critical radius near the flammability limits

θ = θf : ψ = 0−d2θ/dζ2 = ẇ(θ, ψ), (1/Le)d2ψ/dζ2 = ẇ(θ, ψ)

Thin reaction zone β →∞ (non-dimensional form ζ = x/dL, dL for ε� 1, Le = 1, 2ndreaction order)

DT

d2
L

= 4
�b

�u

1
�3�rb

�
β ≡ E

kBTb

�
1− Tu

Tb

�
� 1ε ≡ β

(Tb − T ∗)
(Tb − Tu)

> 0

�
� = O(1) : near to flammability limits (ε = 0 : quenching Ẇ = 0)

�� 1, e−ε ≈ 0 : far from flammability limits

R � Rf : θ = θf , ψ = 0; R→∞ : θ = 0, ψ = 1

−DT
1

R2

d
dR

�
R2 dθ

dR

�
= D

1
R2

d
dR

�
R2 dψ

dR

�
= Ẇ

1
τrb

≡ 1
τ∗

e
E

kB

“
1

T∗− 1
Tb

”

=
B4f

B5f
B1fe−

E
kBTb c∗O2u






T > T ∗ : Ẇ =
ρb

ρu

ψ2

τrb
[e−β(1−θ) − e−ε]

T < T ∗ : Ẇ = 0

model of lecture VI

�

chemical-kinetics data: T ⇤ crossover temperature
<latexit sha1_base64="abeKCcN2FZvVemKiqbQzKSu7F10="></latexit><latexit sha1_base64="WwNU0E0ziZIMW5Xg2EpJnMFZ9Hw="></latexit><latexit sha1_base64="WwNU0E0ziZIMW5Xg2EpJnMFZ9Hw="></latexit><latexit sha1_base64="16nZmegbrQWjRGweZDuITuvHRwc="></latexit>

composition: Tb associated with the heat release Tb � Tu = q/cp
<latexit sha1_base64="h6X/IK/KcaXBFiFRkAaU+1eGLMQ="></latexit><latexit sha1_base64="oj63xlNXybbH2Wkdp9gBiDwFO+0="></latexit><latexit sha1_base64="oj63xlNXybbH2Wkdp9gBiDwFO+0="></latexit><latexit sha1_base64="Lu6+j323W1axyfJOU2PruV4P2g0="></latexit>

flame temperature of a spherical flame: Tf ,
<latexit sha1_base64="77mt/ffaVrPeeiuS0Eo3qFfHZEM="></latexit><latexit sha1_base64="/kJgiM9t9ZRbliuSCK6Ljo/BHPw="></latexit><latexit sha1_base64="/kJgiM9t9ZRbliuSCK6Ljo/BHPw="></latexit><latexit sha1_base64="qNbvDvseynK5Ut8lDpg7prsHAZc="></latexit>

✓f ⌘ (Tf � Tu)/(Tb � Tu) = 1/Le
<latexit sha1_base64="mz8D/ziAQR69b1icJJGtwtlnQfk="></latexit><latexit sha1_base64="NjWBEIGteVSE2pa1eOcBZwIFU2w="></latexit><latexit sha1_base64="NjWBEIGteVSE2pa1eOcBZwIFU2w="></latexit><latexit sha1_base64="ff7M8t/cpMoG6F655CFFMXruyUQ="></latexit>

✓⇤ ⌘ (T ⇤ � Tu)/(Tb � Tu)
<latexit sha1_base64="NGXS0gSsx2SeWa36aThBykAJZH8="></latexit><latexit sha1_base64="NGXS0gSsx2SeWa36aThBykAJZH8="></latexit><latexit sha1_base64="NGXS0gSsx2SeWa36aThBykAJZH8="></latexit><latexit sha1_base64="6Hzz5a2xhTr09lWAwdMqpi4PCYU="></latexit>

He Clavin, Combust. Flame  (1993) Part I and II, 93,  391-420 
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�

dθ

dζ

�2

=
Le2

2
eβ(θf−1)

θf�

θ∗=1−ε/β

β3(θf − θ)2
�

eβ(θ−θf ) − e−ε−β(θf−1)
�

dθ
at the exit of the reaction layer
(entrance of the preheated zone)

(dθ/dζ)2 = Le2eβ(θf−1)J(Θf ) J(Θf ) ≡ 1
2

� Θf

0
Θ2(e−Θ − e−Θf )dΘ ∈ [0, 1]

J(Θf ) = 1− e−Θf

�
1 + Θf +

Θ2
f

2!
+

Θ3
f

3!

� �
Θf � 1 : J ≈ 1

0 � Θf � 1 : J ≈ Θ4
f/(4!)

β →∞ :
dL

Rf
= Le2e

β
2 ( 1

Le−1)
�

J(Θf )

dL for ε� 1, Le = 1, 2ndreaction order

Preheated zone and matching

R � Rf :
dθ

dR
= −θf

Rf

R2
, θf =

1
Le

flame temperature of the spherical flame

Tf → T ∗ ⇒ Rf/dL →∞
�f � 0

Θf ≡ β

�
Tf − T ∗

Tb − Tu

�
= β(θf − θ∗) = ε + β(θf − 1) � 0Θ = β(θf − θ) ∈ [0,Θf ]

measure of the distance from the flammability limit: Θf ∈ [0,∞]d� = ��d�



Tb is determined by the composition of the mixture YRu (mass fraction of the limiting component)

T � is determined by the chemical kinetics YRu

Le < 1⇒ Tf > Tb

Flammability limit

non-flammable mixtures
that can be ignited

(flame balls)

Flammability limit

flammable mixtures
that cannot be ignited
(infinite critical radius)

Tf = T ∗

Flammable mixtures
Flame kernels

(a)

d∗L/dL

Tb = T ∗

Le > 1⇒ Tf < Tb

�f �
Tf � Tu

Tb � Tu
=

1
Le

temperature of the spherical flame kernel

�f = 1/Le

energetic mixtures

Tb

energetic mixtures

Tb

� � T � Tu

Tb � Tu

�� depends on the composition

depends on the composition

�� � T � � Tu

Tb � Tu

temperature of the planar flame

Tb = T ∗Tf = T ∗

Flammable mixtures
Flame kernels

(b)

d∗L/dL

Tf = T �

Le > 1 : Heavy hydrocarbon lean mixtures
Hydrogen rich mixtures

Le < 1 : Heavy hydrocarbon rich mixtures
Hydrogen lean mixtures

He Clavin, Combust. Flame  (1993) Part I and II, 93,  391-420 
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Flammability limits Critical conditions of ignition
Some hydrocarbon lean mixtures that are flammable cannot be ignited quasi-isobarically
Some hydrocarbon rich mixtures that are non-flammable can sustain curved flames

Limits for upstream propagation �= downstream propagation

Buoyancy promoted curved flames
non-flammable hydrocarbon rich flames

simplest explanation:

Turbulent diffusion coefficients are all equal⇔ Le = 1

�
Le > 1
Le < 1
laminar turbulent

Turbulence facilitates ignition of hydrocarbon lean mixtures
Turbulence may suppress ignition of hydrocarbon rich mixtures

Ignition in turbulent flows
Wu, F. et al.  Phys. Rev. Lett.  (2014) 113, 024503 
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7-1. Introduction
7-2. Zeldovich critical radius
7-3. Critical radius near the flammability limits
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 Dynamics of slowly expanding flame kernels

trelax ≡
R2

DT
� tevol ≡

Rf

Ṙf
quasi-steady state ?

Q̇ = cst.

dT − Tu =
1

4πDT

Q̇

ρcp

1
R

2√
π

� ∞

R/
√

4DT t
X�e−X�2

X � � R/
�

4DT � dX � = �2DT R
d�

(4DT �)3/2

T (R, t)− Tu =
� t

0

Q̇(t− τ)
ρcp

exp(−R2/4DT τ)
(4πDT τ)3/2

dτ

�T/�t = DT �Texact solution of the heat equation with a point energy source point source, R = 0, t > 0 : Q̇(t)

∂θ

∂t
− Ṙf

∂θ

∂R
−DT

1
R2

∂

∂R

�
R2 ∂θ

∂R

�
= 0

preheated zone in the reference frame attached to Rf (t) Ṙf ≡
dRf

dt

Quasi-steady preheated zone of flame kernel ?

The evolution of spherical flame kernel cannot be quasi-steady at large distance

R�
�

DT tevol, not valid at large distance

relax time toward (T − Tu) ∝ 1/R increases with R like R2/DT

R2/(4DT t)� 0



(Joulin 1985)

τ ≡ t/tref
�

tref ≡
β(1− Le1/2)

Le
RfZ

(4πDT )1/2
rf ≡ Rf/RfZ

RfZ

R

t

Joulin’s equation

1
rf

= exp
�
−

� τ

0

dτ �

τ �1/2
ṙf (τ − τ �)

�

β

2

�
θf −

1
Le

�
= −

� τ

0

dτ �

τ �1/2
ṙf (τ − τ �)

Le < 1

The structure and the dynamics of flame kernels �= planar flames even for Rf � dL (θ ≈ θf/R)

For Le < 1 and near to the Zeldovich radius the slow evolution of flame kernels

is governed by the di�usion at large distance

concentration temperature

mass
flux heat


flu
x

burnt

gas

reaction rate

Zeldovich radius
<latexit sha1_base64="koYQAMYLIkEn5esYWMVcASAfzNs="></latexit><latexit sha1_base64="++2jHx4joTd5+1rhazZVpfVahlY="></latexit><latexit sha1_base64="++2jHx4joTd5+1rhazZVpfVahlY="></latexit><latexit sha1_base64="aWTRKfzt5NZ1QlTlZt27kWu+UxA="></latexit>

RfZ/dL = e�(Le�1)/2Le
<latexit sha1_base64="ZsXLAwLBgc7fhWR2PWi6gJ2CugA="></latexit><latexit sha1_base64="uqqB1z42Bk9pMQp2NYamYE9pxUg="></latexit><latexit sha1_base64="uqqB1z42Bk9pMQp2NYamYE9pxUg="></latexit><latexit sha1_base64="7pUWScTQLujieRQW78vaHQpOvkE="></latexit>

Extension to the proximity of flammability limits + heat loss
Clavin P. Combust. Flame (2017) 175, 80-90 0

1

2

0 10 20 30 40 50 60 70
Reduced time

R
ed

uc
ed

 ra
di

us

Extension to a short pulse of an energy source
Joulin G.. Combust. Sci. Technol. (1985) 43, 99-113 

for Le < 1Dynamical quenching of flame kernels in nonflammable mixtures
1�
rf

+ Hbr2f = 1� I(�) where I(�) �
� �

0

d� �

� �1/2
ṙf (� � � �)

Self-extinguished flames in micro-gravity experiments of lean methane-air mixtures
Ronney P. Combust. Flame (1985) 62, 121-133 
Ronney P. Combust. Flame (1990) 82, 1-14 
Ronney P et al.  AIAA J. (1998) 36, 1361-1368 
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VIII-1) Rayleigh criterion

Lord Rayleigh 1878

Acoustic waves in a reactive medium

a2 = (cp/cv)(cp − cv)T

p = (cp − cv)ρT

Ideal gas

D/Dt ≡ ∂/∂t + u.∇cp

cp � cv

Dp

Dt
= cpT

D�

Dt
+ cp�

DT

Dt

ρcp
D
Dt

T =
cp

cp − cv

D
Dt

p− cv

cp − cv
a2 D

Dt
ρ

isentropic acoustic
δp = a2δρDp/Dt− a2Dρ/Dt = q̇γ

q̇γ ≡ (γ − 1)



∇.(λ∇T ) +
�

j

Q(j)Ẇ (j)



 γ ≡ cp/cv

heat transfer + heat releaseq̇γ(r, t) =

(rate of energy transfert per unit volume)

3

ρcp
DT

Dt
=

Dp

Dt
+∇.(λ∇T ) +

�

j

Q(j)Ẇ (j)Energy conservation

cv

cp � cv

Dp

Dt
� cv

cp � cv
a2 D�

Dt
= �.(��T ) +

�

j

Q(j)Ẇ (j)

�

elimination of D T/Dt
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Green’s retarded propagator (1/a2)∂2G/∂t2 −∆G = δ(r)δ(t), G(r, t) = aδ(r − at)/4πr

spherical geometry p�(r, t) =
1

4πa2

���
1
r�

∂

∂t
q̇�
γ(r�, t− r/a)d3r� =

Ω̈(t− r/a)
4πa2r

, r = |r|

acoustic wavelength� size of the combustion zone

Sound emission by a localized heat source in free space

∂q̇�
γ(r, t)/∂t = δ(r)Ω̈(t) Ω̈(t) ≡ ∂Ω̇(t)/∂t, Ω̇(t) =

� � �
q̇�
γ(r�, t)d3r�

classical problem
of acoustics

Dp/Dt− a2Dρ/Dt = q̇γ

q̇γ ≡ (γ − 1)



∇.(λ∇T ) +
�

j

Q(j)Ẇ (j)



 γ ≡ cp/cv

Linearization around a uniform state

ρ = ρ + ρ�, p = p + p�, u = u + u�, q̇γ = q̇γ + q̇�
γ

�a � 0,

�2��/�t2 = �p�

1
ρ

Dρ

Dt
= −∇.u, ρ

Du
Dt

= −∇p ⇒ ∂ρ�/∂t = −ρ∇.u�, ρ∂u�/∂t = −∇p�,

u.� � 0Mean flow velocity neglected in front of the sound speed

∂p�/∂t− a2∂ρ�/∂t = q̇�
γ�/�t

Approximations
a, cp, cv; constant

∂2p�/∂t2 − a2∆p� = ∂q̇�
γ/∂telimination of ��
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Liner growth rate

Unsteady
heat release

Acoustic
waves

Sound generation

Retroaction

retro-action loop:

hot
wire

acoustic

wave

Rijike 1859

burner
Bunsen

Singing flame

Higgings 1802
Rocket engines, gas turbines...

Nonlinear study: limit cycles in the unstable case

∂2p�/∂t2 − a2∆p� = ∂q̇�
γ/∂t ⇒ d2p̃k

dt2
− b

τins

dp̃k

dt
+ a2k2p̃k = 0

+ 1-D geometry
δp(x, t) =

∞�

k=−∞
p̃k(t)eikx k = 2�n/L

Simplest retro-action mechanism: pressure coupling
δq̇γ = b δp/τins

−π/2 < ωkτd(ωk) < +π/2 : Instability

δq̇�γ(x, t) =
1

τins

� t

−∞
b(t− t�)δp�(x, t�)t�

b(τ) =
� +∞

−∞
r(ω)eiωτd(ω)eiωτdω + c.c. r(ω) > 0 ωτd(ω) is the phase lag

More general retro-action mechanism

⇒
�

b > 0 fluctuations of heat release and pressure in phase: instability
b < 0 fluctuations of heat release and pressure out of phase: stability

Im(σ) = ωk + .., Re(σ) = b/(2τinst) + ..

2��ins = b±
�

b2 � 4a2k2�2
ins

1
τins

� ωk = ak
<latexit sha1_base64="NJm5Ck9a1tkVvPVCKFy5+1PkMlw="></latexit>

p̃k(t) / e�(k)t
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 Admittance & transfer function

∇.u =
1
T

DT

Dt
=

q̇γ/(γ − 1)
ρcpT

=
q̇γ

ρa2
mass conservation (quasi-isobaric combustion)

(δub − δuu) =
�

δq̇γ

ρa2
dx

flame brush

Flame propagating in a tube

Ėt = (δub − δuu)δpf

averaged (per period) flux of combustion energy transferred to the acoustic waver
<latexit sha1_base64="rQJjzktCTu9sbrSuXEDxVn8s624="></latexit><latexit sha1_base64="rQJjzktCTu9sbrSuXEDxVn8s624="></latexit><latexit sha1_base64="rQJjzktCTu9sbrSuXEDxVn8s624="></latexit><latexit sha1_base64="aHZ7ZkPC6Nes5RGGVbKBroeXnh4="></latexit>

x

burned gas

fresh mixture

δub

δuu

δp = ρaδu

p/ρa2 = O(1)

acoustic pressure
(δpb − δpu)/p = O(UL/a) δpf : fluctuation of the pressure at the flame

jump of pressure across the flame brush is negligible
<latexit sha1_base64="0K1UDUpR4C9bN1qgix1QaRGqzEY="></latexit><latexit sha1_base64="ZwfEFY9EOcvNUcibvbjKY7JrSBA="></latexit><latexit sha1_base64="ZwfEFY9EOcvNUcibvbjKY7JrSBA="></latexit><latexit sha1_base64="lClCcDkMvLrcBXC7iFO8nI9IvhE="></latexit>

gas expansion ⇒ jump of the fluctuations of the flow velocity (acoustics)

(δub − δuu)/UL = O(1)

thickness of the flame brush ⌧ acoustic wavelength
<latexit sha1_base64="fWUNs6IUe3/5Wr1g7/o1Cee0NN0="></latexit><latexit sha1_base64="CZcmD7TIuPG/C7A/vA21F7p05nw="></latexit><latexit sha1_base64="CZcmD7TIuPG/C7A/vA21F7p05nw="></latexit><latexit sha1_base64="sWdWVnvCjcl8z7bwajJvFqBEtFc="></latexit>

Tomography laser 
Boyer, L. Combust. Flame (1980) 39, 321-323 
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Ėt = (δub − δuu)δpf (δub − δuu) =
�

δq̇γ

ρa2
dx

flame brush

x

Ėt =
1

4ρbab
(Z p̂f p̂∗f + Z∗p̂f p̂∗f ) =

1
2
[ReZ(ω)]

|p̂f |2

ρbab
Re(Z) > 0instability :

δu(t) = Re
�
û(ω)eiωt

�
δp(t) = Re

�
p̂(ω)eiωt

�
Definition of the admittance function Z(ω)

(ûb − ûu) = Z(ω) p̂f/ρbab ⇐ (Rayleigh: δq̇γ v.s. δp)

Pressure coupling

burned gas

fresh mixture

δub

δuu

laser tomography (Boyer 1980)

Analytical study of a planar flame submitted to a fluctuation of pressure (β →∞) δTf/Tf ∝ δpf/pf

τa

τins
∝ (γ − 1)Mb

E

kBTbcoeff depends on
the position in the tube

as �pf does
gaseous flame

|Z| = O(Mb)

⌧a/⌧ins ⌧ 1
<latexit sha1_base64="efICyTOY+HCCFv8DGg4qrgMooaI="></latexit><latexit sha1_base64="efICyTOY+HCCFv8DGg4qrgMooaI="></latexit><latexit sha1_base64="efICyTOY+HCCFv8DGg4qrgMooaI="></latexit><latexit sha1_base64="0TJa2PAO2BiEbXCkthtCacBodC0="></latexit>

weak coupling
<latexit sha1_base64="1x2Og3sEwEn2YDAloJTeGdIQMnc="></latexit><latexit sha1_base64="YYRYuOhcYaTRhIXBQdlyADUGwXA="></latexit><latexit sha1_base64="YYRYuOhcYaTRhIXBQdlyADUGwXA="></latexit><latexit sha1_base64="mMg5VYVCQY8FWbvwJTCslzk0ClU="></latexit>

P. Clavin et al.  (1990),  J. Fluid Mech.  216, 299-322

P. Clavin & G.Searby  (2008),  Combust. Theor. Model.  12 (3), 545-567

Solid

propellant

Reaction

Zone

Zeldovich 1942

Clavin Lazimi 1992

Solid propellant
<latexit sha1_base64="eIbRGujt6RtKiILK71abfJXpNAs="></latexit><latexit sha1_base64="XAOCt9jKlSy7ggaiX+Ad+QdvV80="></latexit><latexit sha1_base64="XAOCt9jKlSy7ggaiX+Ad+QdvV80="></latexit><latexit sha1_base64="m2oWZg6dHwCM7Vu5bubf9+KS6fk="></latexit>

P. Clavin & D. Lazimi (1992),  Combust. Sci. Technol  83, 1-32

J. Garcia-Schafer & A. Linan  (2001),  J. Fluid Mech. 437, 229-254
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Velocity and acceleration coupling
δu(t) = Re

�
û(ω)eiωt

�
δp(t) = Re

�
p̂(ω)eiωt

�

α̃1 vs ûu ?

fluctuating velocity modification to flame geometry⇒
⇒ fluctuation of heat release through the flame surface

ûp̂∗f = −û∗p̂f Ėt = Im Tr(ω)(iûup̂∗f )/2
Real numberphase quadrature (acoustic mode of a tube) (sign depends on position)

Transfer function for a flame in a tube Ėt = (1/4)(Trûup̂∗f + T ∗
r û∗up̂f )(ûb − ûu) = Tr(ω)ûuTr(ω)

�
1 +

ρb

ρu

�
d2α̃

dt2
+2(ULk)

dα̃

dt
−

�
ρu

ρb
− 1

�
k

�
− ρb

ρu
[g + g�(t)] + U2

Lk

�
1− k

km

��
α̃ = 0lecture IV:

acceleration of a curved flame modulation of the flame surface⇒ S =
�

dy
�

1 + α�2
y

Weakly cellular flame propagating downward in an acoustic wave

fluctuation of heat release rate/ cross-section aera

�
δq̇ dx = ρuULcp (Tb − Tu) δS/So δub − δuu = (Tb/Tu − 1)ULδS/Soδub − δuu =

�
δq̇

ρa2
dx ⇒

δS/So = (k2/2)α̃oα̂1eiωt + c.c.kα̃0 � 1 |α̃1|� α̃0 ⇒(linear response ok)

x = α(y, t) α(y, t) = α̃(t)cos(ky) α̃(t) = α̃0 + α̂1eiωt + c.c
Consider a curved front slightly perturbed unperturbed perturbation

burned gas

fresh mixture

δub

δuu

Analytical expression (k = kc)

Tr(ω)
(kcαo)2

ok for the primary instability

g�(t) = Re
�
iω ûueiωt

�
g > 0

P. Pelcé and D. Rochwerger  (1992),  J. Fluid Mech.  239, 293-307
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Lecture 8: Thermo-acoustic instabilities

Lecture 8-1. Rayleigh criterion

Lecture 8-2. Admittance & transfer function

Lecture 8-3. Vibratory instability of flames

Acoustic waves in a reactive medium
Sound emission by a localized heat source
Linear growth rate

Flame propagating in a tube
Pressure coupling
Velocity and acceleration coupling

Acoustic re-stabilisation and parametric instability (Mathieu’s equation)
Flame propagating downward (sensitivity to the Markestein number)
Bunsen flame in an acoustic field
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P.Clavin VIII VIII-3) Vibratory instability of flames
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primary instability + re-stabilisation + parametric instability

N(κ) ≡ −Go + κ− κ2/κm Go ≡ υ−1
b |g|dL/U2

LD ≡ υb

�
υb − 1
υb + 1

�
N

κ

υb ≡ ρu/ρb > 1 B ≡ υb

υb + 1
C ≡

�
υb − 1
υb + 1

�
ua

�
,

ua = 0

Acoustic re-stabilisation and parametric instability
Markstein 1964

d2α̃

dτ �2 + 2B
dα̃

dτ � +
�
−D + �2C cos(�τ �)

�
α̃ = 0

τ � ≡ t/τh, τh ≡ 1/(ULk), � ≡ ωτh,= (ωτL)/(kdL) κ = kdL

g�(t) = ωuaUL cos(ωt)

Mathieu’s equation. Kapitza pendulum

t ≡ �τ � Y (t) ≡ eBτ �
α̃ d2Y

dt2
+ {Ω + h cos(t)}Y = 0

Ω = − (D + B2)
�2

h = C

Kapitza 1951
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Mathieu’s equation. Kapitza pendulum

d2Y

dt2
+ {Ω + h cos(t)}Y = 0

Ω > 0 : Oscillator whose frequency
√

Ω is modulated Prametric instability (Faraday 1831)
Faraday 1831 Kapitza 1951

Ω < 0 : Re-stabilization of an unstable position of a pendulum by oscillations (Kapitza 1951)

I

II

Stability limits of the solutions to Mathieus’s equation
White regions: stable. Grey regions unstable

Parametric instability

Re-stabilization tongue
Unstable situation

<latexit sha1_base64="/G8HQbFkigp0GQ9EgmIg54ZsMhY="></latexit>

⌦ = constant

Parametric instability

u∗aI < ua < u∗aII

R
ed

uc
ed

 a
co

us
tic

 v
el

oc
ity

a b

c

d

κ = kdL

ua/UL

Re-stabilization tongue

unstable wavelengths

u∗2aI ≈ 2υb
(υb + 1)
(υb − 1)

�
1− ULc

UL

�
,

k∗I
km

≈ 1
2

ULc

UL

u∗aII = 2υb/(υb − 1)

d2α̃

dτ �2 + 2B
dα̃

dτ � +
�
−D + �2C cos(�τ �)

�
α̃ = 0

g�(t) = ωuaUL cos(ωt)
Flame propagating downward

ua = 0

unstable wavelengths

 G.H. Markestein  (1964) Nonsteady flame propagation  New York: Pergamon

 see §§ 2.5.5, 2.9.2-4 in P.Clavin & G.Searby  (2016) Cambridge University Press
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Sensitivity of the acoustic instability to the Markstein number an the acoustic frequency

acoustic equipotential surface

Flattening of Bunsen flames in an acoustic field

Rich Bunsen methane flame

(Hahnemann Ehret 1943, Durox et al. 1997, Baillot et al. 1999)

140 Hz
+ intense axial acoustic field
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Turbulent flamesLecture 9 :

9-1. Introduction

Einstein-Taylor’s di�usion coe�cient
9-2. Turbulent di�usion

Rough model of turbulent transport
Well-stirred flame regime

Gibson’s scale
Elements of fractal geometry
Self similarity of strongly corrugated flames

Co-variant laws

Monopolar sound emission

Sound generated by a turbulent flame
Blow torch noise

9-4. Turbulent combustion noise

9-3. Strongly corrugated flamelet regime
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Kolmogorov’s laws
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The problem of premixed flames in a turbulent flow is still widely open
dturb

P.Clavin IX

|v|� UL : Utur/UL ≈ 1 + (|v|/UL)2

P. Clavin & F.A. Williams (1979)  J. Fluid Mech. 90  (3) pp. 589-604

|v|� UL : Utur ≈ |v|
(Damköler 1940)

Bending effect
modification to the laminar flame struture

Uturb ?

dturb ?Turbulent flow
of unburnt gas

Average position
of stabilised flame

Utur

x

y

z

9-1. Introduction

Experiments are difficult. Experimental data are very scattered

(no gas expansion)

∂θ/∂t + v(r, t).∇θ −DT ∆θ = ω�(θ)/τrb.

prescribed turbulent flow (stochastic field)

Reaction-diffusion wave in a turbulent flow
Even the simplest model has no known solution (Nonlinear stochastic equation)

<latexit sha1_base64="/o2JBrVcDGkOFaOx7OEZxPnJ00w="></latexit>

r.v = 0

∂G/∂t + v(r, t).∇G = Un|∇G|
stochastic eikonal eq.

⇒ Un = UL)(ltur � dL, τtur � τL

G(r, t) = G0 ∂G/∂t + (dr/dt).∇G = 0 dr/dt = v(r, t)− Unn n = ∇G/|∇G|eq. flame surface

Same model in the wrinkled flame regime

<latexit sha1_base64="/o2JBrVcDGkOFaOx7OEZxPnJ00w="></latexit>

r.v = 0v = (u, wy, wz)
x = α(y, z, t)
G−G0 = x− α(y, z, t) ∂α/∂t− u(rf , t) + w(rf , t).∇yzα = Utur − Un

�
1 + |∇yzα|2

UturSo = UL �S��S� =
��

dxdy

��
1 + |∇yzα|2

�
Utur/UL =

��
1 + |∇yzα|2

�

<latexit sha1_base64="aenGawIs80hWxCnY7zgsaTgGrSw="></latexit>

@

@t
< G >= Un < |rG| >

Unfortunately the condition of existence of is not known !<latexit sha1_base64="XOC34G9E2rB0+XwHniV+75LvDZo="></latexit>

< S >

<latexit sha1_base64="Ew1UAu4KCSkReSjjI8t0Np9F0SI="></latexit>

lim
�t!1

Z t+�t/2

t��t/2
S(t0)dt0 =?
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Einstein 1905G.I Taylor 1922

Taylor’s diffusion coefficient (analogy with Einstein random walk for molecular diffusion)

1-D for simplicity: dx/dt = v(t), x(t) =
� t

0
v(t�)dt�

stochastic Lagrangian velocity

Utur ≈
�

Dtur/τb
Utur

UL
≈

��
lI
dL

� �
vI

UL

�
� 1, dtur ≈ Dtur/Utur � dL

Well-stirred flame regime of Damköhler (1940) Dtur � DTlI � dL and
little practical importance

Rough model for the turbulent transport (analogy with molecular diffusion)

�vθ� ≈ −Dtur∇�θ� , �∇.(vθ)� ≈ −Dtur∆ �θ�
)limited to scalar mixing with small displacement / size (blobs, sheets ..)

integral length scale
lI ≡ vIτI

turbulence intensity
lI � L ( ,vI ≈

�
v2

�1/2

Dtur = lIvI

9-2. Turbulent di�usion

�
x2(t)

�
= 2

� t

0
dt�

� t�

0
dτ �v(t�)v(t� − τ)�

�v(t)v(t − τ)� =
�
v2

�
g(τ)turbulence: homogeneous in time g(0) = 1, lim

τ→∞
g = 0 τI ≡

� ∞

0
g(τ)dτ

integral time scale

�
x2(t)

�
=

� t

0
dt�

� t

0
dt�� �v(t�)v(t��)�

ensemble average

correlation function

<latexit sha1_base64="J3y7SQNyM4oLT82vyxfwLSIw2BE="></latexit>

v(t) = v(x(t), t)

integration by parts
�
x2(t)

�
= 2

�
v2

� � t

0
(t− τ)g(τ)dτ where

� ∞

0
τg(τ)dτ = O(τ2

I ) t� τI : g = 0

�
v2

�
τIt� τI , 1-D :

�
x2(t)

�
= 2Dturt, 3-D :

�
x2(t)

�
= 6Dturt, where Dtur ≡ �

v2
�

= (turbulence intensity)2

<latexit sha1_base64="/2JVeF5wrS4sUSuBoiS0zSf08l4="></latexit>

lim
t!1

Z t

0
(t� ⌧)g(⌧)d⌧ = t

Z 1

0
g(⌧)d⌧ �

Z 1

0
⌧g(⌧)d⌧

first moment

turbulent diffusion coefficient
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li, τi, vi ≡ li/τi
turn-over velocity

Kolmogorov 1941

ν ≡ µ/ρ
viscous diffusion coefflocal Reynolds nb

Rei ≡ livi/ν

Integral scale lI , τI , vI ReI � 1 lI > li vI > vi ∀ i

Kolmogorov scale lK , τK , vK ReK = 1 li > lK vi > vK ∀ ischematic representation
li = lI/2i

Kolmogorov’s laws
<latexit sha1_base64="oTVA61KpHqLPxy3u3ST+Qcbgq+s="></latexit><latexit sha1_base64="8Am8bVxEVRl4Oa1f2/c2lY0WRi8="></latexit><latexit sha1_base64="8Am8bVxEVRl4Oa1f2/c2lY0WRi8="></latexit><latexit sha1_base64="2hb+VIwEo03klTspzaW8A/g6p2U="></latexit>

homogeneous, isotropic and fully developed turbulence
<latexit sha1_base64="Ocb1CJ71qYvh2qczJwvyUBkU1vs="></latexit><latexit sha1_base64="lXWbKPjqPGOcWis5NZUMPTPIIDc="></latexit><latexit sha1_base64="lXWbKPjqPGOcWis5NZUMPTPIIDc="></latexit><latexit sha1_base64="K0fKo/DqQy3mfwCAgpnhFSX4A68="></latexit>

Richardson cascade
<latexit sha1_base64="iKGFO7SS4adKO8EP619YR36ZYCY="></latexit><latexit sha1_base64="PpBCY7XfbxHHc9dpUxoJBmQuqbw="></latexit><latexit sha1_base64="PpBCY7XfbxHHc9dpUxoJBmQuqbw="></latexit><latexit sha1_base64="fr+lGYLzeZDz8HC9rIilS+9yXug="></latexit>

9-3. Strongly corrugated flamelet regime
<latexit sha1_base64="IyLJgckITX6Pwq+jKSupFQa7E0E="></latexit><latexit sha1_base64="pXtUUeXUSKJ07XJvBZJij4tS+rI="></latexit><latexit sha1_base64="pXtUUeXUSKJ07XJvBZJij4tS+rI="></latexit><latexit sha1_base64="umVWwqZJxtPZLiDMiTATSKgsEd8="></latexit>

Decomposition in a continuos set of vortices

vi
3/li ≡ � ≈ cst

Scaling laws (dimensional analysis) lK � li � lI

energy transfer in NS eqs : ρ(v.∇)v2/2 vi ≈ �1/3l1/3
i , v2

i ≈ �2/3l2/3
i , τi ≈ �−1/3l2/3

i ,⇒
dissipation rate of energy : νv.∆v � = ν v2

K/l2K � = v3
I/lI⇒

ReK ≡ vK lK/ν = 1 ⇒ lI/lK ≈ Re3/4
I , vI/vK ≈ Re1/4

I , τI/τK ≈ Re1/2
I ReI � 1

energy spectrum :
�
v2

�
/2 =

� ∞

0
dk E(k) E(k) ≈ �2/3k−5/3

<latexit sha1_base64="DNCUvH8xoavgsOU3hFhgWMrR1cE="></latexit>

K41 scaling law

<latexit sha1_base64="gS2l4O67/KA2hvXYTDdc6qyul7k="></latexit>

li < lG ) ui < UL ) li/UL < ⌧i = li/ui

definition of strongly corrugated flames
vK � UL � vI

vK ≈ ν/lK , UL ≈ DT /dL, , DT ≈ ν

⇒ no modification to
the laminar flame structure

dL � lK, �L � �K

⇒ vi ≈ ULturn-over time = transit time across the vortex τi ≈ li/UL

lG ≡ U3
L/� ⇒ lK � lG � lI

many scales of wrinkles lG � lI ⇒ fractal geometry of the flame front

definition of the Gibson scale: smallest size of the wrinkles on the flame front
Gibson scale lG (Peters 1986)

N. Peters (2000)  Turbulent  Combustion, Cambridge Monographs on Mechanics

turn-over timetransit time <latexit sha1_base64="uRkMJmfEm0/DiUbhMzEmPsAdKJU="></latexit>

<
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li

li/2

li/4

li/8

li/16

Elements of fractal geometry

Fractal dimension Df > 2 : Ni,j ≈ (li/lj)
Df , Si,j/l2i ≈ (li/lj)

Df−2

Si/l2i = lim
lj→0

Si,j/l2i = finite cst.Regular surface: Df = 2⇒ total area Si in a box of size li

The fractal dimension Df > 2 can concern only scales greater than the smallest wrinkles

For a flame of thickness dL its area is well defined for wrinkles whose scale is larger than dL, lj > dL

dL < lG < lj < li < lIFractal dimension of a turbulent flame can be meaningful only for

Si,j ≈ Ni,j l2jWeaker resolution
nb of cubes of size lj that intersect the surface within the volume l3i

lj , lG < lj < li

Si ≈ Ni,G l2G.Total surface area in a cube of size li, lG < li < lI
nb of cubes of size lG that intersect the surface within the volume l3i



P.Clavin IX Self similarity of strongly corrugated flames vK � UL � vI dL � lK � lG � lI

Ui/Uj = �Si,j� /l2iA flame velocity Ui can be defined at each scale if Ui = (Si,j/l2i )Uj

Self similar law

An effective front of thickness li is defined at each scale

ok for li � lG

At the Gibson scale the combustion time of the vortex = turnover time

Self similarity: same law at all scales ⇒ combustion time of the vortex = the turnover time ∀ li

li/Ui = τi ⇒ Ui = vi

UL = vG

<latexit sha1_base64="qpkMJVl96FjYIzDXZtgxCqIKubM="></latexit>

lG/UL = lG/vG
<latexit sha1_base64="I+hdFiFzyRnDfDkc8OC6Z57003M="></latexit>)

⇒ Df = 7/3

The result is the same for all mixtures...??

Fractal dimension of the flame surface:

Ui/Uj = �Si,j� /l2i ⇒ ui/uj = �Si,j� /l2i
Ui = vi

<latexit sha1_base64="QgtkSaNkuh0pmZj/BKVC/5s8Eqw="></latexit><latexit sha1_base64="NUjvSVIL0SisZa0sRLwQK/0ggH4="></latexit><latexit sha1_base64="NUjvSVIL0SisZa0sRLwQK/0ggH4="></latexit><latexit sha1_base64="3IuJL2UZtVhw/VBXX+1kJm1oKIQ="></latexit>

vi/vj
<latexit sha1_base64="G+QR4Mzql5Lb8uuyWGGguO13/Q0="></latexit><latexit sha1_base64="+CRA7nDgNGDKdbe35OU8ayoppHI="></latexit><latexit sha1_base64="+CRA7nDgNGDKdbe35OU8ayoppHI="></latexit><latexit sha1_base64="m68oM/OxYpyfc2gPk/UZe0iDtDU="></latexit>

⇒ �Si,j� /l2i = (li/lj)1/3

Kolmogorov scaling
<latexit sha1_base64="4K0TO6YLph7iuRsrcjVdP+piUxU="></latexit><latexit sha1_base64="NvlaoGFTufTixg1cwcID5D7I3yI="></latexit><latexit sha1_base64="NvlaoGFTufTixg1cwcID5D7I3yI="></latexit><latexit sha1_base64="edwnTF6nW7UZ7aBjIFvBF9IB2Gw="></latexit>

�Si,j� /l2i = (li/lj)Df−2

def fractal dimension
<latexit sha1_base64="ERmZ3SsnIdlTd/f5W5GhBWgm2DY="></latexit><latexit sha1_base64="ysp/bj5hnVwGDJT2Qbvb1Z5w/Zk="></latexit><latexit sha1_base64="ysp/bj5hnVwGDJT2Qbvb1Z5w/Zk="></latexit><latexit sha1_base64="YnhCLeyzYunZjeGER2z6+iCwZpg="></latexit>

<latexit sha1_base64="tNKzEI8+bjn0VF8Zy0uWhmSzXSg="></latexit>

vi/vj = (li/lj)
1/3

Fastest contamination: integral scale vI � vi. Utur = vI?

ok if the combustion time of the vortex is not longer than the turnover time

vI

vI vI
lI lI

τi ≈ �−1/3l2/3
i vi ≈ �1/3l1/3

ili li

Contamination time vs combustion time

Utur = vI , ltur = lI

Kolmogorov cascade ⇒ small vortices burn faster than larger ones

Assumption: the Kolmogorov scaling law is not modified by the gas expansion

Kolmogorov scaling law :
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Co-variant laws

More general law independent of the turbulent scaling and satisfying additivity

Turbulent energy contained in the range [li, lj ] : v2
i,j ≡

j−1�

k=i

v2
k v2

k : energy in [k, k + 1]

Co-variant law = same for each couple of length scales li, lj li > lj

The only co-variant law for the flame velocity Ui at scale li satisfying additivity is U2
i = U2

j + c v2
i,j

Pocheau 1994
Co-variance ? li > lk > lj , v2

i,j = v2
i,k + v2

k,j U2
i = U2

j + c v2
i,k + c v2

k,j = U2
k + c v2

i,k

U2
i = U2

k + c v2
i,kco-variance ok

U2
tur = U2

L + c v2 v2 ≡
�

∀n

v2
n turbulence intensity

A. Pocheau (1994) Phys. Rev. E, 49, 1109-1122

Not limited to a strong turbulence

The case c = 1 covers the known results at low and large turbulence intensity

Reasonably good agreement with experiments

v/UL = O(1), lI/lK ≈ 180

A. Pocheau & D. Quieros-Condé (1996) Phys. Rev. Lett, 76 (18) 3352-3355
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Sound generated by a turbulent flame dV /dt = Ṁb/ρb

mass flow rate of burned gas in the lab frame

Ṁb = ρb

��

S

(Df + Ub)d2σ Ṁu = ρu

��

S

(Df + UL)d2σ

normal flame velocity in the lab frame

mass flow rate of fresh gas in the lab frame

ρuUL = ρbUb

elimination of Df dV /dt = Ṁb/ρb = Ṁu/ρu + (Ub − UL)S

I = (ρ/4πa)(Ub − UL)2
�
(dS/dt)2

�

intensity of sound
Strahle 1985

constant
d2V/d2t = (Ub � UL)dS/dt

<latexit sha1_base64="EZslI5jQAkNpmbvHR4Fe1iyW4Co="></latexit><latexit sha1_base64="d7pXGs/VJDC9r3HShPzEoGYkFLY="></latexit><latexit sha1_base64="d7pXGs/VJDC9r3HShPzEoGYkFLY="></latexit><latexit sha1_base64="koMN4Sgn22zucIxnBUkFDNUZPrM="></latexit>

power spectrum of sound

dĨ(ω)/dω =
ρ

4πa
(Ub − UL)2

� ∞

0
dt eiωt

�
Ṡ(t)Ṡ(0)

�

Ṡ(t) ⌘ dS/dt
<latexit sha1_base64="o+YO9Ywlu+iFBREjUO72jK1gfbc="></latexit><latexit sha1_base64="9FLhy2NcJUp3UmHIl/8bNZkUMdg="></latexit><latexit sha1_base64="9FLhy2NcJUp3UmHIl/8bNZkUMdg="></latexit><latexit sha1_base64="PBRr8K1RUcDvYBHGJh9ZcV1y2V0="></latexit>

wavelength a/ω � L size of the flame

Monopolar sound emission

acoustic potential φ(r, t) = − V̇ (t− a r)
4πr

u = ∇φ(r, t) r ≡ |r|, V̇ (t) ≡ dV/dt

Deformable (small) body with fluctuating volume V (t)

r � L : v = (4πar)−1V̈ (t− r/a), V̈ (t) ≡ d2V (t)/dt2

Radiated flux of energy (intensity of sound) I ≡ ρa
�
v2

�
=<latexit sha1_base64="P9Wi94lRLNIfUEukNlYlOVY6Z44="></latexit><latexit sha1_base64="NfqMGZtXOzJ9Lua9h7B3baSimnA="></latexit><latexit sha1_base64="NfqMGZtXOzJ9Lua9h7B3baSimnA="></latexit><latexit sha1_base64="aft2SepNyvPj8/A4mRqcvVKWdtM=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6EYouHHZgn1ALWWSTuvYJBOSiVBKv8CtfpYf4B/oX3hnTEEtohPInDn33MN9eHEgUuU4rwVrZXVtfaO4Wdra3tndK+8ftFOZJT5v+TKQSddjKQ9ExFtKqIB344Sz0At4x5tc6XjngSepkNGNmsa8H7JxJEbCZ4qo5uWgXHGqjjn2MnBzUEF+GrL8glsMIeEjQwiOCIpwAIaUvh5cOIiJ62NGXEJImDjHHCXKzUjFScGIndB/TK8ZYUkaSfo5bJxQXJIyIaydbRPPjItmf/dhVJOuY0q3l3uFxCrcEftX3kL537wesQojXJhuBc0iNoyeip+7ZGYCunL7S1eKHGLiNB5SPCHsm8zFTG2Tk5re9RyZib8ZpWb128+1Gd51lbRM9+fqlkG7VnWdqtt0KvWzfK1FHOEYp7S7c9RxjQZaxvsRT3i2albXGljsU2oV8pxDfDvW/Qeqooqp</latexit>

I = (ρ/4πa)
��

d2V /dt2
�2

�
Total acoustic energy radiated/unit time

<latexit sha1_base64="Yxzj2W1BoOWrgtvakaNc8Rj9iRI="></latexit><latexit sha1_base64="LC9abWsJ0KFj/3dN7QpM6Q/dxd4="></latexit><latexit sha1_base64="LC9abWsJ0KFj/3dN7QpM6Q/dxd4="></latexit><latexit sha1_base64="7mro74MYrrDJAY/DK/lW5fCUM+U="></latexit>

I
<latexit sha1_base64="BcImyCsOvvPnqnxl0lKbWuShNEQ="></latexit><latexit sha1_base64="mzWi/B/Qvm6aSooZzzaHm5DcFhE="></latexit><latexit sha1_base64="mzWi/B/Qvm6aSooZzzaHm5DcFhE="></latexit><latexit sha1_base64="xjqgT1lcDf6kxppqwwApsPnM6Is=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LLgRnct2AfUUibptI5NMiGZCKX0C9zqZ/kB/oH+hXfGFNQiOoHMmXPPPdyHFwciVY7zWrBWVtfWN4qbpa3tnd298v5BO5VZ4vOWLwOZdD2W8kBEvKWECng3TjgLvYB3vMmljnceeJIKGd2oacz7IRtHYiR8pohqXg/KFafqmGMvAzcHFeSnIcsvuMUQEj4yhOCIoAgHYEjp68GFg5i4PmbEJYSEiXPMUaLcjFScFIzYCf3H9JoRlqSRpJ/DxgnFJSkTwtrZNvHMuGj2dx9GNek6pnR7uVdIrMIdsX/lLZT/zesRqzDChelW0Cxiw+ip+LlLZiagK7e/dKXIISZO4yHFE8K+yVzM1DY5qeldz5GZ+JtRala//Vyb4V1XSct0f65uGbRrVdepuk2nUj/L11rEEY5xSrs7Rx1XaKBlvB/xhGerZnWtgcU+pVYhzznEt2PdfwDGMoq1</latexit>

9-4. Turbulent combustion noise
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the noise is not resulting from the direct interaction of upstream turbulence on the flame front
amplification by the intrinsic flame instability is essential

Searby et al. 2001 Phys. Fluids. 13, 3270-3275

Combustion noise is two orders of magnitude higher
Blowtorch noise

I = (ρ/4πa)(Ub − UL)2
�
(dS/dt)2

�
power spectrum of sound

dĨ(ω)/dω =
ρ

4πa
(Ub − UL)2

� ∞

0
dt eiωt

�
Ṡ(t)Ṡ(0)

�

in agreement with experiments on very large burners
(Abugov Obrezkov 1978)

total intensity of sound
<latexit sha1_base64="LRincLCnfNW6tLiTTuVTzL3nNnk="></latexit><latexit sha1_base64="QTd1L9bjtl82hnfVqJUQAnPSRNI="></latexit><latexit sha1_base64="QTd1L9bjtl82hnfVqJUQAnPSRNI="></latexit><latexit sha1_base64="bS/4yatig/VlmQKbBg91ODaWMgk="></latexit>

I ≈ 1
4π

�
Tb

Tu
− 1

�2

(ρ∆V )
v4

I

alI

dĨ(ω) ∝ ω−5/2dω
total volume of the flame brush

Df = 7/3 )
<latexit sha1_base64="jBESM93I9Pcfp9XpLyS93qsCJFU="></latexit><latexit sha1_base64="QHVOnWjfr4mKtxONiII9pyuX088="></latexit><latexit sha1_base64="QHVOnWjfr4mKtxONiII9pyuX088="></latexit><latexit sha1_base64="vvQsJS4oWv/YbVS3Z8u4OR1W2rU="></latexit>

Strongly corrugated regime with the Kolmogorov scaling
<latexit sha1_base64="z7ngFDuUHqRXhjSY963oaxXylFc="></latexit><latexit sha1_base64="0WdJf+AMsnUfrm/AwSQUSvga7kA="></latexit><latexit sha1_base64="0WdJf+AMsnUfrm/AwSQUSvga7kA="></latexit><latexit sha1_base64="WryHk7DK9Ejl0GESuiyuj/cuC5w="></latexit>

Clavin,  Siggia (1991) Combust. Sci. Technol. 78, 147-155
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Lecture 10 : Supersonic waves

10-1. Background
Model of hyperbolic equations for the formation of discontinuity

Riemann invariants

Rankine-Hugoniot conditions for shock waves

10-2. Inner structure of a weak shock wave
Formulation

Dimensional analysis
Analysis

10-3. ZND structure of detonations

10-4. Selection mechanism of the CJ wave



•  

thickness: few mean free paths

distance � (D � vp)t

UN
<latexit sha1_base64="+1iOEdzHDt8T9H4Z7qI17oQ+yFU="></latexit><latexit sha1_base64="xcoQRUeyB865ZtgYd2eVA8ty7Bw="></latexit><latexit sha1_base64="xcoQRUeyB865ZtgYd2eVA8ty7Bw="></latexit><latexit sha1_base64="rdkXvATxyR00bWNxMHYprzke0M0="></latexit>

UN
<latexit sha1_base64="+1iOEdzHDt8T9H4Z7qI17oQ+yFU="></latexit><latexit sha1_base64="xcoQRUeyB865ZtgYd2eVA8ty7Bw="></latexit><latexit sha1_base64="xcoQRUeyB865ZtgYd2eVA8ty7Bw="></latexit><latexit sha1_base64="rdkXvATxyR00bWNxMHYprzke0M0="></latexit>

10-1. Background



SHOCK WAVE AS A SINGULARITY OF THE EULER EQUATIONS
<latexit sha1_base64="5KyPz22hiBd5/qXniraWLBKeSVk="></latexit><latexit sha1_base64="H4RwUakMwT4JcDoVExpYXb705i8="></latexit><latexit sha1_base64="H4RwUakMwT4JcDoVExpYXb705i8="></latexit><latexit sha1_base64="BfhBg4c45HJTfj52kfNfKqhOx1I="></latexit>

Riemann (1860)
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a = ao = cst. :
Simple case: linear equation

u = uo(x− aot)

propagation at constant velocity without deformation

shock wave � discontinuity in the solution of the Euler equations

Model of hyperbolic equations for the formation of discontinuities

∂u/∂t + a(u)∂u/∂x = 0 a(u) given function

t = 0 : u = uo(x) u = u(x, t) ?
initial condition

u(x, t) is constant along the straight lines x = aot + xo : u = uo uo ⌘ u(ao)
<latexit sha1_base64="7mFGuTVsdnVGeUu+OyWoGrK2OdU="></latexit><latexit sha1_base64="7mFGuTVsdnVGeUu+OyWoGrK2OdU="></latexit><latexit sha1_base64="7mFGuTVsdnVGeUu+OyWoGrK2OdU="></latexit><latexit sha1_base64="XL+1zn9zWNk9Tc+OMVRCYh9w6Dw="></latexit>

The solution is conserved along any trajectory dx/dt = a(u) in the phase plan (x, t).
u = u(x(t), t) du/dt = 0

<latexit sha1_base64="+4tUiZcIf2skfyPKJISeuEnFqnU="></latexit>

) dx/dt = constant

Riemann 1860
Method of characteristics

Nonlinear equation a(u) da/du �= 0
<latexit sha1_base64="nCZjZB5XmJ4fuULXSHqm4DxKqUQ="></latexit>

t

<latexit sha1_base64="V4UDzceZj7exXMbmlDtsUfkpGIA="></latexit>x
<latexit sha1_base64="V4UDzceZj7exXMbmlDtsUfkpGIA="></latexit>x<latexit sha1_base64="s1Sx6j4tDsiAacXiJaUhpsBZH4M="></latexit>xo

Nonlinear first order partial - differential equation
<latexit sha1_base64="g2NvM9tIUAgeT2E8zZDZp3vPne4="></latexit>

u(x, t)?

Intersection of characteristics: finite time singularity
<latexit sha1_base64="RhbBPrOdEzZOgk2+86n64JfWkYk="></latexit>

du0/dx0 6= 0 ) da0/dx0 6= 0

singularity !
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∂u/∂t + a(u)∂u/∂x = 0

t = 0 : u = uo(x) u = u(x, t) ?

Nonlinear equation

Riemann 1860

u(x, t) = cst. � a(x, t) = cst.

Method of characteristics

u = u(x(t), t) du/dt = 0dx/dt = a(u)
<latexit sha1_base64="8YdddwPew/Md+Uff8/zcXFikAiI="></latexit><latexit sha1_base64="8YdddwPew/Md+Uff8/zcXFikAiI="></latexit><latexit sha1_base64="8YdddwPew/Md+Uff8/zcXFikAiI="></latexit><latexit sha1_base64="RZ8AasFzfspVRuTBPzo+ruyKsX0="></latexit>

trajectories x(t) :
<latexit sha1_base64="9jf/K0XsM95kROMq0DhPAQOYEg8="></latexit><latexit sha1_base64="9jf/K0XsM95kROMq0DhPAQOYEg8="></latexit><latexit sha1_base64="9jf/K0XsM95kROMq0DhPAQOYEg8="></latexit><latexit sha1_base64="4WHctEvsVD2L78jdIshtwP9+nFc="></latexit>

uo ⌘ u(ao)
<latexit sha1_base64="7mFGuTVsdnVGeUu+OyWoGrK2OdU="></latexit><latexit sha1_base64="7mFGuTVsdnVGeUu+OyWoGrK2OdU="></latexit><latexit sha1_base64="7mFGuTVsdnVGeUu+OyWoGrK2OdU="></latexit><latexit sha1_base64="XL+1zn9zWNk9Tc+OMVRCYh9w6Dw="></latexit>

u(x, t) is constant along the straight lines; t = 0 : x = aot+ xo, u = uo
<latexit sha1_base64="ww9lfCHBnWbfOzdeT8xrIVtnKCs="></latexit><latexit sha1_base64="ww9lfCHBnWbfOzdeT8xrIVtnKCs="></latexit><latexit sha1_base64="ww9lfCHBnWbfOzdeT8xrIVtnKCs="></latexit><latexit sha1_base64="WV+Do/NjDuL4nv67wy8CB2uSGrU="></latexit>

x = aot+ xo
<latexit sha1_base64="rSceOYAsFYtCpFCvVvloSet4Ugw="></latexit><latexit sha1_base64="9Eu4QRizw+3dwPw2NrCKuWb6Cmw="></latexit><latexit sha1_base64="9Eu4QRizw+3dwPw2NrCKuWb6Cmw="></latexit><latexit sha1_base64="p4VfUe0pxYvEZgqfscWx9UfYHfg="></latexit>

Speed increases with increasing u, da/du > 0

uo(x) ⌘
<latexit sha1_base64="qgN4pk6jfuHqzEa8omoD9obaq3I="></latexit><latexit sha1_base64="qgN4pk6jfuHqzEa8omoD9obaq3I="></latexit><latexit sha1_base64="qgN4pk6jfuHqzEa8omoD9obaq3I="></latexit><latexit sha1_base64="E+FbnK1Hrai9bectv6EeAyvUPQk="></latexit>

u(x, t = 0)
<latexit sha1_base64="s1IbDs0XCAPZNZvIF9ltI+x2MWY="></latexit><latexit sha1_base64="s1IbDs0XCAPZNZvIF9ltI+x2MWY="></latexit><latexit sha1_base64="s1IbDs0XCAPZNZvIF9ltI+x2MWY="></latexit><latexit sha1_base64="Pej6WhwERK7obtW2BCe5wvNNu6c="></latexit>

Initial state

� formation of singularities after a finite time

larger values of run faster
<latexit sha1_base64="RSRd0JLcMhYcqWPf0jwZbckC3Ek="></latexit>

da/du > 0 :
<latexit sha1_base64="Udkb5S8uJnKgDuzVlSQBakU5Tms="></latexit>u
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∂u/∂t + a(u)∂u/∂x = 0

Speed increases with increasing u, da/du > 0

tb =
1

max |da0/dx0|

tb ≡ time of wave breaking (shortest time for the divergence of ∂u/∂x)

∂xo/∂x = [1 + t(dao/dxo)]−1�x/�xo = 1 + t(dao/dxo)

diverges at time t =
1

−dao/dxo
where dao/dxo < 0∂u

∂x
=

duo/dxo)
[1 + t(dao/dxo)]

�u

�x
=

�xo

�x

duo

dxo

larger values run faster

t > tb : multivalued solution. Wave breaking

� formation of singularities after a finite time

t > tb : characteristics intersect

<latexit sha1_base64="fX0as4xRHD3MxcbYt46uFqB00ss="></latexit>

u(x, t)constant on straight trajectories in the phase plane <latexit sha1_base64="pXtFZRjc1I7FNlZz2xkgwG+z8tg="></latexit>

(t, x)
<latexit sha1_base64="CpnMI2WR32Ef0EZi039AoWGP4Ss="></latexit>

u(x, t) = u0(x0)
<latexit sha1_base64="JW8sRISvHXXMY+NMOikrs82Xd8s="></latexit>

x(x0, t) = x0 + a0(x0)t :

initial condition
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f(u)×
�
−Ddu

dξ
+

dj

dξ

�
= 0

Infinite numbers of solutions !! Ill posed problem
<latexit sha1_base64="6H99rVzoLwZDwRS8FpuGpcYN9eM="></latexit>

8 function f(u)

Definition of dF

du
≡ f(u)

dG

du
≡ f(u)a(u)

<latexit sha1_base64="LlSfiQmigM1xgeQCEWJKcCWJ0D8="></latexit>

F (u) and <latexit sha1_base64="/3y9qXHo4ynTj8c+KF7jemPFpCw="></latexit>

G(u) :

D =
G(u+)−G(u−)
F (u+)− F (u−)

<latexit sha1_base64="zDwpTUEc20KvK53Z8gUFyeCaJxA="></latexit>)
<latexit sha1_base64="xtq07DmdDFgptDXR78BAAw4bzTc="></latexit>

d

du
[�DF (u) +G(u)] = 0

dj/du = a(u)

∂u/∂t + a(u)∂u/∂x = 0 conservative form ∂u/∂t + ∂j/∂x = 0

j(u) j(u) ⌘
Z u

u�

a(u0)du0

<latexit sha1_base64="DrDfEtmWJUT+G78HhZ4UnONYtOU="></latexit><latexit sha1_base64="+oTsRJj5tHLmEX+zpiAXnj6mR6c="></latexit><latexit sha1_base64="+oTsRJj5tHLmEX+zpiAXnj6mR6c="></latexit><latexit sha1_base64="qdPSBKRZNfUnrkBu77Dqe5lGmXM="></latexit>

u(ξ) ξ = x−Dt

�/�t = �Dd/d� �/�x = d/d�

−Ddu

dξ
+

dj

dξ
= 0 is a conserved scalarj −Du

D =
j(u+)− j(u−)

u+ − u−
j(u+)�Du+ = j(u�)�Du�

<latexit sha1_base64="dnSYBYRs1NvKeblvo1hw/6gFUlI="></latexit><latexit sha1_base64="dnSYBYRs1NvKeblvo1hw/6gFUlI="></latexit><latexit sha1_base64="dnSYBYRs1NvKeblvo1hw/6gFUlI="></latexit><latexit sha1_base64="+gmBWFfyy1F90W3lOUN0jN6wZfk="></latexit>

<latexit sha1_base64="FxXdFX1RtwfMBIC8SL8k3hhtKBE="></latexit>

D?

Are step functions u+ �= u−propagating at constant velocity D solutions ?
u+

u−

D

Discontinuous solution 
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Discontinuous solutions
∂u/∂t + a(u)∂u/∂x = 0

Are step functions u+ �= u−propagating at constant velocity D solutions ? u+

u−

D
u(ξ) ξ = x−Dt

Infinite numbers of solutions !! Ill posed problem

/a
<latexit sha1_base64="t4HR5/aLSDQPsYYr7Y3Akp4ePqA="></latexit><latexit sha1_base64="e4lKsnWUFu+BtEApx4CTh2uDFxs="></latexit><latexit sha1_base64="e4lKsnWUFu+BtEApx4CTh2uDFxs="></latexit><latexit sha1_base64="P9oxh7/yBzzrl3C8cvkGTFteJEo=">AAACsXicjVHLSsNAFD2Nr/quunQTLIKrmOhClwU3LqvYh9Sik3RahyaZkEyEUvoHbvWv/AD/QP/CO2MKahGdQObMuece7sNPQpEp130tWXPzC4tL5eWV1bX1jc3K1nYzk3ka8EYgQ5m2fZbxUMS8oYQKeTtJOYv8kLf84ZmOtx54mgkZX6lRwrsRG8SiLwKmiLo8ZLeVquu45tizwCtAFcWpy8oLbtCDRIAcEThiKMIhGDL6OvDgIiGuizFxKSFh4hwTrFBuTipOCkbskP4Deo0JS9JI0k9gY5/ikpQpYe1sm3huXDT7uw+jmnQdI7r9wisiVuGe2L/ypsr/5nWIVejj1HQraBaJYfRUgsIlNxPQldtfulLkkBCncY/iKeHAZE5napuczPSu58hM/M0oNavfQaHN8a6rpGV6P1c3C5pHjuc63oVbrTnFWsvYxR4OaHcnqOEcdTTIu49HPOHZOraurTvL/5RapSJnB9+ONfwAjWKLAA==</latexit>

∂u/∂t + a(u)∂u/∂x = �∂2u/∂x2, � > 0

u+

u−

D

�

dimension ✏ = length2/time
<latexit sha1_base64="6AvDB619cbrV2hTFjYzt7nycgZU="></latexit><latexit sha1_base64="V2d9THEsKD3YXwZazfOGw2OYFtY="></latexit><latexit sha1_base64="V2d9THEsKD3YXwZazfOGw2OYFtY="></latexit><latexit sha1_base64="CgCKlQxQMlOlHu7Jp0/GxlI/ipE="></latexit>

adding a dissipative term makes the problem well posed
<latexit sha1_base64="h7K6riWTgB5E7/ANPge/CoxViuw="></latexit><latexit sha1_base64="q3h5Xsy4rnOl/YUET+uIX/bxG8Q="></latexit><latexit sha1_base64="q3h5Xsy4rnOl/YUET+uIX/bxG8Q="></latexit><latexit sha1_base64="5WLBMTlKjm8Jrz/Hjku0V+QKh/g="></latexit>

d
dξ

�
−uD + j(u)− �

du

dξ

�
= 0 �

du

dξ
= j(u)− uD + cst

ξ

�
=

� u

0

du

j(u)− uD + cst

j(u) ⌘
Z u

u�

a(u0)du0

<latexit sha1_base64="DrDfEtmWJUT+G78HhZ4UnONYtOU="></latexit><latexit sha1_base64="+oTsRJj5tHLmEX+zpiAXnj6mR6c="></latexit><latexit sha1_base64="+oTsRJj5tHLmEX+zpiAXnj6mR6c="></latexit><latexit sha1_base64="qdPSBKRZNfUnrkBu77Dqe5lGmXM="></latexit>

u(ξ) ξ = x−Dt

�/�t = �Dd/d� �/�x = d/d�
<latexit sha1_base64="7lzDGZp5lVmvJ36aDywq+wmnkOo="></latexit>

@u

@t
! �Ddu

d⇠

a(u) = u : Burgers equation. Analytical solution to the initial value problem

lim
�→0

u = step functionu(ξ) continuous function

ξ = ±∞ : du/dξ = 0 ⇒ 2 expressions of the cst that should be equal ⇒ a single value of D
j(u+)− u+D + cst = 0
j(u−)− u−D + cst = 0

D =
j(u+)− j(u−)

u+ − u−
independent of � !

in G..B. Whitham (1974) John Wiley & Sons, chapter 4.   
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Riemann invariants

∂

∂t
ρ + u

∂

∂x
ρ + ρ

∂

∂x
u = 0

a2

ρ

∂

∂x
ρ +

∂

∂t
u + u

∂

∂x
u = 0

Euler equation + constant entropy + ideal gas: a2 =
dp

dρ
= γ

p

ρ

p

ργ
= cst

Rarefaction wave
Compression wave

formation of a singularity: shock wave

Simple waves

C+ are straight lines

Fluid at rest

moving piston

(1860)

2
da

a
=

dp

p
− dρ

ρ
⇒ 2

da

a
= (γ − 1)

dρ

ρ

invariants :
�d� + du = 0 ±a

�
d� + du = 0

J+ ≡
2

γ − 1
a + u = cst sur C+ J− ≡

2
γ − 1

a− u = cst sur C−

10

C+ :
a

ρ
dρ + du = 0 C− :

a

ρ
dρ− du = 0

2 characteristics : C+ :
dx

dt
= u + a, C− :

dx

dt
= u− a

�� + u = u± a

�


@

@t
+ (�⇢+ u)

@

@x

�
⇢+


@

@t
+ (�⇢+ u)

@

@x

�
u = 0
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choose λ such that λu + a2/ρ = λ(λρ + u), λ = ±a/ρ λρ = ±a)
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Riemann 1860

λ×

λ
∂

∂t
ρ +

�
λu +

a2

ρ

�
∂

∂x
ρ +

∂

∂t
u + (λρ + u)

∂

∂x
u = 0

<latexit sha1_base64="DLrJbl6HmDk2UB93GQoTd9Wpco8="></latexit>

+
mass momentum eq.

<latexit sha1_base64="1kKmMznfMGcg8AD/eJ8YLy4Ox/A="></latexit>

(1/⇢)@p/@x

<latexit sha1_base64="Dw1zXzSHq7KsglkgIx4tRECwLkA="></latexit>

/⇢

<latexit sha1_base64="0Zo1E+/tL8ogGN7BPGzM0jkqSc8="></latexit>

[
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Centred waves

shock wave at constant velocity > piston velocity

compression

no discontinuity of u
discontinuity of du/dx propagating at the local sound speed

up tfully unsteady process: thickness

rarefaction

t < 0 : piston velocity = 0
t > 0 : piston velocity = cst �= 0

Sel-similar solutions x/t



Rankine-Hugoniot conditions

(jumps across a planar shock wave)



∂(ρetot)
∂t

= − ∂

∂x

�
ρu(h + u2/2)− λ

∂T

∂x
− µu

∂u

∂x

�
∂(ρu)

∂t
= − ∂

∂x

�
p + ρu2 − µ

∂u

∂x

�
∂ρ

∂t
+

∂(ρu)
∂x

= 0

Eqs for the conservation of mass, momentum and energy

Rankine-Hugoniot conditions for shock waves
(1870− 1880)

Hugoniot 1880Rankine 1870

Shocked gasInitial state

written in the moving frame of the shock at velocity D

m ≡ ρuD = ρNuN pu +
m2

ρu
= pN +

m2

ρN
hN − hu + (u2

N −D2)/2 = 0

steady problem

pu − pN = m2

�
1

ρN
− 1

ρu

�
hu − hN =

m2

2

�
1

ρ2
N

− 1
ρ2

u

�

h(ρu, pu)− h(ρN , pN ) +
1
2

�
1
ρu

+
1

ρN

�
(pN − pu) = 0

Hugoniot curve

h(p, ρ)− h(pu, ρu)− 1
2

�
1
ρu

+
1
ρ

�
(p− pu) = 0

(p− 1/ρ)

p− pu = −m2

�
1
ρ
− 1

ρu

�Michelson-Rayleigh line

Inner structure in steady state: working in the reference frame of the wave; equality of the fluxes on both sides

Planar shock waves
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h(p, ρ)− h(pN , ρN )− 1
2

�
1

ρN
+

1
ρ

�
(p− pN ) = 0 �= h(p, ρ)− h(pu, ρu)− 1

2

�
1
ρu

+
1
ρ

�
(p− pu) = 0

The Hugoniot relation is not an iso-function of state

h(p, ρ)− h(pu, ρu)− 1
2

�
1
ρu

+
1
ρ

�
(p− pu) = 0 H(1/ρ, p) = H(1/ρu, pu)cannot be written in the form

Michelson-

Rayleigh line

Hugoniot

curves

0

the entropy change along the Hugoniot curve is of third order Mu ≡ D/au > 1⇒

δs = s− su δp = p− pu δs =
1
12

1
Tu

�
∂2(1/ρ)

∂p2

�

s

(δp)3

δs δp

General comments

The Hugoniot curve is tangent to the isentropic at the point (pu, 1/ρu)

Mu ≡ D/au > 1

MN ≡ uN/aN < 1

supersonic

subsonic

Shocked gasInitial state

|slope| > |slope|

|slope| < |slope|

Rarefaction shock does not exist. The entropy of the fluid increases through the shock (Irreversibility)
can be proved for weak shock by the entropy balance
or by the H-theorem fusing the Boltzmann equation

�u
ds

dx
=

d
dx

�
�

T

dT

dx

�
+ �̇s �̇s > 0

p = (cp − cv)ρT, h = cpT =
γ

γ − 1
p

ρ

P ≡ (γ + 1)
2γ

�
p

pu
− 1

�
, V ≡ (γ + 1)

2

�
ρu

ρ
− 1

�

Ideal (polytropic) gas γ ≡ cp/cv

Hugoniot curve Michelson-Rayleigh line
(P + 1)(V + 1) = 1 P = −M2

uV

h(p, ρ)− h(pu, ρu)− 1
2

�
1
ρu

+
1
ρ

�
(p− pu) = 0

p− pu = −m2

�
1
ρ
− 1

ρu

�

quadratic equation for V, 2 solutions: V = 0, V = VN

<latexit sha1_base64="wRQ+hsxUYRFDeGy4YBotFy8l6CY="></latexit>

Mu =
D
au

> 1

uN

D =
ρu

ρN
=

(γ − 1)M2
u + 2

(γ + 1)M2
u

pN

pu
=

2γM2
u − (γ − 1)
(γ + 1)

TN

Tu
=

�
2γM2

u − (γ − 1)
��

(γ − 1)M2
u + 2

�

(γ + 1)2M2
u

M2
N =

(γ − 1)M2
u + 2

2γM2
u − (γ − 1)

2γM2
uM2

N − (γ − 1)(M2
u + M2

N )− 2 = 0⇔

Shocked gasInitial state

Shocked gas (Neumann state) vs Mu

<latexit sha1_base64="Mqnj0ovjISBP5i7yTw/+BStdNIo="></latexit>

MN =
uN

aN
< 1,
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∂(ρetot)
∂t

= − ∂

∂x

�
ρu(h + u2/2)− λ

∂T

∂x
− µu

∂u

∂x

�
∂(ρu)

∂t
= − ∂

∂x

�
p + ρu2 − µ

∂u

∂x

�
∂ρ

∂t
+

∂(ρu)
∂x

= 0

(p− pu) + m2(υ − υu) = µm
dυ

dx
,

x→∞ : dp/dx = 0, dυ/dx = 0

ρu = m, p + ρu2 − µ
du

dx
= cst. m

�
h +

u2

2

�
− λ

dT

dx
− µu

du

dx
= cst.

Formulation
( reference frame attached to the shock wave )

(pu, ρu)

(pN , ρN )

shock thickness

x

Dimensional analysis

ρu2
µ

du

dx

⇒ thickness of shock waves ≈ mean free path

macroscopic equations not valid ?
ok for weak shock !

u/a = O(1),
speed of sound

mean free path

kinetic theory of gases
µ/ρ = viscous diffusion coefficient ≈ �/a

Two coupled equations for p and m givenυ ≡ 1/ρ, (u = m�, cvT = p�/(� � 1))

1
2
(u2 � u2

u) =
m2

2
(� + �u)(� � �u)

=
1
2
(� + �u)

�
�(p� pu) + µm

d�

dx

�

γ

γ − 1
(pυ− puυu)− 1

2
(p− pu)(υ + υu) =

γ

γ − 1
λ

mcp

d(pυ)
dx

+
µm

2
(υ− υu)

dυ

dx

x→ −∞ : p = pu, ρ = ρu, u = D x→∞ : dp/dx = 0, dp/dx = 0, , du/dx = 0

h =
γ

γ − 1
p

ρ

p

�
= (� � 1)cvTm = ⇢uD
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10-2. Inner structure of a weak shock wave
Clavin, Searby (2014) Cambridge University Press, pp. 219-222 
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m = ⇢uD
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




1
γ

π + (1 + 2�)ν = Pr
dν

dξ
+ O(�3),

�
γ + 1
2γ

�
πν +

1
γ

π + ν =
dπ

dξ
+

dν

dξ
+ O(�3),

valid up to order �2

�
dν/dξ = O(�2)

dπ/dξ = O(�2)
anticipating

O(�3)

ξ ≡ x/� � ≡ DTu/au

au =
�

γpu/ρu

Pr ≡ µ/(ρuDTu)

M2
u = 1 + 2� + ..

mean free path

�/mcp = DTu/(⇢uD) ⇡ DTu/(⇢uau)
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� ≡Mu − 1� 1Analysis forMu ≡ D/au > 1 (weak shock)

(p− pu) + m2(υ − υu) = µm
dυ

dx
,

γ

γ − 1
(pυ− puυu)− 1

2
(p− pu)(υ + υu) =

γ

γ − 1
λ

mcp

d(pυ)
dx

+
µm

2
(υ− υu)

dυ

dx

x ! �1 : p = pu, v = vu
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x ! 1 : dp/dx = 0, dv/dx = 0
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D/au = 1 + ✏
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π ≡ (p− pu)/pu = O(�)ν ≡ (υ − υu)/υu = O(�)υ ≡ 1/ρ

Non-dimensional equations
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�
γ + 1
2γ

�
πν + Pr

dν

dξ
− 2�ν =

dπ

dξ
+

dν

dξ
+ O(�3),1

γ
π + ν = Pr

dν

dξ
− 2�ν + O(�3), ⇒

shock thickness

νN = − 4�

γ + 1

ν

x

πN = −4�
γ

γ + 1νN = −4�
1

γ + 1

[(γ − 1) + Pr]
dν

dξ
=

�
γ + 1

2
ν + 2�

�
ν� = ��� + O(�2), �

Rankine-Hugoniot
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x = O(l/�)

� ≡Mu − 1� 1Analysis for

2
γ + 1

[(γ − 1) + Pr]
dν

dξ
= ν(ν − νN ) � 0

ξ = −∞ : initial state, ν = 0, ξ = +∞ : shocked gas, ν = νN = −4�/(γ + 1)

shock thickness

νN = − 4�

γ + 1

ν

x

Y
�

�1

1

dY

dζ
= Y (Y + 1) < 0

ζ = −∞ : Y = 0, ζ = +∞ : Y = −1

Mu ≡ D/au > 1 (weak shock)

[(γ − 1) + Pr]
dν

dξ
=

�
γ + 1

2
ν + 2�

�
ν

shock thickness = mean free path/(Mu − 1)
microscopic length if Mu − 1 = O(1)
macroscopic length if (Mu − 1)� 1

� =
�

dY

Y (Y + 1) Y (�) = � e�

e� + 1

Y ≡ (γ + 1)
4�

ν ∈ [0,−1] ζ ≡ 2
[(γ + 1) + Pr]

�ξ =
2

[(γ + 1) + Pr]
x

(�/�) ζ = O

�
x

�/�

�



FRESH MIXTURE
 AT REST

UNIFORM FLOW
OF BURNED GAS

MOVING
 PISTON

D > au

SUPERSONIC
   FRONT

D > au

vp

OVERDRIVEN DETONATION
REACTING GAS

PISTON SUPORTED SUPERSONIC WAVE

FIRE

ub = D � vp

ub < ab

reaction zonelead shock

   Abel 1870, Mallard et Le Chatelier 1881,Berthelot et Vielle 1881, Mikhel’son 1893, Chapman 1899, Jouguet 1904,

Vielle 1900, Zel’dovich 1940, von Neumann1942, Döring 1943,

Ub
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Ub
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C-J REGIME
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UbCJ = abCJ
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10-3.  Gaseous detonations



see the historical introduction in the book of John H.S  Lee « The detonation phenomenon »  Cambridge University Press (2008)

(ZND inner structure of the detonation wave in steady state)

Jump conditions across a planar detonation

Equality of the fluxes of the conserved scalars (mass, momentum, total energy) on both sides

No chemical kinetics consideration

No production terms
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cp(Tb − Tu) + (u2
b −D2)/2 = qm

Reactive mixture

at rest

Detonation wave

Burnt gas

at piston speed

Piston

REFERENCE FRAME OF LABORATORY

REFERENCE FRAME OF SHOCK WAVE

∂ρ

∂t
= −∂(ρu)

∂x
,

∂(ρu)
∂t

= − ∂

∂x

�
p + ρu2 − µ

∂u

∂x

�
,

∂(ρetot)
∂t

= − ∂

∂x

�
ρu(cpT +

u2

2
− qmψ)− λ

∂T

∂x
− µu

∂u

∂x

�

20

Mikhelson condition for the CJ detonation

P = −M2
uV

0

Michelson-

Rayleigh line

Hugoniot after

heat release

Hugoniot

of shock

CJ Michelson-

Rayleigh line

γ

γ − 1

�
pb

ρb
− pu

ρu

�
− 1

2
(pb − pu)

�
1
ρu

+
1
ρb

�
= qm

P ≡ (γ + 1)
2γ

�
p

pu
− 1

�
, V ≡ (γ + 1)

2

�
ρu

ρ
− 1

�
(P + 1)(V + 1) = 1 +QQ ≡ γ + 1

2
qm

cpTu

Mu ≡ D/au > 1supersonic combustion wave

quadratic equation for V M2
uV2 + (M2

u � 1)V +Q = 0

(called Chapmann-Jouguet 1899− 1904)

Mu � MuCJ ≡
√
Q+

√
Q+ 1,

Lower bound of propagation velocity D = DCJ

(M2
u � 1)2 � 4QM2

u Mikhelson (1893)

In the CJ wave the velocity of the burned gas is sonic in the frame of the wave ubCJ = abCJ
(Rayleigh line is tangent)

(self-sustained wave)

ub < abIn the overdriven detonations D = DCJ the velocity of the burned gas is subsonic in the frame of the wave
(piston-supported detonation)

>

see next slide



Zoom

Detonation

Front

Piston

velocity

End of heat

release zone

Shock

Shock

Detonation

velocity

N

Neumann

state

Reaction

rate

Detonation thickness


Planar detonation

thickness � few mms Arrhenius law e�E/kBT

E

kBT
� 10reaction rate � e�E/kBT

�coll

elastic collisions

subsonic 
flow/wave

Overdriven regime / Self sustained wave

Michelson (1893) Rayleigh (1910)

0

Michelson-

Rayleigh line

Hugoniot after

heat release

Hugoniot

of shock

CJ Michelson-

Rayleigh line

supersonic without shock

under ordinary conditions
non physical see below

Marginal solution 
the so called Chapman-Jouguet wave 

Mikhel’son
(1893) 

Sonic condition
C-J detonation
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 ZND structure of detonations
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End of heat

release zone

Shock
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Zeldovich (1940) Neumann (1942) Döring (1944)

structure of the detonation: inert shock followed by a much larger reaction zone

conjectured by Vieille (1900) Zeldovich
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Paul Vieille (1900) Detonation = Shock-driven combustion wave

thickness of the reaction zone � thickness of the lead (inert) shock

E

kBTN
� 1 ⇒ 1

τr(TN )
≈ e−E/kBTN

τcoll
� 1

τcoll

uN

aN
= O(1), dN ≡ uNτr(N)� aNτcoll ≈ �

Combustion = large activation energy
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\right)
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di↵usion rate ⌧ reaction rate ) di↵usion terms are negligible in the reaction zone behind the shock
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◆2 ✓⌧coll
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◆
1
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,
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 ZND structure of detonations
Zeldovich (1940) Neumann (1942) Döring (1944)

d(ρu)
dx

= 0
dp

dx
+ ρu

du

dx
= 0

Formulation
Reference frame of the lead shock (x = 0)

γ

γ − 1
d
dx

�
p

ρ

�
+ u

du

dx
− qm

dψ

dx
= 0 ρu

dψ

dx
= ρ

ẇ(T,ψ)
τr(TN ) ψ ∈ [0, 1]

ẇ(T,ψ = 0) = 0.

ẇ(T,� = 1) = 1

detonation thickness dN = uN�r(TN )
x = 0 : u = uN , � = �N , p = pN , � = 1, ẇ = 1
x�� : u = ub, � = �b, p = pb, � = 0, ẇ = 0

DT

d2
N

≈ a2
Nτcoll

d2
N

≈ τcoll

(τr(TN ))2
≈ e−E/kBTN

τr(TN )
� 1

τr(TN )

diffusion rate � reaction rate ⇒ diffusion terms are negligible
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structure of the detonation: inert shock followed by a much larger reaction zone

Elimination of p and ρ

d
dx

�
p

ρ

�
= p

d
dx

�
1
ρ

�
+

1
ρ

dp

dx
=

p

ρu

du

dx
+

1
ρ

dp

dx
=

a2

γu

du

dx
− u

du

dx

γ

γ − 1
d
dx

�
p

ρ

�
+ u

du

dx
=

1
(γ − 1)u

(a2 − u2)
du

dx⇒

a2 = γ
p

ρ

(a2 � u2)
du

dx
= (� � 1)qmu

d�

dx
, du2

d�
= 2(� � 1)qm

u2

(a2 � u2)�

Zeldovich
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du2

dψ
= 2(γ − 1)qm

u2

(a2 − u2)

Phase portrait in the plan ψ - u2

Initial state ψ = 0 : u2 = D2, a2 = a2
u

Neumann state ψ = 0 : u2 = u2
N , a2 = a2

N

OK with the Vieille’s conjecture
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u +

1
2
D2

CpT
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(Initial state)

(Neumann state)

(Burnt gas)

Non physical branch

zero reaction rate

no supersonic wave without a leading shock

progress variable
burned gas state
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TN > Tc
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Tu < Tc

see slide 6 of lecture VI
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Rarefaction wave in the burnt gas when the piston is suddenly stopped
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10-4. Selection mechanism of the CJ wave
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Initiation of detonations

Part 1: Direct Initiation



Initiation of detonation
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P.Clavin XI

Initiation at high temperature
Spontaneous quenching

Basic ingredients
Experiments
Runaway phenomenon

Direct initiation
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Background

composition chemical kinetics

heat release per unit mass of the deficient species (fuel or oxygen in lean and rich mixtures respectively)

(� � 1)M2
uCJ

> 1� TNCJ � qm/cp
<latexit sha1_base64="cdiBLjF713h5EU463LcJHb3PcM0="></latexit>

850K < Tc < 1250K :

Detonable mixtures

What is the direct initiation of detonation ?
Formation of a detonation in open space produced by the  
rapid deposition of a powerful concentrated energy source

Mixtures in which self-sustained planar detonations can propagate.  
The Neumann temperature (just behind the lead shock) of the CJ  

detonation should be larger than the crossover temperature: 

crossover temperature
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TNCJ > Tc :
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flow velocity in the laboratory frame
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Reactive mixture

at rest

Detonation wave

Burnt gas

at piston speed

Piston

REFERENCE FRAME OF LABORATORY

REFERENCE FRAME OF SHOCK WAVE

reference frame of the lead shock wave
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Lower bound of propagation velocity D = DCJ

marginal solution
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<latexit sha1_base64="Rc0b2ewsyCF6BXsqOyyFLQyyqpE="></latexit><latexit sha1_base64="yGVvEFWI5EwyKUAqXFtqXERmnjE="></latexit><latexit sha1_base64="yGVvEFWI5EwyKUAqXFtqXERmnjE="></latexit><latexit sha1_base64="DXUnMWUUMqk8eSy6/Ddor2oa/bg="></latexit>

M2
uCJ

� 1 ) VCJ ⇡ �1/2, ubCJ ⇡ DCJ/(� + 1)
<latexit sha1_base64="A+FuqDN6//+Jp7+geUVDGSHJaSw="></latexit><latexit sha1_base64="giDK2vloS3znEGX8XKJPUlVyzhM="></latexit><latexit sha1_base64="giDK2vloS3znEGX8XKJPUlVyzhM="></latexit><latexit sha1_base64="KIHzTa6i4zWbXGnu+CP/hRNXKbM="></latexit>

CJ detonation
<latexit sha1_base64="HFyD+7B69nCt/BQSta8Ipy7DSM0="></latexit><latexit sha1_base64="ABK0eNS4/iBLe3eVc+Hlc1zeabE="></latexit><latexit sha1_base64="ABK0eNS4/iBLe3eVc+Hlc1zeabE="></latexit><latexit sha1_base64="siHSUGeLaZKD0Rh70riPfctkU1I="></latexit>

UbCJ = abCJ
<latexit sha1_base64="Bk1Lxmr0mXL3gpiaLf2Y0ID4ZHY="></latexit><latexit sha1_base64="Dv0JdW1tttqNfRlBkKIbGd0UzQo="></latexit><latexit sha1_base64="Dv0JdW1tttqNfRlBkKIbGd0UzQo="></latexit><latexit sha1_base64="KRE6Ig3XEYi+G5lVXRGBBFwoJJ8="></latexit>

ubCJ = DCJ � abCJ
<latexit sha1_base64="2FpbE/TNCj3OXA97Axmk2VEhxOk="></latexit><latexit sha1_base64="VKZQZqwbkgzdPU+iOEvoKPZHgR8="></latexit><latexit sha1_base64="VKZQZqwbkgzdPU+iOEvoKPZHgR8="></latexit><latexit sha1_base64="0YlPEWKFJQJO4uIRtvJJma19Cwg="></latexit>

sonic condition
<latexit sha1_base64="fffjrmHhoBs7Xl7dPjBUUn+BJ3g="></latexit><latexit sha1_base64="fffjrmHhoBs7Xl7dPjBUUn+BJ3g="></latexit><latexit sha1_base64="fffjrmHhoBs7Xl7dPjBUUn+BJ3g="></latexit><latexit sha1_base64="G9KDb0yQBEUKVMOP0MQuC2ZnYpg="></latexit>

Planar detonations in steady state. Self-sustained regime: CJ wave 

laboratory frame
<latexit sha1_base64="JI1kNjzy19tz5WjI+urO20MrBb8="></latexit><latexit sha1_base64="JI1kNjzy19tz5WjI+urO20MrBb8="></latexit><latexit sha1_base64="JI1kNjzy19tz5WjI+urO20MrBb8="></latexit><latexit sha1_base64="mE6+c/5IwiQ+fN2PoLvd0RethWk="></latexit>

D
<latexit sha1_base64="6EidtQaUN3hr8pRBdMeRB7eCKWY="></latexit><latexit sha1_base64="6EidtQaUN3hr8pRBdMeRB7eCKWY="></latexit><latexit sha1_base64="6EidtQaUN3hr8pRBdMeRB7eCKWY="></latexit><latexit sha1_base64="PAryaqkhE2sv3MSzLuJq2MEsvVg="></latexit>

Ub
<latexit sha1_base64="udQz6O64NdJlk9aDddYd/rZGHD4="></latexit><latexit sha1_base64="cdXbbBrZbFoN0P3O+fSAqp4nmpk="></latexit><latexit sha1_base64="cdXbbBrZbFoN0P3O+fSAqp4nmpk="></latexit><latexit sha1_base64="Sa5vLnk4K0uydteRwkyyqSfd0Nw=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIR1F3BjcuKpi1qKZPptIYmmZBMhFL6CW71q/wA/0D/wjtjCmoRnUDmzLnnHu7DT8IgU47zWrIWFpeWV8qrlbX1jc2t6vZOK5N5yoXHZSjTjs8yEQax8FSgQtFJUsEiPxRtf3Su4+0HkWaBjK/VOBHdiA3jYBBwpoi68np+r1pz6o459jxwC1BDcZqy+oI79CHBkSOCQAxFOARDRt8tXDhIiOtiQlxKKDBxgSkqlJuTSpCCETui/5BeE8KSNJL0U9g4oLgkZUpYO9smnhsXzf7uw6gmXceYbr/wiohVuCf2r7yZ8r95t8QqDHBqug1oFolh9FR44ZKbCejK7S9dKXJIiNO4T/GUMDeZs5naJiczves5MhN/M0rN6jcvtDnedZW0TPfn6uZB66juOnX30qk1zoq1lrGHfRzS7k7QwAWa8Mh7iEc84dk6tm4sZvFPqVUqcnbx7VjhB+sQi5s=</latexit>

ub = D � Ub
<latexit sha1_base64="IfZjrXtOW6ploj9gxrUlhyffDg8="></latexit><latexit sha1_base64="C6YglYMtpBVYDukPfcncD9SWiAg="></latexit><latexit sha1_base64="C6YglYMtpBVYDukPfcncD9SWiAg="></latexit><latexit sha1_base64="324bMBG8L4NBzVUDmBvHqZV+UHQ="></latexit>

D
<latexit sha1_base64="BAtzik0/bMCkDsjMM7AclEU5LFk="></latexit><latexit sha1_base64="BAtzik0/bMCkDsjMM7AclEU5LFk="></latexit><latexit sha1_base64="BAtzik0/bMCkDsjMM7AclEU5LFk="></latexit><latexit sha1_base64="Y/jPwGUycLvrjClOFE4CPYpeJ+I="></latexit>Mu ⌘ D/au

<latexit sha1_base64="dK+POY1rnoS6dFxg3w7pSFQ0Ppc="></latexit><latexit sha1_base64="dK+POY1rnoS6dFxg3w7pSFQ0Ppc="></latexit><latexit sha1_base64="dK+POY1rnoS6dFxg3w7pSFQ0Ppc="></latexit><latexit sha1_base64="G/WcTmnHju4IUHmfyE6u7mLWhpk="></latexit>

Q ⌘ � + 1

2

qm
cpTu

<latexit sha1_base64="GTeFM8ESuIZwUkl1tWhZYZF2pZ0="></latexit><latexit sha1_base64="aRLBZ3YzCtq7IRf7zZw18hYluO0="></latexit><latexit sha1_base64="aRLBZ3YzCtq7IRf7zZw18hYluO0="></latexit><latexit sha1_base64="5EcRisiBm5yup96BIU8lSS88zgI="></latexit>

M2
uV2 + (M2

u � 1)V +Q = 0
<latexit sha1_base64="7kPA5OQDxOyzUNuX0aCJRrXJoK8="></latexit><latexit sha1_base64="7kPA5OQDxOyzUNuX0aCJRrXJoK8="></latexit><latexit sha1_base64="7kPA5OQDxOyzUNuX0aCJRrXJoK8="></latexit><latexit sha1_base64="uxIRzyuN+sllMVS/PpEGuE0e27Q="></latexit>

V ⌘ (� + 1)

2

✓
⇢u
⇢b

� 1

◆
= � (� + 1)

2

ub

D
<latexit sha1_base64="VjlTMPUU9zJLPw+QHiCje0/JtQY="></latexit><latexit sha1_base64="/HoeIHK/bzxOFmX1EGYRZLGQfKQ="></latexit><latexit sha1_base64="/HoeIHK/bzxOFmX1EGYRZLGQfKQ="></latexit><latexit sha1_base64="x6xpGhGX2870p0ovEgPzfc+WE6Y="></latexit>

Ub 6 ab
<latexit sha1_base64="KyZifF9I/cgPg4PmFdELwacGutM="></latexit><latexit sha1_base64="TZ2kEbmqldP2d44eogWa8jM9fhw="></latexit><latexit sha1_base64="TZ2kEbmqldP2d44eogWa8jM9fhw="></latexit><latexit sha1_base64="mgILC7mGWzcbvbFLAQvzBYniSts="></latexit>

D > au
<latexit sha1_base64="niY06AwBX3W84Q0bPZ0U4dfN5JA="></latexit><latexit sha1_base64="VkAw2yN8jBiZJxV8yqNIbNzFkN8="></latexit><latexit sha1_base64="VkAw2yN8jBiZJxV8yqNIbNzFkN8="></latexit><latexit sha1_base64="vbRfeCEZLIGc1oQR96ZwULuF6tc="></latexit>

Conservation of mass, momentum and energy across the wave lead to a quadratic equation for

(reminder)



Direct initiation
<latexit sha1_base64="+1sjeX5qhxQem7eIqHiCsCMhQKQ="></latexit>

Lecture 11-a:

<latexit sha1_base64="LLt66IqVDp/hira/s4mkQuiZErM="></latexit>

Rarefaction wave behind a CJ detonation

CJ DETONATION: SELF PROPAGATING
<latexit sha1_base64="YnpoMRDnrc7RjJWnv+/gRKrlUjA="></latexit><latexit sha1_base64="Tj6H9J2ohVa0EGQEfRLtAUgua8Y="></latexit><latexit sha1_base64="Tj6H9J2ohVa0EGQEfRLtAUgua8Y="></latexit><latexit sha1_base64="q6f+PofQxtMo6XE48tIV7NyiImU="></latexit>

Stop the piston ) Rarefaction wave
<latexit sha1_base64="DCCYn4C5f53iY3+iSWlpIbOCv7I="></latexit><latexit sha1_base64="9wptRvUf2BP/e/hoS77lM+8aebI="></latexit><latexit sha1_base64="9wptRvUf2BP/e/hoS77lM+8aebI="></latexit><latexit sha1_base64="d+3BdtJMVrQw89twtZ9zlQpaqSQ="></latexit>

flow velocity in the laboratory frame

Reactive mixture

at rest

Detonation wave

Burnt gas

at piston speed

Piston

REFERENCE FRAME OF LABORATORY

REFERENCE FRAME OF SHOCK WAVE

reference frame of the lead shock wave
<latexit sha1_base64="bKSWJ8XakQql4oSD4Iwc0EK1Icw="></latexit><latexit sha1_base64="mYbVqdqvuxOvjXGN+pM+923y9Z4="></latexit><latexit sha1_base64="mYbVqdqvuxOvjXGN+pM+923y9Z4="></latexit><latexit sha1_base64="Yw5AV27ib6NK9I3EZyJeGlnTk/A="></latexit>

Zoom

Detonation

Front

Piston

velocity

End of heat

release zone

Shock

Shock

Detonation

velocity

N

Neumann

state

Reaction

rate

Detonation thickness


Flow of burned gas behind a CJ detonation viewed as a discontinuity 

x ≡ r/t

self-similar form
u(r, t) = v(x)

flow velocity in the laboratory frame

Zeldovich (1942) Taylor (1950)
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x ≡ r/t
flow velocity in the laboratory frame

self-similar form

u(r, t) = v(x)

�
���

���

(v � x)
1
�

d�

dx
+

dv

dx
= 0

a2 1
�

d�

dx
+ (v � x)

dv

dx
= 0

�Euler eqs. in a planar geometry
<latexit sha1_base64="iyyeFn6pI9aTeVINbeNKkRAqJbM="></latexit><latexit sha1_base64="RMsVPHmuabgSgIcYYKeEUTMb2x4="></latexit><latexit sha1_base64="RMsVPHmuabgSgIcYYKeEUTMb2x4="></latexit><latexit sha1_base64="9/HpsLuKmL9hoWRq++XlCuoGdAU="></latexit>

<latexit sha1_base64="RwiZWotMkg/FWvgQvwAgaYckr6o="></latexit>

v = 0 : ab = �� � 1

2
vbCJ + abCJ

<latexit sha1_base64="l1MiEumRSpl+VWSTf4jpcZ2KFFk="></latexit>

v = 0 : x = �� + 1

2
vbCJ +DbCJ ⇡ DbCJ

2

�

�r
=

1
t

d
dx

,
�

�t
= � r

t2
d
dx

= �x
t

d
dx

<latexit sha1_base64="TlwwKKRoBbIyFsjCN1NrNTXbzK0="></latexit>

vbCJ =
DCJ

� + 1

<latexit sha1_base64="G3izXyzfsEuoF0jXY+vrjHEM+vg="></latexit>

abCJ ⇡ �

� + 1
DCJ

<latexit sha1_base64="CZRAtryjsbinSjeFIyc2LyB0PAw="></latexit>

⇡ DCJ

2

M2
uCJ

� 1
<latexit sha1_base64="19R6KTmIv/MSIOfswyYvyX4F96A="></latexit><latexit sha1_base64="dBlQSJdS+xEG7SQfyvm+JDr8cNw="></latexit><latexit sha1_base64="dBlQSJdS+xEG7SQfyvm+JDr8cNw="></latexit><latexit sha1_base64="3xnSqEY0rP9/iT+J6+0+hDnkLZk="></latexit>

(for simplicity)

Rarefaction wave behind a planar CJ detonation
(discontinuous model)

2a

� � 1
� v =

2abCJ

� � 1
� vbCJ

<latexit sha1_base64="ENn4DClQvE9oaPc+2t8JHF7JTus="></latexit><latexit sha1_base64="50r6TjYWUsgqxaN4O9qZxcSo2Ks="></latexit><latexit sha1_base64="50r6TjYWUsgqxaN4O9qZxcSo2Ks="></latexit><latexit sha1_base64="XuzA38oRrxt2p8iUeJN3B7+9HsA="></latexit>

a =
(� � 1)

2
(v � vbCJ ) + abCJ

<latexit sha1_base64="yzRZOO3QPTOaPa+bf/sgrDCr2f0="></latexit><latexit sha1_base64="5ppkycJ7LRDL6iPuJVv8CRYmfF0="></latexit><latexit sha1_base64="5ppkycJ7LRDL6iPuJVv8CRYmfF0="></latexit><latexit sha1_base64="Kz1bDS7bJ2ZeeSa0gYN1cliep/8="></latexit>

Riemann invariant
<latexit sha1_base64="ul7YDAN2ypvMdyUgF2/BLngy56g="></latexit><latexit sha1_base64="ul7YDAN2ypvMdyUgF2/BLngy56g="></latexit><latexit sha1_base64="ul7YDAN2ypvMdyUgF2/BLngy56g="></latexit><latexit sha1_base64="h/CPc+oda1Aylh2RrkmyqGiMSDU="></latexit>

<latexit sha1_base64="bTvMhFOWRZ+JUBLkJ5JX9L0JTKw="></latexit>

J�

<latexit sha1_base64="5si5hPPSSwMBdQLXONlUwZUkN6c="></latexit>)
weak discontinuity:

<latexit sha1_base64="nH4tjA1jHNh4fT+LiP7F3LjOZYE="></latexit><latexit sha1_base64="hDFJz2aPfYiAnJZZ4GvwqcRb33g="></latexit><latexit sha1_base64="hDFJz2aPfYiAnJZZ4GvwqcRb33g="></latexit><latexit sha1_base64="1c4H2pQkoS5Yh4+q/+d7H9DbA2c="></latexit>

sonic velocity
<latexit sha1_base64="Ty77B/WDNjO3goWw324vWtiXUok="></latexit><latexit sha1_base64="6eNrZrH9UBBAMjFJc5KD3yZsZq4="></latexit><latexit sha1_base64="6eNrZrH9UBBAMjFJc5KD3yZsZq4="></latexit><latexit sha1_base64="cHEQ0dNOjcoCd49Rtw6b1Ih/wBQ="></latexit>

<latexit sha1_base64="cAkMAmAnQK+UKYbmRrgqk3HrZe8="></latexit>

x = ab, r = ab t

planar
1

0
0 1/2 1

|

rarefaction
wave r

rfrontCJ = DCJ t
<latexit sha1_base64="1lnN2J9vUkRzjMd8bzwwERVaiyU="></latexit><latexit sha1_base64="dm2ohKFWkrZpdf7YWLUBerrYlG4="></latexit><latexit sha1_base64="dm2ohKFWkrZpdf7YWLUBerrYlG4="></latexit><latexit sha1_base64="+qlqC4+78cf+5lytbUOCLB5PSRY="></latexit>

ubCJ ⇡ DCJ/(� + 1)
<latexit sha1_base64="8uxCw0WxBMYRZ6YeUX1VEX0QQi8="></latexit><latexit sha1_base64="QCH3rtKBTK8GKsvJB22RBTdUc0I="></latexit><latexit sha1_base64="QCH3rtKBTK8GKsvJB22RBTdUc0I="></latexit><latexit sha1_base64="vKyFI9blGWXi68gkZgR8UnEF/h8="></latexit>

core of burned gas
<latexit sha1_base64="+9tJii4rxwp1lla9mLJ7+UWBG6c="></latexit><latexit sha1_base64="9qoE0Rk9mw4iMQBVPwa5ynmwEYs="></latexit><latexit sha1_base64="9qoE0Rk9mw4iMQBVPwa5ynmwEYs="></latexit><latexit sha1_base64="6MItYSzmAMbv3bptn6g+j2IJa/k="></latexit>

at rest
<latexit sha1_base64="uoeMMjp5IUrrGwgnhE4UyAnIepc="></latexit><latexit sha1_base64="h+R1GU5vWTMt4ARo1uNMTOe2Zmc="></latexit><latexit sha1_base64="h+R1GU5vWTMt4ARo1uNMTOe2Zmc="></latexit><latexit sha1_base64="3KilE2e34vDZFyD4OWoRraZxAgA="></latexit>

(� + 1)

2
(v � vbCJ ) = x� (abCJ + vbCJ )

<latexit sha1_base64="8q5QJ+9bkcg/fCegD4drl9h2jOo="></latexit><latexit sha1_base64="ZC2l6FEtUefXknhZ9CFUdua8vzg="></latexit><latexit sha1_base64="ZC2l6FEtUefXknhZ9CFUdua8vzg="></latexit><latexit sha1_base64="V/cwSF64SWUfwMogTmNg7HMyr1E="></latexit>

elimination of <latexit sha1_base64="yb6QPXTRwIgKbzn13kLGoTXSpzg="></latexit>a

rarefaction wave = straight line
<latexit sha1_base64="ho+iPS3XmuBp/b8Rq0Min5n4Ol4="></latexit><latexit sha1_base64="O9qTVNPal0ZB09jtjts8ab49Cag="></latexit><latexit sha1_base64="O9qTVNPal0ZB09jtjts8ab49Cag="></latexit><latexit sha1_base64="/rMz1BLzXCPspRotPjOq2TN/d4I="></latexit>

�

v = x� a �
"
1�

✓
v � x

a

◆2
#
dv

dx
= 0

<latexit sha1_base64="MPOsotWRzFD2/o3N34debIRx+qA="></latexit><latexit sha1_base64="dK8VnAJJWfOVCjIsRxkU89tZyes="></latexit><latexit sha1_base64="dK8VnAJJWfOVCjIsRxkU89tZyes="></latexit><latexit sha1_base64="qYnDesSPw2IDEJzLaSbmjCwE9is="></latexit>

<latexit sha1_base64="5H61hPZIrX4TU/prCQr4p7SOGc0="></latexit>

v =
r

t
� a

<latexit sha1_base64="cN33/ox+HoxJb26T3+pOS3/bzUw="></latexit>

a(x)

<latexit sha1_base64="GQ9DsoVhtCliDKouB6TU7tPhTw4="></latexit>

⇢(x)

2 ordinary diff. eqs of 1st order
<latexit sha1_base64="jEtO9RaOqoWTCVFP+kOu5ZPzm14="></latexit>

v(x)
<latexit sha1_base64="GQ9DsoVhtCliDKouB6TU7tPhTw4="></latexit>

⇢(x)

(� + 1)
v � vbCJ

DCJ
= 2

�
x
DCJ

� 1
�

�
sonic condition

<latexit sha1_base64="8XtgjNqx1URzHPOEWSH0Mqd+N0Q="></latexit><latexit sha1_base64="8XtgjNqx1URzHPOEWSH0Mqd+N0Q="></latexit><latexit sha1_base64="8XtgjNqx1URzHPOEWSH0Mqd+N0Q="></latexit><latexit sha1_base64="ghMhfo1O416kzD+9ZCtNCMJpa04="></latexit>

<latexit sha1_base64="ZKtYKpVZdTo0cX33WI6qLz4oXHA="></latexit>

abCJ + vbCJ = DCJ
<latexit sha1_base64="jEtO9RaOqoWTCVFP+kOu5ZPzm14="></latexit>

v(x) is a straight line
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1
ρ

∂ρ

∂t
+

u

ρ

∂ρ

∂r
+

1
r2

∂

∂r
(r2u) = 0

∂u

∂t
+ u

∂u

∂r
= −a2

ρ

∂ρ

∂r











(v − x)
1
ρ

dρ

dx
+

dv

dx
+

2v

x
= 0

a2 1
ρ

dρ

dx
+ (v − x)

dv

dx
= 0

⇒

γ = 1.25

spherical

⇒ x
v

dv

dx
=

2�
1�

�
v�x

a

�2
�

v(x) x ≡ r/t
flow velocity in the laboratory frame

self-similar solution for the flow of burned gas=rarefaction wave 

�

�r
=

1
t

d
dx

,
�

�t
= � r

t2
d
dx

= �x
t

d
dx

[U − (γ + 1)ξ ]
1
R

dR
dξ

+
dU
dξ

+
2U
ξ

= 0 γ2Rγ−1 1
R

dR

dξ
+ [U − (γ + 1)ξ ]

dU
dξ

= 0

ξ = 1 : U = 1, R = 1.

self-similar solution of the first kind (Zeldovich-Barenblatt 1958)
ξ ≡ r/(DCJ t), v = vbCJU(ξ), ρ = ρbCJR(ξ)

DbCJ /vbCJ = γ + 1, a/vbCJ = γR(γ−1)/2strong shock approximation:
vbCJ = DCJ � abCJ

M2
uCJ
� 1

!
CJ condition

dU/dξ diverges at ξ = 1

lim��1 (1� U)2 =
2�

� + 2
(1� �)

CJ condition

!M2
uCJ

� 1
<latexit sha1_base64="19R6KTmIv/MSIOfswyYvyX4F96A="></latexit><latexit sha1_base64="dBlQSJdS+xEG7SQfyvm+JDr8cNw="></latexit><latexit sha1_base64="dBlQSJdS+xEG7SQfyvm+JDr8cNw="></latexit><latexit sha1_base64="3xnSqEY0rP9/iT+J6+0+hDnkLZk="></latexit>

for simplicity

Rarefaction wave behind a spherical CJ detonation
(discontinuous model)

r = aot

weak discontinuity

spherical kernel of burnt gas at rest whose radius increasing linearly with time
stop the calculation at ξo at which U = 0; uniform solution in 0 � ξ � ξo

start the numerical integration at � = 1
<latexit sha1_base64="GgXhrIMaWSeXb9shTHhUIIKiTdY="></latexit>

: U = 1,
dU
d⇠

=

r
�

2(� + 2)

1

(1� �)

spherical geometry



Self-similar solution
Rarefaction wave behind a spherical CJ detonation

discontinuous model  (no other length scale than the radius)

Zeldovich (1942)-Taylor (1950)

γ = 1.25

spherical

Singularity on the detonation front
not compatible with a finite thickness

of the detonation wave 

<latexit sha1_base64="DhLeDMNhxW2JhzrbEO6VGNCE/0U="></latexit>

⇠ ⌘ r

DCJ t

Growing sphere of
burned gas at rest



Direct initiation ? 

(e.g. explosive charge)Initiation by releasing quasi instantaneously an amont of energy in a quasi point. 
Successful initiation occur above a critical energy 

<latexit sha1_base64="YqmJKZqJeKHN0bZlUuBaq2dG2LA="></latexit>

E > Ec

At early time after deposition, the size of the spherical wave is very small and the energy liberated 
by the exothermal reaction is negligible in front of the energy that has been deposited.  

Therefore, the initial condition for the study of direct initiation is a point blast wave which is 
described by a spherical self-similar solution of inert Euler equations (no time and space scale)
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rf (t) = b(γ)
�

E

ρu

�1/5

t2/5 ⇒ D(t) ≡ ṙf (t) =
2 b(γ)

5

�
E

ρu

�1/5

t−3/5

conservation of energy : 4π

� rf (t)

0
ρ

�
1

γ − 1
p

ρ
+

v2

2

�
r2dr = E ⇒ b = 1.0033.. for γ = 1.4

ρuD2r3 ≈ (2/5)2E

Mu ≡ D/au � 1 ⇒Strong shock vN =
2

γ + 1
D(t), ρN =

γ + 1
γ − 1

ρu, pN =
2

γ + 1
ρuD2(t) D(t) ≡ drf

dt
where

(Taylor 1941 Sedov 1946)
Point blast wave explosion in an inert gas (spherical geometry) 

Flow field  
of the Taylor-Sedov blast wave

Dissiption neglected ⇒ 2 Euler eqs. +
�

∂

∂t
+ v

∂

∂r

� �
p

ργ

�
= 0

<latexit sha1_base64="hdjbnqmmlbo1DDMjthssTp4ixmk="></latexit>

however the dissipation can be neglected outside the shock.
<latexit sha1_base64="izquwqmdNBEChiABhqb4lWj0vL0="></latexit>

The flow is solution of the Euler equations completed by the entropy wave equation

<latexit sha1_base64="hopKDTHWyKg0Sr+gXyq1MN1RfWA="></latexit>

and satisfies to the Rankine-Hugoniot condition on the lead shock treated as a discontinuity:

look for a self similar solution in the form ξ ≡ r

rf (t)
, v = D(t)V(ξ), ρ = ρuR(ξ), p = ρuD(t)2P(ξ)

3 o.d.e. for V(ξ), R(ξ), P(ξ)⇒ ζ = 1 : V = 2/(γ + 1), R = (γ + 1)/(γ − 1), P = 2/γ + 1,with �

2 dimensional parameters E and ρu ⇒ a single non-dimensional parameter can be built with r and t : r(ρu/Et2)1/5

dimension of 

<latexit sha1_base64="8aVNkt2+55gMC9pRXQIBA0CM+oQ="></latexit>

E =
mass⇥ length2

time2

dimension of 
<latexit sha1_base64="6Gsl903zNx06VNdnNrh8m6lG+zM="></latexit>

⇢ =
mass

length3

<latexit sha1_base64="xpthFo6yXqUkTqbHBLq4uaaNiWM="></latexit>

The trajectory of the lead shock r = rf (t) is obtained by the following dimensional analysis:

<latexit sha1_base64="cT37fxt3WlRqAX/rPZ8odt2L1J8="></latexit>

The shock velocity D(t) varying with the time ) the entropy jump across the shock is not constant
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Transition between 2 self-similar solutionsSuccessful direct initiation:

E > Ec :
point blast explosion

spherical CJ wave

�
Df (t)

DCJ

�

Sedov-Taylor

Zeldovich-Taylor

rf (t)
�

point blast explosion
E < Ec :

fluid at rest v = 0

�
Df (t)

0

�

au

Point blast wave explosion in a combustible gas 

⇒ no criticality !

(Korobeinikov 1971, Liñan et al. 2012)
Df (t) DCJ ∀ E

(Detonation = discontinuity)
no length scale no ignition failure

at rf � r�f and t � t� corresponding to �ur�3f D3
CJ � E, t� � r�f/DCJ
2

1st numerical analysis without modification of the inner structure of the lead detonation



Korobeinikov (1971) 
Detonation = discontinuity 

( zero detonation thickness:) 
No critical energy !

First numerics in a spherical geometry 

Conclusion: the critical energy is due to modifications of the inner structure of the detonation 

DCJ

reactive mixture: numerics

DCJ

reactive mixture: numerics
Korobeinikov (1971)

inert
blast

wave
radius

propagation velocity
D

r

D �
�

E

�u

�1/2 1
r3/2

Taylor (1941) density

velocity

radius

inert blast wave



Direct numerical simulations of the flow in spherical geometry including the unsteady inner 
structure of the detonation show that there is a critical energy for a successful initiation; below, the 

initiation fails and the shock velocity decreases to the sound speed in an inert mixture

L. He,  P. Clavin JFM (1994) 277 p. 227-248

C.A. Eckett et al. JFM (2000) 421 p. 147-183
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Nonlinear curvature induced modification to the inner structure and fully 
unsteady effects are essential for a correct estimation of the critical energy 

the time of the blast wave velocity to reach DCJ reaction time at the Neumann state of the CJ wave=
τ∗CJ = τNCJ

criticality :

(Ec/�u)1/3 � � + 1
� � 1

dCJD2/3
CJ

� � + 1
� � 1

dCJ(DCJ)�1

<latexit sha1_base64="wcUxn98mGA2bczE5QxN3jsjYl3s="></latexit>

D/uN = (� + 1)/� � 1)

strong shock
τ∗CJ ≈ (E/ρu)1/3(DCJ)−5/3

= dCJ/uNCJ

<latexit sha1_base64="oOH6Gc6A8MRwkplR6FRvLnGmygM="></latexit>

D(t) ⇡ (E/⇢u)
1/5 /t3/5

self-similar blast wave

D2
CJ ≈ 2(γ2 − 1)qm

Ec ≈ 2ρuqm
(γ + 1)4

(γ − 1)2
d3

CJ

strong CJ wave

Lee (1984)
<latexit sha1_base64="SSDJ1YUMwPkT6tfT7VKUbFTCrnw="></latexit><latexit sha1_base64="2TqGxZphBzNpVJ8LhLTmWMHbrV0="></latexit><latexit sha1_base64="2TqGxZphBzNpVJ8LhLTmWMHbrV0="></latexit><latexit sha1_base64="wMweVO+jdF+AQOOkONUtEZib3Q8="></latexit>

10−5 - 10−6Smaller by many orders of magnitude than in experiments ! 

Order of magnitude estimate for the critical energy by dimensional analysis

Direct initiation
<latexit sha1_base64="+1sjeX5qhxQem7eIqHiCsCMhQKQ="></latexit>

Lecture 11-a:

Critical energy: Zeldovich criterion (1965)



He Clavin JFM (1994) 277 p. 227-248

Quasi-steady analysis for large activation energy

Nonlinear curvature effect in spherical geometry

Critical energy

Direct initiation
<latexit sha1_base64="+1sjeX5qhxQem7eIqHiCsCMhQKQ="></latexit>

Lecture 11-a:



Non linear curvature effect

Turning point in the parameter space «radius-velocity  »:
there is no spherical CJ detonation below a critical radius  

steady state approximation of the spherical detonation structure

no solution 

two solutions 

<latexit sha1_base64="HpDBDclpuHXPniiADu++mY/iZbg="></latexit>

K > K⇤ = 1/e :
<latexit sha1_base64="jIE/FLbxyiAEv2DrcfYZxtw22uo="></latexit>

K < K⇤ = 1/e :

collapsing for

<latexit sha1_base64="nHxSw/ZwNSn+BgPyqt3DoomBLL0="></latexit>

⇥� < ⇥⇤ = 1 < ⇥+
<latexit sha1_base64="xN4ACuO4F2HWLPJhha2hcdnZERc="></latexit>

K = K⇤ : ⇥± = ⇥⇤ = 1

ΘΘ
∗
= 1

Θe
−Θ

K
∗
=

1

e

K

K > K
∗
no solution

<latexit sha1_base64="7KGiTEVzeacG0IotUAAUxufX/eU="></latexit>

⇥�
<latexit sha1_base64="PqYzdijfbwFrUZeYl2Y/MqPwuZI="></latexit>

⇥+

sonic 

sonic 

subsonic 

su
bs

on
ic

 

subsonic 

sonic 

D

DCJ

no solution

subsonic 

<latexit sha1_base64="SivqycVY6Bh7ypavXVGj+MEUwI4="></latexit>

DCJ

<latexit sha1_base64="MA8w2Y34IsnOjvNy8j5e986m39w="></latexit>

R/dCJ

<latexit sha1_base64="lpBa/0Ayq4Bq1rq89ibOv7DjG9U="></latexit>

DCJ/DCJ

<latexit sha1_base64="L6wXxU38ZC+dN6bsqX48itniDaU="></latexit>

⇥ ⌘ 2�N

✓
DCJ �DCJ

DCJ

◆ <latexit sha1_base64="9lmrf08DyacXRhdk5SQmY8xMPJ8="></latexit>

K ⌘ 16�2

�2 � 1
�N

dCJ

R

No spherical CJ :   overdriven regimes that are damped by the rarefaction wave!
R < Rc

<latexit sha1_base64="WHzdqmO3gc9bE20Ib+CHjlY2AVA="></latexit><latexit sha1_base64="wohmolRdlkGy/VfLNhlANGQOus4="></latexit><latexit sha1_base64="wohmolRdlkGy/VfLNhlANGQOus4="></latexit><latexit sha1_base64="pNaXmwUtIAjUGTf0MratnIvNspo="></latexit>

<latexit sha1_base64="ynJQbMgGO6MTpbLGIv3SL1gsPYo="></latexit>

Rc/dCJ ⇡ 102
<latexit sha1_base64="t4OxxLlOvi6P99jSFCQmJqmv2PA="></latexit>

K⇤ = 1/e ) OK with DNS

<latexit sha1_base64="gflV1n865/xBUZHS0yVd+ZZF1RA="></latexit>

⇥

Generic equation of a turning point:
unknown solution: parameter K

<latexit sha1_base64="eyPc3Ub4k+FQgCoSfvAZy4SlAzw="></latexit>

⇥e�⇥ = K

Semenov equation for thermal explosion & Thermal quenching of flames….



17

P.Clavin XI

γ

γ − 1
p

ρ

I1(D) ≈ 4
γ − 1

dCJ

rf
exp

�
−2βN

(D −DCJ)
DCJ

�
, I2 ≈

γ − 1
γ + 1

I1

�
γ

γ − 1
pb

ρb
+

u2
b

2

�
≈

�
γ

γ − 1
pu

ρu
+
D2

2
+ qm

�

∇.j =
1
r2

∂(r2j)
∂r

=
�j

�r
+

2
r
jNonlinear curvature effect of a spherical CJ detonation

He Clavin JFM (1994) 277 p. 227-248

(ρbu2
b + pb)− (ρuD2 + pu)

ρuD2
≈ −I2 I2 ≈ 2�

� d

0

�
1− ρu

ρ(x)

�
dx

dCJ

u = D − vx = rf (t)− r drf (t)/dt = D ∂/∂r → −∂/∂x ∂/∂t→ ∂/∂t +D∂/∂xreference frame of the lead shock

Large radius � ≡ dCJ/rf � 1

Integration across the inner structure x = 0 : Neumann state, ρNuN = ρuD, x = d : bunrt gas

detonation thickness
curved detonationQuasi-steady state approximation

⇒
�

∂

∂t
+ u

∂

∂x

��
cpT +

u2

2
− qmψ

�
− 1

ρ

∂p

∂t
− u

dD
dt

= 0

(ρbub − ρuD)
ρuD

≈ −I1 I1 ≈ 2�

� d

0

�
ρ(x)
ρu

− 1
�

dx

d

First order approximation unperturbed planar solution : ρ(x)u(x) = ρuD

CJ

Square-wave model: thickness of the reaction zone � thickness of the induction zone dind,
d ≈ dind,

Tu

TN

Tb

xx = 0

reaction rate
dind

lead shock

I1,2 � � dind/dCJ

βN ≡
E

kBTNCJ

� 1, dind = dCJ exp
�
−2βN

(D −DCJ)
DCJ

�
Arrhenius law ⇒

(γ − 1)M2
u � 1 ⇒ ρu

ρN
≈ γ − 1

γ + 1
,

TN

Tu
≈ 2γM2

u
(γ − 1)
(γ + 1)2

,
TN

TNCJ

≈
�
D
DCJ

�2

(D −DCJ)
DCJ

= O(1/βN ) ⇒

∂(ρu)
∂t

+
∂(ρu2 + p)

∂x
+

2
rf − x

ρ(D − u)u =
dD
dt⇒�� �

∂ρ

∂t
+

∂(ρu)
∂x

+
2

rf − x
ρ(D − u) = 0

�
∂

∂t
+ u

∂

∂x

�
u = −1

ρ

∂p

∂x
+

dD
dt

Euler eqs. mass

momentum
�

∂

∂t
+ u

∂

∂x

�
(cpT − qmψ)− 1

ρ

�
∂

∂t
+ u

∂

∂x

�
p = 0energy

Details of the asymptotic analysis 



P.Clavin XI

18

Square-wave model. Quasi-steady stateLimitations of the analysis:

No change in order of magnitude

δD/DCJ ≡ (D −DCJ)/DCJ = O(1/βN )

dCJ/rf = O(1/βN ) I1 = O(1/βN )

I2 = O(1/βN )
⇒ ⇒

�
γ + 1

γ

�
1 +

γ − 1
γ + 1

�
DCJ

abCJ

�2
�
− 2

DCJ

abCJ

�
δD
DCJ

=
γ + 1

γ
I1(D)− DCJ

abCJ

I2(D)

δpb

pbCJ

− δρb

ρρCJ

− 2
δub

abCJ

= 0u2
b = γpb/ρbSonic condition in the burnt gas : ⇒

there is no spherical CJ detonation
with a radius rf < r∗

r∗f/dCJ ≈ 103

D ∝ (E/ρu)1/2

r3/2inert blast wave

marginal blast wave DCJ ∝
(Ec/ρu)1/2

r∗3/2

He Clavin (1994)

Ec ≈ (5/2)2ρuD2
CJr∗3 = (52/2)(γ2 − 1)qmρur∗3≈ 108 - 109 × Zeldovich value

ok with the experiments of Lee (1984)(1956)
ok with DNS of He Clavin (1994)

δρb

ρbCJ

+
δub

abCJ

=
δD
DCJ

− I1
1
γ

δpb

pbCJ

+
δρb

ρbCJ

+ 2
δub

abCJ

=
�
DCJ

abCJ

� �
2

δD
DCJ

− I2

�
1

γ − 1
δpb

pbCJ

− 1
γ − 1

δρb

ρρCJ

+
δub

abCJ

=
�
DCJ

abCJ

�2 δD
DCJ

Small variations of the continuity eq, the Euler eqs and the energy eq yield
δub ≡ ub − abCJ , δρb ≡ ρb − ρbCJ , δpb ≡ pb − pbCJ

O(1/βN )δub(D)/abCJ = O(1/βN ), δρb(D)/ρbCJ = O(1/βN ), δpb(D)/pbCJ =

Small modification of the burnt gas state

(ρbu2
b + pb)− (ρuD2 + pu)

ρuD2
≈ −I2

(ρbub − ρuD)
ρuD

≈ −I1

�
γ

γ − 1
pb

ρb
+

u2
b

2

�
≈

�
γ

γ − 1
pu

ρu
+
D2

2
+ qm

�

inert blast wave

2βN

�
DCJ −D
DCJ

�
e−2βN

“
DCJ−D
DCJ

”

=
16γ2

γ2 − 1
βN

dCJ

rf

r∗ =
16 e γ2

γ2 − 1
βN dCJ , D∗ =

�
1− 1

2βN

�
DCJ

�
DCJ −D
DCJ

�
vs

dCJ

rf
is a C-shaped curve with a turning point at

E = Ec

I1(D) ≈ 4
γ − 1

dCJ

rf
exp

�
−2βN

(D −DCJ)
DCJ

�
, I2 ≈

γ − 1
γ + 1

I1 �

DCJ

aCJ
� � + 1

�



Turning point

sonic condition

sonic condition

subsonic condition

subsonic condition

Curvature effect on the detonation structure 
(steady state approximation)

unsteadiness induced re-ignition for
<latexit sha1_base64="kweGVxUPWwTXi/Hn9t/KiuJ8J4k="></latexit>

R < Rc

0

�1

1 e

y CJ
(x)

critical radius
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unsteady e↵ects
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spherical CJ wave
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in steady state
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(D �DoCJ )/a
<latexit sha1_base64="Hqh9lktk5vea4ldIAYz+1W32Q7o="></latexit><latexit sha1_base64="mXqnTlq+fx+i1fQk1WzrNqaGxOM="></latexit><latexit sha1_base64="mXqnTlq+fx+i1fQk1WzrNqaGxOM="></latexit><latexit sha1_base64="5vnbQn0FGWaPGXltsmmtQmQM59w="></latexit>

x ⌘ rf/(b✏
�1loCJ )
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Arrhenius factor

critical radius
detonation thickness

� 102 � critical energy
Zeldovich value

� 106

attractor

initiation

E

Good order of magnitude but the critical energy is overestimated  !

m
isfire

Point blast wave
trajectories in an inert gas

quasi-steady state approximation
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0

�1

1 e

1

y

x

2

mb = 0.84
mb = 1

mb = 0

y
=
�

ln
x

xint

y CJ
(x)

y
1 (x)

y
2 (x) Weakness of the analysis:

He Clavin JFM (1994) 277 p. 227-248



1st step: Asymptotic analysis of the rarefaction wave in the discontinuous model  
(detonation = discontinuity)

- Self-similar solution behind a spherical CJ wave
- Unsteady rarefaction wave  behind overdriven detonations approaching CJ
- Transient flow  when reaching the  CJ velocity

2nd step: Unsteady inner structure of the detonation taken into account 

- Two-length scales problem: matching condition  
- Critical dynamics: the role of the trajectory of the sonic point 

Unsteady analysis of the direct initiation in a spherical geometry 
in the limit of small heat release enlightening the qualitative behavior

✏ ⌘ q/cpTu < 1
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Clavin, Denet JFM (2020) Vol. 897, A30
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1st step: Asymptotic analysis of the rarefaction wave in the discontinuous model  
(detonation = discontinuity)

 asymptotic analysis in the limit of small heat release 
Clavin, Hernandez and Denet, JFM (2021)
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- Self-similar solution for the reaction wave behind a spherical CJ wave

0 < (DoCJ � a)/a ⇡ ✏ ⌧ 1, DoCJ ⇡ (1 + ✏)a,
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by Zeldovich (1942) Taylor (1945) the result is qualitatively similar to the limit of large Mach number M >> 1  
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Same singularity on the detonation front as in Zeldovich Taylor ! 

analytical solution of the flow field
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detonation front

flow velocity of burned gas  
at the detonation front

linear velocity profile (strictly limited to overdriven regimes)
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CJ value

Abrupt transition of the gradient on the detonation front

- Transient flow of the rarefaction wave as soon as the CJ velocity is reached
Overdriven solution Self similar CJ solution

1st step: Asymptotic analysis of the rarefaction wave in the discontinuous model 
Clavin, Hernandez and Denet, JFM (2021)
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2nd step: Unsteady inner structure of the detonation taken into account
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In the limit of small heat release, the problem is reduced to a single nonlinear 
differential equation of first order for the flow field that has to be solved by 
matching the solution in the burned gas side of the inner flame structure  

with a point blast wave. The Arrhenius law governing the reaction rate is 
truncated below a crossover temperature denoting the chemical kinetics 

induced quenching at low temperature
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<latexit sha1_base64="eWuMbtBy2g03kNhwdis4b4Bx8IM="></latexit><latexit sha1_base64="mkN/mUYEi6p0GfYT940N1QdhE5I="></latexit><latexit sha1_base64="mkN/mUYEi6p0GfYT940N1QdhE5I="></latexit><latexit sha1_base64="WOkOEbKL63AA8O5uYz0KqE6NmEk="></latexit>

sonic point
<latexit sha1_base64="X2T1kmoU9gt+a04d/i9qW/2vrcI="></latexit><latexit sha1_base64="DQPL48OYesbm6Wh92QdpzPGEzvo="></latexit><latexit sha1_base64="DQPL48OYesbm6Wh92QdpzPGEzvo="></latexit><latexit sha1_base64="S1NwFpUZhpvyWBCti39jEbQLKm8="></latexit>

⇠
<latexit sha1_base64="EiKuwHhyABOFN0YQh0wJ2mH3VN8="></latexit><latexit sha1_base64="jJRKhg36RSuVghVajIJakzqGxTU="></latexit><latexit sha1_base64="jJRKhg36RSuVghVajIJakzqGxTU="></latexit><latexit sha1_base64="m8ANQVaFi3Pgs5woElzB/4YYqtk=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIR1F3BjcuK9oFtkUk6rUOTTEgmYin9BLf6VX6Af6B/4Z0xBbWITiBz5txzD/fhxYFIleO8FqyFxaXlleJqaW19Y3OrvL3TTGWW+Lzhy0AmbY+lPBARbyihAt6OE85CL+Atb3Su4617nqRCRtdqHPNeyIaRGAifKaKuug/itlxxqo459jxwc1BBfuqy/IIu+pDwkSEERwRFOABDSl8HLhzExPUwIS4hJEycY4oS5Wak4qRgxI7oP6TXhLAkjST9FDYOKC5JmRDWzraJZ8ZFs7/7MKpJ1zGm28u9QmIV7oj9K2+m/G9eh1iFAU5Nt4JmERtGT8XPXTIzAV25/aUrRQ4xcRr3KZ4Q9k3mbKa2yUlN73qOzMTfjFKz+u3n2gzvukpapvtzdfOgeVR1nap76VRqZ/lai9jDPg5pdyeo4QJ1NMh7iEc84dk6tm4sZvmfUquQ5+zi27GCD0Tai8I=</latexit>

0
<latexit sha1_base64="Qm/pykQqKevZh5NY/klABRdG4/I="></latexit><latexit sha1_base64="Qm/pykQqKevZh5NY/klABRdG4/I="></latexit><latexit sha1_base64="Qm/pykQqKevZh5NY/klABRdG4/I="></latexit><latexit sha1_base64="I9hUSfLXjWZatmwTQehdZO0lyG0=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwVSZu1F3BjcsW7ANqKZN0WscmnZBMhFL6BW71s/wA/0D/wjtjCmoRnUDmzLnnHu7Dj0OZasZeC87K6tr6RnGztLW9s7tX3j9opSpLAtEMVKiSjs9TEcqJaGqpQ9GJE8EjPxRtf3xl4u0HkaRSTW70NBa9iI8mcigDrolqsH65wqrMHncZeDmoID91VX7BLQZQCJAhgsAEmnAIjpS+LjwwxMT1MCMuISRtXGCOEuVmpBKk4MSO6T+i14ywIo0i/RwuTiiuSJkQNs6ujWfWxbC/+3CqydQxpdvPvSJiNe6I/StvofxvXpdYjSEubLeSZhFbxkwlyF0yOwFTufulK00OMXEGDyieEA5s5mKmrs1Jbe9mjtzG36zSsOYd5NoM76ZKWqb3c3XLoHVW9VjVa7BK7TJfaxFHOMYp7e4cNVyjjqb1fsQTnp0zp+P0Hf4pdQp5ziG+Hef+A45HiqE=</latexit>

0
<latexit sha1_base64="oxnkbXwKqzJGh/jHK8ZnIZczyjc="></latexit><latexit sha1_base64="oxnkbXwKqzJGh/jHK8ZnIZczyjc="></latexit><latexit sha1_base64="oxnkbXwKqzJGh/jHK8ZnIZczyjc="></latexit><latexit sha1_base64="tsOy2y2F2acCxObLingQEiT71ik="></latexit>

↵̇(⌧) ⌘ D(⌧)�DoCJ

✏ a
< 0

<latexit sha1_base64="R41RO0hKX+JdrKUlYRCxthUy5J8="></latexit><latexit sha1_base64="gPv3BfSe0rjqJAm7U60vqz5Jp+s="></latexit><latexit sha1_base64="gPv3BfSe0rjqJAm7U60vqz5Jp+s="></latexit><latexit sha1_base64="kkxruGwXsu70gNohXLRgIN+bKkk="></latexit>

↵̇(⌧)
<latexit sha1_base64="6tjJP3AKce4fjsu//qNxnnQ0E3I="></latexit><latexit sha1_base64="6yVMsqtF4FGcwWdnoEKcqGnYpGo="></latexit><latexit sha1_base64="6yVMsqtF4FGcwWdnoEKcqGnYpGo="></latexit><latexit sha1_base64="AATH3SPjr1WCXMJmd0LxsM0/yOg="></latexit>

µf = 1 + 2↵̇(⌧)
<latexit sha1_base64="rZXKmH3C7SSxT8IYG12ma+5cmgo="></latexit><latexit sha1_base64="bA0yDF2DWOIc6eW3wbalREn8e8A="></latexit><latexit sha1_base64="bA0yDF2DWOIc6eW3wbalREn8e8A="></latexit><latexit sha1_base64="8YeT2WTpYG+wXwKJ33Vtlp265oA="></latexit>

µ(⇠, ⌧) ⌘ u(⇠, ⌧)

✏ a
� 1

<latexit sha1_base64="iZMssPSo4RrPguusLNeC5LlWAu0="></latexit><latexit sha1_base64="JDb6vOEssRqojdLrKxWuFDsp9eE="></latexit><latexit sha1_base64="JDb6vOEssRqojdLrKxWuFDsp9eE="></latexit><latexit sha1_base64="TKhuK63SgWjhJNZuOmx28lXPR8U="></latexit>

planar CJ wave
<latexit sha1_base64="y9KCQ5SvHZlJrVD1FhGhbyIz0IM="></latexit><latexit sha1_base64="tEB9FoxeuTODyM1MZPTV3ZQOci8="></latexit><latexit sha1_base64="tEB9FoxeuTODyM1MZPTV3ZQOci8="></latexit><latexit sha1_base64="BknjRUS4SmkQZ02/5eKgiYHM4Z4="></latexit>

inner structure
<latexit sha1_base64="gTOFWCjEM6nw+x8Lh32CkpOdvgo="></latexit><latexit sha1_base64="jVctd5iFTF2pCHJ+x4oYgHmyX48="></latexit><latexit sha1_base64="jVctd5iFTF2pCHJ+x4oYgHmyX48="></latexit><latexit sha1_base64="m4pNqHUK5dArbAFFucJ/oVnJysY="></latexit>

of the detonation
<latexit sha1_base64="3jCkxX3j5PDh7or9U5EpUzykyA0="></latexit><latexit sha1_base64="STWhrJyx7MJrjKwZulOYgWUsKMA="></latexit><latexit sha1_base64="STWhrJyx7MJrjKwZulOYgWUsKMA="></latexit><latexit sha1_base64="0LGkIXf2vDWlHeUienY7ORnSXGQ="></latexit>

unpe
rturb

ed raref
actio

n wave

<latexit sha1_base64="m1ypvSM8CTdR7RyDVdIDgjOyo3w="></latexit><latexit sha1_base64="aCe3xW71AHxDpG1iu35aF6kiUA0="></latexit><latexit sha1_base64="aCe3xW71AHxDpG1iu35aF6kiUA0="></latexit><latexit sha1_base64="O/Zv9K4EhzG3ylpA1i7btMSOzUQ="></latexit>

front of
<latexit sha1_base64="+lQzi2pUJ0LN6fQOMpgpmZQEVug="></latexit><latexit sha1_base64="hBc04UTCCpxTp7yJdyxvS31oPTs="></latexit><latexit sha1_base64="hBc04UTCCpxTp7yJdyxvS31oPTs="></latexit><latexit sha1_base64="Nga5onjp76ziPL8Buwzh3+/PCPk="></latexit>

1
<latexit sha1_base64="NcGn/cs1LAXCzvIdDi+3UF0DK74="></latexit><latexit sha1_base64="wD8vSmydGr83/wsP6mgKC8wJiyU="></latexit><latexit sha1_base64="wD8vSmydGr83/wsP6mgKC8wJiyU="></latexit><latexit sha1_base64="GGNNtI6rGLvVxvcUpeCotCyOR2I="></latexit>

the lead shock
<latexit sha1_base64="g0+eeSo3F11E+KFERo+6T0xYoqk="></latexit><latexit sha1_base64="bacCxDGGoN/coPnk+FrG4dskISc="></latexit><latexit sha1_base64="bacCxDGGoN/coPnk+FrG4dskISc="></latexit><latexit sha1_base64="Svq3W/FwCyujMon1i+Hd5KDsqUo="></latexit>

uN
<latexit sha1_base64="pZj1NbJwEWuLgjiKnbM6EpM0gTY="></latexit><latexit sha1_base64="MJWs3elsqsKioatZy1Z5BrEdHFU="></latexit><latexit sha1_base64="MJWs3elsqsKioatZy1Z5BrEdHFU="></latexit><latexit sha1_base64="WpJfOh7S3cpRigbzMH4/jyY7/7I="></latexit>

uNoCJ
<latexit sha1_base64="iadM7Tf2jKJ4I2WKtAANdH4VFnM="></latexit><latexit sha1_base64="M1yMZY9LQmF+fpg45v8BO2bZfJE="></latexit><latexit sha1_base64="M1yMZY9LQmF+fpg45v8BO2bZfJE="></latexit><latexit sha1_base64="MfOchksJLeKokg20jXUKxSsMf6o="></latexit>

Flow velocity
<latexit sha1_base64="0zWvjBWRLyqbvGfmspHLDInEfYI="></latexit><latexit sha1_base64="s+CC5FDaaLP4/If/5bbHt6Yvtb4="></latexit><latexit sha1_base64="s+CC5FDaaLP4/If/5bbHt6Yvtb4="></latexit><latexit sha1_base64="NNu6Snlz551qzUsBmbbTH4Gh0vo="></latexit>

µext
f (⌧)

<latexit sha1_base64="PKZMmodbjVfmUEVuPhe30q3qhHA="></latexit><latexit sha1_base64="5L4Buye0/nKxeDvzKtUNimb0I4I="></latexit><latexit sha1_base64="5L4Buye0/nKxeDvzKtUNimb0I4I="></latexit><latexit sha1_base64="oI50lwDxrW5t1q4CLS4l7lhblD4="></latexit>

µext
foCJ

(⌧)
<latexit sha1_base64="sDY8xtxGg9u4yaliVcbVnju3+wc="></latexit><latexit sha1_base64="fNYCK7uch4MlS2lw9ehUzRwgOxA="></latexit><latexit sha1_base64="fNYCK7uch4MlS2lw9ehUzRwgOxA="></latexit><latexit sha1_base64="r3PAwM2TrVVMBN8QYFkVYB6aK6s="></latexit>

⇠ ⌘ r � rf (t)

loCJ
<latexit sha1_base64="udSuwW/HlDHA8zZoSii2OH//k8Y="></latexit><latexit sha1_base64="TrYBiZcmFkFY548mNMcAfKjS/U4="></latexit><latexit sha1_base64="TrYBiZcmFkFY548mNMcAfKjS/U4="></latexit><latexit sha1_base64="R2nZbEvScajQLeVnWzTJhkYmDLM="></latexit>

⇠ = 0 : Neumann
<latexit sha1_base64="xRFF5T17TGbm7Ocv/wHuESY5DN4="></latexit><latexit sha1_base64="AQNVBQHyLoogK5WXFgXyx/P6w2I="></latexit><latexit sha1_base64="AQNVBQHyLoogK5WXFgXyx/P6w2I="></latexit><latexit sha1_base64="JuYmCcwQ3stkq0iiznaXRD3lRqw="></latexit>

µf (⌧) ⌘ µ(0, ⌧)
<latexit sha1_base64="5XFsLch6CKYHtQACeG/GKLavX+k="></latexit><latexit sha1_base64="1r33+8iDHSI1RfS8Rnx1IcaiB+I="></latexit><latexit sha1_base64="1r33+8iDHSI1RfS8Rnx1IcaiB+I="></latexit><latexit sha1_base64="E+ySW8p3t0KwsOTEcHTjMubofRg="></latexit>

⇠ = 0 :
<latexit sha1_base64="oNz87ePocBqddODnEY6fY1UxUSI="></latexit><latexit sha1_base64="bbLyDImbWrrwlHO+nEVGqOI3+EQ="></latexit><latexit sha1_base64="bbLyDImbWrrwlHO+nEVGqOI3+EQ="></latexit><latexit sha1_base64="atn3HIcGxSIO1mCdtSHJNhgmwxg="></latexit>

propagation velocity of the lead shock

flow field

distance from the lead shock
<latexit sha1_base64="NaWyCYPLHsR7y/MsQKtObE/yOTE="></latexit>

|⇠| =

Two length scales problem. Flame thickness = small scale. Rarefaction wave = long scale
(internal flame structure) (external flow)

Clavin, Hernandez and Denet, JFM (2021)
<latexit sha1_base64="wblSJV1ATdRNQlAnZ6lJDmz7iqM="></latexit><latexit sha1_base64="Kcy/6ZcfxPw6Fn2vP0gaCZgPVY8="></latexit><latexit sha1_base64="Kcy/6ZcfxPw6Fn2vP0gaCZgPVY8="></latexit><latexit sha1_base64="YTlraM3YOeiVyqrpUUTRNy/Rhw4="></latexit>

Analytical solution in the limit of small heat release

One-step model+ Arrhenius law+temperature cutoff



The flow gradient of the rarefaction wave decreasing 
continuously, the sonic point get closer and closer 

to the exit of the reaction zone. The damping is stopped 
as soon as  the sonic point catches the exit of the 

reaction zone protecting the reaction rate of further damping
since the flow relative to the reaction zone becomes sonic.

This is possible if the gas temperature in the rarefaction
wave has not decreased below the cross over temperature 

dxC+/dt = u+ a�D
<latexit sha1_base64="w0oJhjOmlOV2cKJb7UR3DEnZcnE="></latexit><latexit sha1_base64="vuZDBzxONUSNHQekaTZYw7GIdLM="></latexit><latexit sha1_base64="vuZDBzxONUSNHQekaTZYw7GIdLM="></latexit><latexit sha1_base64="GCp4QC3oA5SuGDNZhuql/EMhrF0="></latexit>

Propagation velocity (relative to the lead shock)
 of the disturbances associated with        is     

    
C+

<latexit sha1_base64="eWuMbtBy2g03kNhwdis4b4Bx8IM="></latexit><latexit sha1_base64="mkN/mUYEi6p0GfYT940N1QdhE5I="></latexit><latexit sha1_base64="mkN/mUYEi6p0GfYT940N1QdhE5I="></latexit><latexit sha1_base64="WOkOEbKL63AA8O5uYz0KqE6NmEk="></latexit>

The sonic point separates the flow in two regions:

 behind, the flow is supersonic, 

sonic point: D � u = a
<latexit sha1_base64="zLBPROfIie5u61BIsYn9jspvQQQ="></latexit><latexit sha1_base64="zLBPROfIie5u61BIsYn9jspvQQQ="></latexit><latexit sha1_base64="zLBPROfIie5u61BIsYn9jspvQQQ="></latexit><latexit sha1_base64="CNxz/XFWDoVQMLzYe714sWAGNjo="></latexit>

Critical dynamics: Role of the trajectory of the sonic point

The rarefaction wave is not disturbed behind the exit of the  
reaction zone by the heat-release: it is the same as behind an 

 overdriven detonation of zero thickness for which the flow  
gradient is uniform and decreases continuously. The flow of  

burned gas adjacent to the reaction zone being subsonic the  
detonation regime is overdriven. The reaction rate is decreased 

by the rarefaction wave and the detonation is slowed down. 

ahead, the flow is subsonic (relative to the lead shock), 
<latexit sha1_base64="ElC7g2RQt3Fo890d82EQfwMMEXo="></latexit>

D � u < a;
<latexit sha1_base64="rM+BI0KwTm/mjf7gsOHGtqAo6Dg="></latexit>

D � u > a.

µ(⇠, ⌧)
<latexit sha1_base64="ri7MvbEdBOBdczNvBcIXsMc4rSU="></latexit><latexit sha1_base64="ri7MvbEdBOBdczNvBcIXsMc4rSU="></latexit><latexit sha1_base64="ri7MvbEdBOBdczNvBcIXsMc4rSU="></latexit><latexit sha1_base64="/o0VcRyhBXbeAwDEw91QdTSVBMs="></latexit>

end of the reaction
<latexit sha1_base64="hN1YDbIDuNFB6J5kK2qn463H6ns="></latexit><latexit sha1_base64="5XDKAJt+SvUDFRt7ARSBkE1cL0k="></latexit><latexit sha1_base64="5XDKAJt+SvUDFRt7ARSBkE1cL0k="></latexit><latexit sha1_base64="NfcoXtDL5/IOP4T8JY7VVstT4mE="></latexit>

µ
ext (⇠, ⌧)

<latexit sha1_base64="L1HcuHLYJ3j6jQXvHr1/DUAg+wY="></latexit><latexit sha1_base64="pNQNIv+8B9p5WkfDIL5gb5FTCls="></latexit><latexit sha1_base64="pNQNIv+8B9p5WkfDIL5gb5FTCls="></latexit><latexit sha1_base64="B2WFSf8iLIpbMx4+8WFTUZGtXYM="></latexit>

sonic point
<latexit sha1_base64="X2T1kmoU9gt+a04d/i9qW/2vrcI="></latexit><latexit sha1_base64="DQPL48OYesbm6Wh92QdpzPGEzvo="></latexit><latexit sha1_base64="DQPL48OYesbm6Wh92QdpzPGEzvo="></latexit><latexit sha1_base64="S1NwFpUZhpvyWBCti39jEbQLKm8="></latexit>

⇠
<latexit sha1_base64="EiKuwHhyABOFN0YQh0wJ2mH3VN8="></latexit><latexit sha1_base64="jJRKhg36RSuVghVajIJakzqGxTU="></latexit><latexit sha1_base64="jJRKhg36RSuVghVajIJakzqGxTU="></latexit><latexit sha1_base64="m8ANQVaFi3Pgs5woElzB/4YYqtk=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIR1F3BjcuK9oFtkUk6rUOTTEgmYin9BLf6VX6Af6B/4Z0xBbWITiBz5txzD/fhxYFIleO8FqyFxaXlleJqaW19Y3OrvL3TTGWW+Lzhy0AmbY+lPBARbyihAt6OE85CL+Atb3Su4617nqRCRtdqHPNeyIaRGAifKaKuug/itlxxqo459jxwc1BBfuqy/IIu+pDwkSEERwRFOABDSl8HLhzExPUwIS4hJEycY4oS5Wak4qRgxI7oP6TXhLAkjST9FDYOKC5JmRDWzraJZ8ZFs7/7MKpJ1zGm28u9QmIV7oj9K2+m/G9eh1iFAU5Nt4JmERtGT8XPXTIzAV25/aUrRQ4xcRr3KZ4Q9k3mbKa2yUlN73qOzMTfjFKz+u3n2gzvukpapvtzdfOgeVR1nap76VRqZ/lai9jDPg5pdyeo4QJ1NMh7iEc84dk6tm4sZvmfUquQ5+zi27GCD0Tai8I=</latexit>

0
<latexit sha1_base64="Qm/pykQqKevZh5NY/klABRdG4/I="></latexit><latexit sha1_base64="Qm/pykQqKevZh5NY/klABRdG4/I="></latexit><latexit sha1_base64="Qm/pykQqKevZh5NY/klABRdG4/I="></latexit><latexit sha1_base64="I9hUSfLXjWZatmwTQehdZO0lyG0=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwVSZu1F3BjcsW7ANqKZN0WscmnZBMhFL6BW71s/wA/0D/wjtjCmoRnUDmzLnnHu7Dj0OZasZeC87K6tr6RnGztLW9s7tX3j9opSpLAtEMVKiSjs9TEcqJaGqpQ9GJE8EjPxRtf3xl4u0HkaRSTW70NBa9iI8mcigDrolqsH65wqrMHncZeDmoID91VX7BLQZQCJAhgsAEmnAIjpS+LjwwxMT1MCMuISRtXGCOEuVmpBKk4MSO6T+i14ywIo0i/RwuTiiuSJkQNs6ujWfWxbC/+3CqydQxpdvPvSJiNe6I/StvofxvXpdYjSEubLeSZhFbxkwlyF0yOwFTufulK00OMXEGDyieEA5s5mKmrs1Jbe9mjtzG36zSsOYd5NoM76ZKWqb3c3XLoHVW9VjVa7BK7TJfaxFHOMYp7e4cNVyjjqb1fsQTnp0zp+P0Hf4pdQp5ziG+Hef+A45HiqE=</latexit>

µex
f (⌧)

<latexit sha1_base64="7jl7TdgLhYVSJ6DuKHbW5lIGrpA="></latexit><latexit sha1_base64="Furwi4OW+yNa3dULBYUghM3aJY8="></latexit><latexit sha1_base64="Furwi4OW+yNa3dULBYUghM3aJY8="></latexit><latexit sha1_base64="lEKvBZ4hSwuN6wYhms9GZserClo="></latexit>

0
<latexit sha1_base64="oxnkbXwKqzJGh/jHK8ZnIZczyjc="></latexit><latexit sha1_base64="oxnkbXwKqzJGh/jHK8ZnIZczyjc="></latexit><latexit sha1_base64="oxnkbXwKqzJGh/jHK8ZnIZczyjc="></latexit><latexit sha1_base64="tsOy2y2F2acCxObLingQEiT71ik="></latexit>

↵̇(⌧) ⌘ D(⌧)�DoCJ

✏ a
< 0

<latexit sha1_base64="R41RO0hKX+JdrKUlYRCxthUy5J8="></latexit><latexit sha1_base64="gPv3BfSe0rjqJAm7U60vqz5Jp+s="></latexit><latexit sha1_base64="gPv3BfSe0rjqJAm7U60vqz5Jp+s="></latexit><latexit sha1_base64="kkxruGwXsu70gNohXLRgIN+bKkk="></latexit>

↵̇(⌧)
<latexit sha1_base64="6tjJP3AKce4fjsu//qNxnnQ0E3I="></latexit><latexit sha1_base64="6yVMsqtF4FGcwWdnoEKcqGnYpGo="></latexit><latexit sha1_base64="6yVMsqtF4FGcwWdnoEKcqGnYpGo="></latexit><latexit sha1_base64="AATH3SPjr1WCXMJmd0LxsM0/yOg="></latexit>

µ(⇠, ⌧) ⌘ u(⇠, ⌧)

✏ a
� 1

<latexit sha1_base64="iZMssPSo4RrPguusLNeC5LlWAu0="></latexit><latexit sha1_base64="JDb6vOEssRqojdLrKxWuFDsp9eE="></latexit><latexit sha1_base64="JDb6vOEssRqojdLrKxWuFDsp9eE="></latexit><latexit sha1_base64="TKhuK63SgWjhJNZuOmx28lXPR8U="></latexit>

inner structure
<latexit sha1_base64="gTOFWCjEM6nw+x8Lh32CkpOdvgo="></latexit><latexit sha1_base64="jVctd5iFTF2pCHJ+x4oYgHmyX48="></latexit><latexit sha1_base64="jVctd5iFTF2pCHJ+x4oYgHmyX48="></latexit><latexit sha1_base64="m4pNqHUK5dArbAFFucJ/oVnJysY="></latexit>

of the detonation
<latexit sha1_base64="3jCkxX3j5PDh7or9U5EpUzykyA0="></latexit><latexit sha1_base64="STWhrJyx7MJrjKwZulOYgWUsKMA="></latexit><latexit sha1_base64="STWhrJyx7MJrjKwZulOYgWUsKMA="></latexit><latexit sha1_base64="0LGkIXf2vDWlHeUienY7ORnSXGQ="></latexit>

unpe
rturb

ed raref
actio

n wave

<latexit sha1_base64="m1ypvSM8CTdR7RyDVdIDgjOyo3w="></latexit><latexit sha1_base64="aCe3xW71AHxDpG1iu35aF6kiUA0="></latexit><latexit sha1_base64="aCe3xW71AHxDpG1iu35aF6kiUA0="></latexit><latexit sha1_base64="O/Zv9K4EhzG3ylpA1i7btMSOzUQ="></latexit>

front of
<latexit sha1_base64="+lQzi2pUJ0LN6fQOMpgpmZQEVug="></latexit><latexit sha1_base64="hBc04UTCCpxTp7yJdyxvS31oPTs="></latexit><latexit sha1_base64="hBc04UTCCpxTp7yJdyxvS31oPTs="></latexit><latexit sha1_base64="Nga5onjp76ziPL8Buwzh3+/PCPk="></latexit>

the lead shock
<latexit sha1_base64="g0+eeSo3F11E+KFERo+6T0xYoqk="></latexit><latexit sha1_base64="bacCxDGGoN/coPnk+FrG4dskISc="></latexit><latexit sha1_base64="bacCxDGGoN/coPnk+FrG4dskISc="></latexit><latexit sha1_base64="Svq3W/FwCyujMon1i+Hd5KDsqUo="></latexit>

D � u < a
<latexit sha1_base64="CBh1AhC+P5RSP0qv5DAWn+DVF9Q="></latexit><latexit sha1_base64="N4cj3TyPDyWalBktpEpGwoODGW4="></latexit><latexit sha1_base64="N4cj3TyPDyWalBktpEpGwoODGW4="></latexit><latexit sha1_base64="BQcWDNpknj9jojdLdrCJEc2vxbo="></latexit>

C+
<latexit sha1_base64="eWuMbtBy2g03kNhwdis4b4Bx8IM="></latexit><latexit sha1_base64="mkN/mUYEi6p0GfYT940N1QdhE5I="></latexit><latexit sha1_base64="mkN/mUYEi6p0GfYT940N1QdhE5I="></latexit><latexit sha1_base64="WOkOEbKL63AA8O5uYz0KqE6NmEk="></latexit>

C+
<latexit sha1_base64="eWuMbtBy2g03kNhwdis4b4Bx8IM="></latexit><latexit sha1_base64="mkN/mUYEi6p0GfYT940N1QdhE5I="></latexit><latexit sha1_base64="mkN/mUYEi6p0GfYT940N1QdhE5I="></latexit><latexit sha1_base64="WOkOEbKL63AA8O5uYz0KqE6NmEk="></latexit>

C+
<latexit sha1_base64="eWuMbtBy2g03kNhwdis4b4Bx8IM="></latexit><latexit sha1_base64="mkN/mUYEi6p0GfYT940N1QdhE5I="></latexit><latexit sha1_base64="mkN/mUYEi6p0GfYT940N1QdhE5I="></latexit><latexit sha1_base64="WOkOEbKL63AA8O5uYz0KqE6NmEk="></latexit>

C+
<latexit sha1_base64="eWuMbtBy2g03kNhwdis4b4Bx8IM="></latexit><latexit sha1_base64="mkN/mUYEi6p0GfYT940N1QdhE5I="></latexit><latexit sha1_base64="mkN/mUYEi6p0GfYT940N1QdhE5I="></latexit><latexit sha1_base64="WOkOEbKL63AA8O5uYz0KqE6NmEk="></latexit>

D � u > a
<latexit sha1_base64="dp3cy6mRdGOiyKhkErOelupEO9Y="></latexit><latexit sha1_base64="4SFgUsuGoxEBcCIxOB5zqAQxiIU="></latexit><latexit sha1_base64="4SFgUsuGoxEBcCIxOB5zqAQxiIU="></latexit><latexit sha1_base64="SAI5mwtFbUOgFhLoVt4veUaGTNA="></latexit>

r
<latexit sha1_base64="Q/JKEuqbK/EDVmnnbBJM9/wIwko="></latexit><latexit sha1_base64="1Pm1dtn+7It3w1nBIJssNIw+U+o="></latexit><latexit sha1_base64="1Pm1dtn+7It3w1nBIJssNIw+U+o="></latexit><latexit sha1_base64="znxBsLuDb5HtHCU5rtkgzm9oldg=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFlw47IF+4BayiSd1rFJJ0wmQin9Arf6WX6Af6B/4Z0xBbWITiBz5txzD/cRJJFItee9FpyV1bX1jeJmaWt7Z3evvH/QSmWmQt4MZSRVJ2Apj8SEN7XQEe8kirM4iHg7GF+ZePuBq1TIyY2eJrwXs9FEDEXINFEN1S9XvKpnj7sM/BxUkJ+6LL/gFgNIhMgQg2MCTTgCQ0pfFz48JMT1MCNOERI2zjFHiXIzUnFSMGLH9B/Ra0ZYkkaSfg4XJxSXpFSEjbNr45l1MezvPoxqMnVM6Q5yr5hYjTti/8pbKP+b1yVWY4hL262gWSSWMVMJc5fMTsBU7n7pSpNDQpzBA4orwqHNXMzUtTmp7d3Mkdn4m1Ua1rzDXJvh3VRJy/R/rm4ZtM6qvlf1G16ldp6vtYgjHOOUdneBGq5RR9N6P+IJz86Z03H6DvuUOoU85xDfjnP/ASRtit4=</latexit>rf (t)

<latexit sha1_base64="XDtjxXj5yqTuYcXUuV1UJL+hUYk="></latexit><latexit sha1_base64="BKDhSF468MeV9x3lRbQB7V232PA="></latexit><latexit sha1_base64="BKDhSF468MeV9x3lRbQB7V232PA="></latexit><latexit sha1_base64="lAPVEo9P85QLWlWSJ8f17kA55R4="></latexit>

r0(t)
<latexit sha1_base64="jGgPl6Uhxsiu/HWPjB6+yjQ2f/4="></latexit><latexit sha1_base64="ra1M6Ccy6X7ANSryXXMiHwZI2F0="></latexit><latexit sha1_base64="ra1M6Ccy6X7ANSryXXMiHwZI2F0="></latexit><latexit sha1_base64="BlBuHFz18hDHBuv6njf3+RtLXlk="></latexit>

dr0/dt = a
<latexit sha1_base64="97Yu6olpT2SejGqZYoHcpGyk9sE="></latexit><latexit sha1_base64="lV2aX4y+jWiAa9QGZSbpZ9ah7kY="></latexit><latexit sha1_base64="lV2aX4y+jWiAa9QGZSbpZ9ah7kY="></latexit><latexit sha1_base64="GRVMP1kASWb9ZARPhjszvLUPFsU="></latexit>

drf/dt = D > a
<latexit sha1_base64="uUShnMDLPNyPrfEjE8dctRzVARA="></latexit><latexit sha1_base64="z5NvZFejgbBjfJINurqYeb7j5Do="></latexit><latexit sha1_base64="z5NvZFejgbBjfJINurqYeb7j5Do="></latexit><latexit sha1_base64="WqlfEan2h5xt83PcWvQ7OeJC2RA="></latexit>

u
<latexit sha1_base64="I1U0oHP4Tu9zu2cj79ZjCkyJELM="></latexit><latexit sha1_base64="vIvt6N6d6TvOt+Od9mnd5W90Kcc="></latexit><latexit sha1_base64="vIvt6N6d6TvOt+Od9mnd5W90Kcc="></latexit><latexit sha1_base64="hPDKLNlsvHntJBd6zkL6Ggzoml4="></latexit>

uN
<latexit sha1_base64="qp5KgsuyUL7EzmNDCc56CTQOb2s="></latexit><latexit sha1_base64="WtZgDkb8XwCsZa/qeS2+5E7j53g="></latexit><latexit sha1_base64="WtZgDkb8XwCsZa/qeS2+5E7j53g="></latexit><latexit sha1_base64="r443idduv34fbvDHp5F4kawZYxY="></latexit>

0
<latexit sha1_base64="fKL9pbb72ENSuibhequvCtyWcBU="></latexit><latexit sha1_base64="zGzqfltPsxh6fMj27B0qQm8hgG0="></latexit><latexit sha1_base64="zGzqfltPsxh6fMj27B0qQm8hgG0="></latexit><latexit sha1_base64="1AdhNk5d4BryWld+B5th8Jv1YAc="></latexit>

dxC+/dt = u+ a�D
<latexit sha1_base64="IDTrpmPzBmmPC+Gu0V5JEOiCH24="></latexit><latexit sha1_base64="7lbrBJDK3//pNxJd13w28Mc3kGQ="></latexit><latexit sha1_base64="7lbrBJDK3//pNxJd13w28Mc3kGQ="></latexit><latexit sha1_base64="KetIlGuqYrFMIcyAOTct5sWdFpA="></latexit>

dxC+/dt > 0
<latexit sha1_base64="RNi8T8ZVicxIo7E8hj438BWTFkg="></latexit><latexit sha1_base64="RXvAifguMamziKM0+O+17kKNws8="></latexit><latexit sha1_base64="RXvAifguMamziKM0+O+17kKNws8="></latexit><latexit sha1_base64="hn2V6GbZq99iR6C0RZTUA256djQ="></latexit>

dxC+/dt < 0
<latexit sha1_base64="uuO9ovMPo7M+y+Ln0SvAkNQYoSs="></latexit><latexit sha1_base64="Rv8VZbv1pGUBMWXmVctFfidquok="></latexit><latexit sha1_base64="Rv8VZbv1pGUBMWXmVctFfidquok="></latexit><latexit sha1_base64="s/8KVD/ROsNIcHo8j3Ya1y3Goc4="></latexit>

velocity/lead shock
<latexit sha1_base64="MFWjVzzWxfMK6eguGlB81V9fPEc="></latexit><latexit sha1_base64="aqsaw16H7yugu71x869ZGcffIeE="></latexit><latexit sha1_base64="aqsaw16H7yugu71x869ZGcffIeE="></latexit><latexit sha1_base64="Wett9audc+ZzCuMwNyujHl+hS7w="></latexit>

velocity/laboratory
<latexit sha1_base64="zIEES8YNF4xQtU6rPOXBSufOCv8="></latexit><latexit sha1_base64="DOZrR8d3XoprMNifdfCFD/PKjyw="></latexit><latexit sha1_base64="DOZrR8d3XoprMNifdfCFD/PKjyw="></latexit><latexit sha1_base64="1Fo8B8AziaDWClU6ab+ebITcOlk="></latexit>

supersonic flow

subsonic flowsupersonic flow

subsonic flow

sonic point



When the sonic point enters the reaction zone, it stays stuck near the end of the reaction and the sonic 
condition makes the detonation free from further damping by the rarefaction wave. The inner structure 

of the detonation (initially slaved by the external flow) becomes isolated in a state out of equilibrium. The 
equilibrium state is restored through an increase in reaction rate, producing a  re-acceleration of the 

detonation front towards the spherical CJ regime. This re-acceleration occurs near the critical radius 
characterizing the quasi-steady spherical detonations. 

Therefore, the critical energy is overestimated (of an order unity)  by the nonlinear curvature effect of the 
spherical CJ detonation in quasi-steady state but the critical radius is not modified 

Sketch of the flow field of an overdriven detonation
for  

a velocity of the lead shock below the planar CJ value, 
for a radius smaller than the critical radius
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critical radius
<latexit sha1_base64="d58AEhyQ7p8vlg7VR1D6CL47ZOs="></latexit><latexit sha1_base64="nUp+xrZ4yeoUC0zjjr5LZz50ovc="></latexit><latexit sha1_base64="nUp+xrZ4yeoUC0zjjr5LZz50ovc="></latexit><latexit sha1_base64="S26MhQJugwxrMkyNw9/QxsVPKQM="></latexit>

unsteady e↵ects
<latexit sha1_base64="kJugjhjl/jaZxPChqQ/7P29zTgE="></latexit><latexit sha1_base64="4s8cK4SPIC8KisBT5tDuSSBoEd0="></latexit><latexit sha1_base64="4s8cK4SPIC8KisBT5tDuSSBoEd0="></latexit><latexit sha1_base64="cdiBZvNE2pjYtYa37kgXNmIVXx4="></latexit>

spherical CJ wave
<latexit sha1_base64="CxzSfj3cxrjaq9rkOLnyPcmcVww="></latexit><latexit sha1_base64="n6l3PenFYpqz8QA9V9C/zrr04Rk="></latexit><latexit sha1_base64="n6l3PenFYpqz8QA9V9C/zrr04Rk="></latexit><latexit sha1_base64="hwvAHtBzHSHm0OYj0Qt9xKCcSXA=">AAACoXicjVHLSsNAFD2Nr1qr1rWbYBFclYkbXQpuXFawD6ilTNJpHZpkwmQilNIfcOt3+QH+gf6Fd8YU1CI6gcyZc8893EeYxTI3jL1WvI3Nre2d6m5tr17bPzhs1Lu5KnQkOpGKle6HPBexTEXHSBOLfqYFT8JY9MLZtY33HoXOpUrvzDwTw4RPUzmRETdEtUeNJmsxd/x1EJSgifKoxgvuMYZChAIJBFIYwjE4cvoGCMCQETfEgjhNSLq4wBI1yi1IJUjBiZ3Rf0qvBWFFGkX6JXycUlyRUhO2zr6LF87Fsr/7cKrJ1jGnOyy9EmINHoj9K2+l/G/egFiDCS5dt5JmkTnGTiUqXQo3AVu5/6UrQw4ZcRaPKa4JRy5zNVPf5eSudztH7uJvTmlZ+45KbYF3WyXtMvi5uXXQPW8FrBXcMlRxjBOc0coucIUbtNEhyzGe8Owxr+sNP3fuVcrlH+Hb8UYf95+IaQ==</latexit><latexit sha1_base64="OgMwWc7FKl9McqIyXtF4a4jg17s="></latexit><latexit sha1_base64="Jv6YGU8BaCmzurwLAELVlTDCbdo="></latexit><latexit sha1_base64="56ZmQpwxNZEHu9vAYMHJLQws2Tw="></latexit><latexit sha1_base64="56ZmQpwxNZEHu9vAYMHJLQws2Tw="></latexit><latexit sha1_base64="n6l3PenFYpqz8QA9V9C/zrr04Rk="></latexit><latexit sha1_base64="n6l3PenFYpqz8QA9V9C/zrr04Rk="></latexit><latexit sha1_base64="n6l3PenFYpqz8QA9V9C/zrr04Rk="></latexit><latexit sha1_base64="n6l3PenFYpqz8QA9V9C/zrr04Rk="></latexit><latexit sha1_base64="56ZmQpwxNZEHu9vAYMHJLQws2Tw="></latexit>

in steady state
<latexit sha1_base64="D7egskmG78Ty/HwZJsMQTWW+kXQ="></latexit><latexit sha1_base64="/JegJtiKD94w/Vs+Lrbkst8i3Ro="></latexit><latexit sha1_base64="/JegJtiKD94w/Vs+Lrbkst8i3Ro="></latexit><latexit sha1_base64="2LvBlDdC18rDdG/fohH/RnttcWM="></latexit>

(D �DoCJ )/a
<latexit sha1_base64="Hqh9lktk5vea4ldIAYz+1W32Q7o="></latexit><latexit sha1_base64="mXqnTlq+fx+i1fQk1WzrNqaGxOM="></latexit><latexit sha1_base64="mXqnTlq+fx+i1fQk1WzrNqaGxOM="></latexit><latexit sha1_base64="5vnbQn0FGWaPGXltsmmtQmQM59w="></latexit>

x ⌘ rf/(b✏
�1loCJ )

<latexit sha1_base64="H+qh97K+k8cp9vu+sxb/fAKXAN4="></latexit><latexit sha1_base64="lP2/okEEV8rjz0KSX7FsOQIt5pE="></latexit><latexit sha1_base64="lP2/okEEV8rjz0KSX7FsOQIt5pE="></latexit><latexit sha1_base64="UtZO6wJz5GisxExn1D0IEG74MJc="></latexit>

µ(⇠, ⌧)
<latexit sha1_base64="ri7MvbEdBOBdczNvBcIXsMc4rSU="></latexit><latexit sha1_base64="ri7MvbEdBOBdczNvBcIXsMc4rSU="></latexit><latexit sha1_base64="ri7MvbEdBOBdczNvBcIXsMc4rSU="></latexit><latexit sha1_base64="/o0VcRyhBXbeAwDEw91QdTSVBMs="></latexit>

end of the reaction
<latexit sha1_base64="hN1YDbIDuNFB6J5kK2qn463H6ns="></latexit><latexit sha1_base64="5XDKAJt+SvUDFRt7ARSBkE1cL0k="></latexit><latexit sha1_base64="5XDKAJt+SvUDFRt7ARSBkE1cL0k="></latexit><latexit sha1_base64="NfcoXtDL5/IOP4T8JY7VVstT4mE="></latexit>

µ
ext (⇠, ⌧)

<latexit sha1_base64="L1HcuHLYJ3j6jQXvHr1/DUAg+wY="></latexit><latexit sha1_base64="pNQNIv+8B9p5WkfDIL5gb5FTCls="></latexit><latexit sha1_base64="pNQNIv+8B9p5WkfDIL5gb5FTCls="></latexit><latexit sha1_base64="B2WFSf8iLIpbMx4+8WFTUZGtXYM="></latexit>

sonic point
<latexit sha1_base64="X2T1kmoU9gt+a04d/i9qW/2vrcI="></latexit><latexit sha1_base64="DQPL48OYesbm6Wh92QdpzPGEzvo="></latexit><latexit sha1_base64="DQPL48OYesbm6Wh92QdpzPGEzvo="></latexit><latexit sha1_base64="S1NwFpUZhpvyWBCti39jEbQLKm8="></latexit>

⇠
<latexit sha1_base64="EiKuwHhyABOFN0YQh0wJ2mH3VN8="></latexit><latexit sha1_base64="jJRKhg36RSuVghVajIJakzqGxTU="></latexit><latexit sha1_base64="jJRKhg36RSuVghVajIJakzqGxTU="></latexit><latexit sha1_base64="m8ANQVaFi3Pgs5woElzB/4YYqtk=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIR1F3BjcuK9oFtkUk6rUOTTEgmYin9BLf6VX6Af6B/4Z0xBbWITiBz5txzD/fhxYFIleO8FqyFxaXlleJqaW19Y3OrvL3TTGWW+Lzhy0AmbY+lPBARbyihAt6OE85CL+Atb3Su4617nqRCRtdqHPNeyIaRGAifKaKuug/itlxxqo459jxwc1BBfuqy/IIu+pDwkSEERwRFOABDSl8HLhzExPUwIS4hJEycY4oS5Wak4qRgxI7oP6TXhLAkjST9FDYOKC5JmRDWzraJZ8ZFs7/7MKpJ1zGm28u9QmIV7oj9K2+m/G9eh1iFAU5Nt4JmERtGT8XPXTIzAV25/aUrRQ4xcRr3KZ4Q9k3mbKa2yUlN73qOzMTfjFKz+u3n2gzvukpapvtzdfOgeVR1nap76VRqZ/lai9jDPg5pdyeo4QJ1NMh7iEc84dk6tm4sZvmfUquQ5+zi27GCD0Tai8I=</latexit>

0
<latexit sha1_base64="Qm/pykQqKevZh5NY/klABRdG4/I="></latexit><latexit sha1_base64="Qm/pykQqKevZh5NY/klABRdG4/I="></latexit><latexit sha1_base64="Qm/pykQqKevZh5NY/klABRdG4/I="></latexit><latexit sha1_base64="I9hUSfLXjWZatmwTQehdZO0lyG0=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwVSZu1F3BjcsW7ANqKZN0WscmnZBMhFL6BW71s/wA/0D/wjtjCmoRnUDmzLnnHu7Dj0OZasZeC87K6tr6RnGztLW9s7tX3j9opSpLAtEMVKiSjs9TEcqJaGqpQ9GJE8EjPxRtf3xl4u0HkaRSTW70NBa9iI8mcigDrolqsH65wqrMHncZeDmoID91VX7BLQZQCJAhgsAEmnAIjpS+LjwwxMT1MCMuISRtXGCOEuVmpBKk4MSO6T+i14ywIo0i/RwuTiiuSJkQNs6ujWfWxbC/+3CqydQxpdvPvSJiNe6I/StvofxvXpdYjSEubLeSZhFbxkwlyF0yOwFTufulK00OMXEGDyieEA5s5mKmrs1Jbe9mjtzG36zSsOYd5NoM76ZKWqb3c3XLoHVW9VjVa7BK7TJfaxFHOMYp7e4cNVyjjqb1fsQTnp0zp+P0Hf4pdQp5ziG+Hef+A45HiqE=</latexit>

µex
f (⌧)

<latexit sha1_base64="7jl7TdgLhYVSJ6DuKHbW5lIGrpA="></latexit><latexit sha1_base64="Furwi4OW+yNa3dULBYUghM3aJY8="></latexit><latexit sha1_base64="Furwi4OW+yNa3dULBYUghM3aJY8="></latexit><latexit sha1_base64="lEKvBZ4hSwuN6wYhms9GZserClo="></latexit>

0
<latexit sha1_base64="oxnkbXwKqzJGh/jHK8ZnIZczyjc="></latexit><latexit sha1_base64="oxnkbXwKqzJGh/jHK8ZnIZczyjc="></latexit><latexit sha1_base64="oxnkbXwKqzJGh/jHK8ZnIZczyjc="></latexit><latexit sha1_base64="tsOy2y2F2acCxObLingQEiT71ik="></latexit>

↵̇(⌧) ⌘ D(⌧)�DoCJ

✏ a
< 0

<latexit sha1_base64="R41RO0hKX+JdrKUlYRCxthUy5J8="></latexit><latexit sha1_base64="gPv3BfSe0rjqJAm7U60vqz5Jp+s="></latexit><latexit sha1_base64="gPv3BfSe0rjqJAm7U60vqz5Jp+s="></latexit><latexit sha1_base64="kkxruGwXsu70gNohXLRgIN+bKkk="></latexit>

↵̇(⌧)
<latexit sha1_base64="6tjJP3AKce4fjsu//qNxnnQ0E3I="></latexit><latexit sha1_base64="6yVMsqtF4FGcwWdnoEKcqGnYpGo="></latexit><latexit sha1_base64="6yVMsqtF4FGcwWdnoEKcqGnYpGo="></latexit><latexit sha1_base64="AATH3SPjr1WCXMJmd0LxsM0/yOg="></latexit>

µ(⇠, ⌧) ⌘ u(⇠, ⌧)

✏ a
� 1

<latexit sha1_base64="iZMssPSo4RrPguusLNeC5LlWAu0="></latexit><latexit sha1_base64="JDb6vOEssRqojdLrKxWuFDsp9eE="></latexit><latexit sha1_base64="JDb6vOEssRqojdLrKxWuFDsp9eE="></latexit><latexit sha1_base64="TKhuK63SgWjhJNZuOmx28lXPR8U="></latexit>

inner structure
<latexit sha1_base64="gTOFWCjEM6nw+x8Lh32CkpOdvgo="></latexit><latexit sha1_base64="jVctd5iFTF2pCHJ+x4oYgHmyX48="></latexit><latexit sha1_base64="jVctd5iFTF2pCHJ+x4oYgHmyX48="></latexit><latexit sha1_base64="m4pNqHUK5dArbAFFucJ/oVnJysY="></latexit>

of the detonation
<latexit sha1_base64="3jCkxX3j5PDh7or9U5EpUzykyA0="></latexit><latexit sha1_base64="STWhrJyx7MJrjKwZulOYgWUsKMA="></latexit><latexit sha1_base64="STWhrJyx7MJrjKwZulOYgWUsKMA="></latexit><latexit sha1_base64="0LGkIXf2vDWlHeUienY7ORnSXGQ="></latexit>

unpe
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ed raref
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n wave

<latexit sha1_base64="m1ypvSM8CTdR7RyDVdIDgjOyo3w="></latexit><latexit sha1_base64="aCe3xW71AHxDpG1iu35aF6kiUA0="></latexit><latexit sha1_base64="aCe3xW71AHxDpG1iu35aF6kiUA0="></latexit><latexit sha1_base64="O/Zv9K4EhzG3ylpA1i7btMSOzUQ="></latexit>

front of
<latexit sha1_base64="+lQzi2pUJ0LN6fQOMpgpmZQEVug="></latexit><latexit sha1_base64="hBc04UTCCpxTp7yJdyxvS31oPTs="></latexit><latexit sha1_base64="hBc04UTCCpxTp7yJdyxvS31oPTs="></latexit><latexit sha1_base64="Nga5onjp76ziPL8Buwzh3+/PCPk="></latexit>

the lead shock
<latexit sha1_base64="g0+eeSo3F11E+KFERo+6T0xYoqk="></latexit><latexit sha1_base64="bacCxDGGoN/coPnk+FrG4dskISc="></latexit><latexit sha1_base64="bacCxDGGoN/coPnk+FrG4dskISc="></latexit><latexit sha1_base64="Svq3W/FwCyujMon1i+Hd5KDsqUo="></latexit>

D � u < a
<latexit sha1_base64="CBh1AhC+P5RSP0qv5DAWn+DVF9Q="></latexit><latexit sha1_base64="N4cj3TyPDyWalBktpEpGwoODGW4="></latexit><latexit sha1_base64="N4cj3TyPDyWalBktpEpGwoODGW4="></latexit><latexit sha1_base64="BQcWDNpknj9jojdLdrCJEc2vxbo="></latexit>

C+
<latexit sha1_base64="eWuMbtBy2g03kNhwdis4b4Bx8IM="></latexit><latexit sha1_base64="mkN/mUYEi6p0GfYT940N1QdhE5I="></latexit><latexit sha1_base64="mkN/mUYEi6p0GfYT940N1QdhE5I="></latexit><latexit sha1_base64="WOkOEbKL63AA8O5uYz0KqE6NmEk="></latexit>

C+
<latexit sha1_base64="eWuMbtBy2g03kNhwdis4b4Bx8IM="></latexit><latexit sha1_base64="mkN/mUYEi6p0GfYT940N1QdhE5I="></latexit><latexit sha1_base64="mkN/mUYEi6p0GfYT940N1QdhE5I="></latexit><latexit sha1_base64="WOkOEbKL63AA8O5uYz0KqE6NmEk="></latexit>

C+
<latexit sha1_base64="eWuMbtBy2g03kNhwdis4b4Bx8IM="></latexit><latexit sha1_base64="mkN/mUYEi6p0GfYT940N1QdhE5I="></latexit><latexit sha1_base64="mkN/mUYEi6p0GfYT940N1QdhE5I="></latexit><latexit sha1_base64="WOkOEbKL63AA8O5uYz0KqE6NmEk="></latexit>

C+
<latexit sha1_base64="eWuMbtBy2g03kNhwdis4b4Bx8IM="></latexit><latexit sha1_base64="mkN/mUYEi6p0GfYT940N1QdhE5I="></latexit><latexit sha1_base64="mkN/mUYEi6p0GfYT940N1QdhE5I="></latexit><latexit sha1_base64="WOkOEbKL63AA8O5uYz0KqE6NmEk="></latexit>

D � u > a
<latexit sha1_base64="dp3cy6mRdGOiyKhkErOelupEO9Y="></latexit><latexit sha1_base64="4SFgUsuGoxEBcCIxOB5zqAQxiIU="></latexit><latexit sha1_base64="4SFgUsuGoxEBcCIxOB5zqAQxiIU="></latexit><latexit sha1_base64="SAI5mwtFbUOgFhLoVt4veUaGTNA="></latexit>

r
<latexit sha1_base64="Q/JKEuqbK/EDVmnnbBJM9/wIwko="></latexit><latexit sha1_base64="1Pm1dtn+7It3w1nBIJssNIw+U+o="></latexit><latexit sha1_base64="1Pm1dtn+7It3w1nBIJssNIw+U+o="></latexit><latexit sha1_base64="znxBsLuDb5HtHCU5rtkgzm9oldg=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFlw47IF+4BayiSd1rFJJ0wmQin9Arf6WX6Af6B/4Z0xBbWITiBz5txzD/cRJJFItee9FpyV1bX1jeJmaWt7Z3evvH/QSmWmQt4MZSRVJ2Apj8SEN7XQEe8kirM4iHg7GF+ZePuBq1TIyY2eJrwXs9FEDEXINFEN1S9XvKpnj7sM/BxUkJ+6LL/gFgNIhMgQg2MCTTgCQ0pfFz48JMT1MCNOERI2zjFHiXIzUnFSMGLH9B/Ra0ZYkkaSfg4XJxSXpFSEjbNr45l1MezvPoxqMnVM6Q5yr5hYjTti/8pbKP+b1yVWY4hL262gWSSWMVMJc5fMTsBU7n7pSpNDQpzBA4orwqHNXMzUtTmp7d3Mkdn4m1Ua1rzDXJvh3VRJy/R/rm4ZtM6qvlf1G16ldp6vtYgjHOOUdneBGq5RR9N6P+IJz86Z03H6DvuUOoU85xDfjnP/ASRtit4=</latexit>rf (t)

<latexit sha1_base64="XDtjxXj5yqTuYcXUuV1UJL+hUYk="></latexit><latexit sha1_base64="BKDhSF468MeV9x3lRbQB7V232PA="></latexit><latexit sha1_base64="BKDhSF468MeV9x3lRbQB7V232PA="></latexit><latexit sha1_base64="lAPVEo9P85QLWlWSJ8f17kA55R4="></latexit>

r0(t)
<latexit sha1_base64="jGgPl6Uhxsiu/HWPjB6+yjQ2f/4="></latexit><latexit sha1_base64="ra1M6Ccy6X7ANSryXXMiHwZI2F0="></latexit><latexit sha1_base64="ra1M6Ccy6X7ANSryXXMiHwZI2F0="></latexit><latexit sha1_base64="BlBuHFz18hDHBuv6njf3+RtLXlk="></latexit>

dr0/dt = a
<latexit sha1_base64="97Yu6olpT2SejGqZYoHcpGyk9sE="></latexit><latexit sha1_base64="lV2aX4y+jWiAa9QGZSbpZ9ah7kY="></latexit><latexit sha1_base64="lV2aX4y+jWiAa9QGZSbpZ9ah7kY="></latexit><latexit sha1_base64="GRVMP1kASWb9ZARPhjszvLUPFsU="></latexit>

drf/dt = D > a
<latexit sha1_base64="uUShnMDLPNyPrfEjE8dctRzVARA="></latexit><latexit sha1_base64="z5NvZFejgbBjfJINurqYeb7j5Do="></latexit><latexit sha1_base64="z5NvZFejgbBjfJINurqYeb7j5Do="></latexit><latexit sha1_base64="WqlfEan2h5xt83PcWvQ7OeJC2RA="></latexit>

u
<latexit sha1_base64="I1U0oHP4Tu9zu2cj79ZjCkyJELM="></latexit><latexit sha1_base64="vIvt6N6d6TvOt+Od9mnd5W90Kcc="></latexit><latexit sha1_base64="vIvt6N6d6TvOt+Od9mnd5W90Kcc="></latexit><latexit sha1_base64="hPDKLNlsvHntJBd6zkL6Ggzoml4="></latexit>

uN<latexit sha1_base64="qp5KgsuyUL7EzmNDCc56CTQOb2s="></latexit><latexit sha1_base64="WtZgDkb8XwCsZa/qeS2+5E7j53g="></latexit><latexit sha1_base64="WtZgDkb8XwCsZa/qeS2+5E7j53g="></latexit><latexit sha1_base64="r443idduv34fbvDHp5F4kawZYxY="></latexit>

0
<latexit sha1_base64="fKL9pbb72ENSuibhequvCtyWcBU="></latexit><latexit sha1_base64="zGzqfltPsxh6fMj27B0qQm8hgG0="></latexit><latexit sha1_base64="zGzqfltPsxh6fMj27B0qQm8hgG0="></latexit><latexit sha1_base64="1AdhNk5d4BryWld+B5th8Jv1YAc="></latexit>

dxC+/dt = u+ a�D
<latexit sha1_base64="IDTrpmPzBmmPC+Gu0V5JEOiCH24="></latexit><latexit sha1_base64="7lbrBJDK3//pNxJd13w28Mc3kGQ="></latexit><latexit sha1_base64="7lbrBJDK3//pNxJd13w28Mc3kGQ="></latexit><latexit sha1_base64="KetIlGuqYrFMIcyAOTct5sWdFpA="></latexit>

dxC+/dt > 0
<latexit sha1_base64="RNi8T8ZVicxIo7E8hj438BWTFkg="></latexit><latexit sha1_base64="RXvAifguMamziKM0+O+17kKNws8="></latexit><latexit sha1_base64="RXvAifguMamziKM0+O+17kKNws8="></latexit><latexit sha1_base64="hn2V6GbZq99iR6C0RZTUA256djQ="></latexit>

dxC+/dt < 0
<latexit sha1_base64="uuO9ovMPo7M+y+Ln0SvAkNQYoSs="></latexit><latexit sha1_base64="Rv8VZbv1pGUBMWXmVctFfidquok="></latexit><latexit sha1_base64="Rv8VZbv1pGUBMWXmVctFfidquok="></latexit><latexit sha1_base64="s/8KVD/ROsNIcHo8j3Ya1y3Goc4="></latexit>

velocity/lead shock
<latexit sha1_base64="MFWjVzzWxfMK6eguGlB81V9fPEc="></latexit><latexit sha1_base64="aqsaw16H7yugu71x869ZGcffIeE="></latexit><latexit sha1_base64="aqsaw16H7yugu71x869ZGcffIeE="></latexit><latexit sha1_base64="Wett9audc+ZzCuMwNyujHl+hS7w="></latexit>

velocity/laboratory
<latexit sha1_base64="zIEES8YNF4xQtU6rPOXBSufOCv8="></latexit><latexit sha1_base64="DOZrR8d3XoprMNifdfCFD/PKjyw="></latexit><latexit sha1_base64="DOZrR8d3XoprMNifdfCFD/PKjyw="></latexit><latexit sha1_base64="1Fo8B8AziaDWClU6ab+ebITcOlk="></latexit>

overdriven sonic condition
supersonic subsonic



Success of initiation occurs if the sonic point reaches the reaction zone 
before the reaction gets thermally quenched. Otherwise failure is produced
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The trajectories « velocity of the lead shock versus radius » are obtained near the critical 
condition by the numerical study of the single equation of the asymptotic analysis. 

  Typical results are plotted below for different initial conditions corresponding to blast 
waves with different deposited energy. 

✏ ⌘ q/cpTu < 1
<latexit sha1_base64="1Ktmrgpprhl6zt6ZdZxEIL63VbI="></latexit><latexit sha1_base64="1/CDRsSNjgPf9/3LrLFS+H0ODBs="></latexit><latexit sha1_base64="1/CDRsSNjgPf9/3LrLFS+H0ODBs="></latexit><latexit sha1_base64="TtDUlKltVUg+/5laqtJq0hc1EGg="></latexit>

2nd step: Unsteady inner structure of the detonation taken into account

Clavin, Hernandez and Denet, JFM (2021)
<latexit sha1_base64="wblSJV1ATdRNQlAnZ6lJDmz7iqM="></latexit><latexit sha1_base64="Kcy/6ZcfxPw6Fn2vP0gaCZgPVY8="></latexit><latexit sha1_base64="Kcy/6ZcfxPw6Fn2vP0gaCZgPVY8="></latexit><latexit sha1_base64="YTlraM3YOeiVyqrpUUTRNy/Rhw4="></latexit>

Vol. 915, A122
<latexit sha1_base64="tgHTsCt/giXKQ42giDoyZcVO7bU="></latexit><latexit sha1_base64="KVYPpE9I6b6cxXiP8K677Sf5epI="></latexit><latexit sha1_base64="KVYPpE9I6b6cxXiP8K677Sf5epI="></latexit><latexit sha1_base64="o23POGhNXkr6Iv1FpBxPc92ukVg="></latexit>

Analytic solution in the limit of small heat release
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Damping by the rarefaction wave stops as soon as the sonic point
enters the reaction zone and protects the detonation structure  

from further damping by the burnt gas flow, then the front re-accelerates

planar CJ

Numerical solution of the equation



Curvature + unsteadiness in the limit of small heat release
<latexit sha1_base64="0EmnKLmyrpVEMirGbmQmHK3e360="></latexit><latexit sha1_base64="0EmnKLmyrpVEMirGbmQmHK3e360="></latexit><latexit sha1_base64="0EmnKLmyrpVEMirGbmQmHK3e360="></latexit><latexit sha1_base64="U2Eb32YVaCUEVHJt5R09LM+YjCI="></latexit>
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Full-solution
<latexit sha1_base64="HuBUtz2Uhs5QzfaSWNOsryzeerk="></latexit><latexit sha1_base64="khGzZOPR/Go96NsAPBTjYQpW4Iw="></latexit><latexit sha1_base64="khGzZOPR/Go96NsAPBTjYQpW4Iw="></latexit><latexit sha1_base64="yhaucdfdG6qq77R1HSRWbGHaZAE="></latexit>

Unsteady inner detonation structure
<latexit sha1_base64="haio+udm/Np+c+9XUH0H2N55a8M="></latexit><latexit sha1_base64="yopM7chPWKn5QdMUBkqOl14afHs="></latexit><latexit sha1_base64="yopM7chPWKn5QdMUBkqOl14afHs="></latexit><latexit sha1_base64="MZM98WVfrbeaUAhNBwRGZ7nKcCY="></latexit>

Analytical solution with the modification of the inner detonation structure
<latexit sha1_base64="mm/O4nnhtzyIk+GFMI3Vq1l3NWk="></latexit><latexit sha1_base64="n0YZtvHbnoox85hjcVbhMllbLqw="></latexit><latexit sha1_base64="n0YZtvHbnoox85hjcVbhMllbLqw="></latexit><latexit sha1_base64="mVta5InrkE3I1q72c2SXCeQN/VM="></latexit>
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Rarefaction wave: zero-thickness-detonation
<latexit sha1_base64="ocKaJj2bxQaYi4UX1iMhXjL2hhk="></latexit><latexit sha1_base64="MgHh4nzMWiM5xmA1G0GR8kB/dSk="></latexit><latexit sha1_base64="ecFP1FtZXf/8A4TZiuzVK87ussI="></latexit>

Unsteady-solution
<latexit sha1_base64="Hj6ayM0I0tL7mP9Rfy6KjpeDqRI="></latexit><latexit sha1_base64="BePEJdZ+HgBq7D6We37CL1SnSTE="></latexit><latexit sha1_base64="BePEJdZ+HgBq7D6We37CL1SnSTE="></latexit><latexit sha1_base64="VWZGmun9Zn7PeeAbRPio9mzyBv8="></latexit>



Curvature + unsteadiness in the limit of small heat release
<latexit sha1_base64="0EmnKLmyrpVEMirGbmQmHK3e360="></latexit><latexit sha1_base64="0EmnKLmyrpVEMirGbmQmHK3e360="></latexit><latexit sha1_base64="0EmnKLmyrpVEMirGbmQmHK3e360="></latexit><latexit sha1_base64="U2Eb32YVaCUEVHJt5R09LM+YjCI="></latexit>

Analytical solution with the modification of the inner detonation structure
<latexit sha1_base64="mm/O4nnhtzyIk+GFMI3Vq1l3NWk="></latexit><latexit sha1_base64="n0YZtvHbnoox85hjcVbhMllbLqw="></latexit><latexit sha1_base64="n0YZtvHbnoox85hjcVbhMllbLqw="></latexit><latexit sha1_base64="mVta5InrkE3I1q72c2SXCeQN/VM="></latexit>

0 2 4 6 8 10 12 14

r̃f

−0.8

−0.6

−0.4

−0.2

0.0

0.2

0.4

y

r̃fi =0.3

r̃fi =0.7

r̃fi =1.0

r̃fi =1.4

r̃fi =1.7

Trajectories velocity-radius
<latexit sha1_base64="v2Hu54G6ekb/z8qXhZXzC9fwbxA="></latexit><latexit sha1_base64="IqyV8VC7IcbDmlZL3pnOleFHaww="></latexit><latexit sha1_base64="IqyV8VC7IcbDmlZL3pnOleFHaww="></latexit><latexit sha1_base64="eALsGvv+e+Z6BMiNQtWjZrMHfXQ="></latexit>

CJ-velocity -
<latexit sha1_base64="TDdRf/HMKIx1VL/3StsqbxWXWMs="></latexit><latexit sha1_base64="EZ8rY0IyiNL1mHlS5SL2rkRHVjY="></latexit><latexit sha1_base64="EZ8rY0IyiNL1mHlS5SL2rkRHVjY="></latexit><latexit sha1_base64="FqIg0BqDWtA60xR7/IWNbQTOe9k="></latexit>

Failure
<latexit sha1_base64="Pl+OWXvUdjjOH4kvWmq03eVs93k="></latexit><latexit sha1_base64="itKW+mYb3x68iMo54wKml4vJG7g="></latexit><latexit sha1_base64="itKW+mYb3x68iMo54wKml4vJG7g="></latexit><latexit sha1_base64="3XuCdXLxynY8JLXlvPfL4u3HDKo="></latexit>

Success
<latexit sha1_base64="QjqjN4sasl7WuwwTM9prwrczOEU="></latexit><latexit sha1_base64="Pklz9aaHokdEMwvJZ3SgPoIauq0="></latexit><latexit sha1_base64="Pklz9aaHokdEMwvJZ3SgPoIauq0="></latexit><latexit sha1_base64="vD83tfQ99ttnDNU7QW6n2jHP8VI="></latexit>

Critical dynamics between failure and initiation
<latexit sha1_base64="Ri3QUTAGxLGJ40/moiN8iFrx0Gw="></latexit><latexit sha1_base64="K7q+42Kpp4hiNkkE9WKwo19nk2A="></latexit><latexit sha1_base64="K7q+42Kpp4hiNkkE9WKwo19nk2A="></latexit><latexit sha1_base64="K59WtOrFsSuAgDnTnFI6EjBi1R4="></latexit>

Re-ignition after a quasi-quenching
<latexit sha1_base64="U5t3f8E1K7vTZgrM7buVsq/qWVc="></latexit><latexit sha1_base64="U5t3f8E1K7vTZgrM7buVsq/qWVc="></latexit><latexit sha1_base64="U5t3f8E1K7vTZgrM7buVsq/qWVc="></latexit><latexit sha1_base64="pLE0cIeRyozDlfXL/gYFwruQEoM="></latexit>
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sonic point vs exit of the reaction zone
<latexit sha1_base64="UABUV5mhVIg4OSGD6qSnqam5LYU="></latexit><latexit sha1_base64="35q33XtdIuIwH6pZZFXVQlGLfeg="></latexit><latexit sha1_base64="35q33XtdIuIwH6pZZFXVQlGLfeg="></latexit><latexit sha1_base64="+ZgDDmml/3ViTzo0hXaNI14qWT8="></latexit>

relative position
<latexit sha1_base64="1OEc1HtiJJk3t7M2Z8NNaxuMlg8="></latexit><latexit sha1_base64="kYapFb+wzVIHDe/Xov+opyFBgEI="></latexit><latexit sha1_base64="kYapFb+wzVIHDe/Xov+opyFBgEI="></latexit><latexit sha1_base64="MMY7numZd5bk/6Z+WeLfPJZ9ZHk="></latexit>

sonic point
<latexit sha1_base64="bhFq+8kjp64RRi1BTaeCIOvz/+w="></latexit><latexit sha1_base64="+o6gr8JQR+UVOrmYIlllBRYruwQ="></latexit><latexit sha1_base64="+o6gr8JQR+UVOrmYIlllBRYruwQ="></latexit><latexit sha1_base64="ZR5F6F+sWPbDjsmy3FIAGQP26Yk="></latexit>

exit of the reaction zone
<latexit sha1_base64="mW7K4M6n9K3LztoZfMzBLwwF4Xw="></latexit><latexit sha1_base64="oJRPcdQpcyLtlBd3XvhaPEhZXoc="></latexit><latexit sha1_base64="oJRPcdQpcyLtlBd3XvhaPEhZXoc="></latexit><latexit sha1_base64="Lv/6wUjy7a4k27tx/d/coRmosSs="></latexit>

Overdriven regime below the planar CJ velocity
<latexit sha1_base64="hc5Ugm/P4nJrJolU4OmQQVA/o1Y="></latexit><latexit sha1_base64="soueFZtiwmKa/omnRO1HiajAY90="></latexit><latexit sha1_base64="soueFZtiwmKa/omnRO1HiajAY90="></latexit><latexit sha1_base64="8jcbgYmOgu/EKbX5W8t42Rl8iE0="></latexit>
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Flow of burnt gas in spherical CJ detonations
Point blast explosions
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Critical dynamics
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Critical energy

Initiation at high temperature
Spontaneous quenching

Basic ingredients
Experiments
Runaway phenomenon

Direct initiation
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Intrinsic DDT mechanism of laminar flames
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Zeldovich (1970-1980) Lee (1978)
Spontaneous initiation of detonation at high temperature

Mechanism spontaneous initiation: combustion ⇒ pressure pulses that propagate with about the speed of sound a

synchronisation : (dτind/dx)−1 = a

T

x

1000 K

t = 0

t = 0 : initial gradient of T ⇒ gradient of τind

τind(x)

⇒ propagation of an induction front at a speed ≈ (dτind/dx)−1
1-D : hot slides ignite before cold slides q̇v = qv� (t− τind(x)) (rate of heat release per unit volume)

dimension of � = (reaction time)−1

≈ qv� (t− τo
ind − x/a)dτind/dx ≈ cst. ⇒ τind(x) ≈ τo

ind + x(dτind/dx) q̇v = qv� (t− τo
ind − x(dτind/dx))

∂2p/∂t2 − a2∂2p/∂x2 = (γ − 1)∂q̇v/∂t simple wave : ∂

∂t
δp + a

∂

∂x
δp = (γ − 1)qv� (t− τo

ind − x/a)

run away (secular solution) δp = t(γ − 1)qv� (t− τo
ind − x/a)

The amplitude of the pressure pulse increases linearly with time at the rate of the reaction rate
3

≈ 30− 50atmGaseous detonations are difficult to ignite: a large increase of pressure is required pNCJ

0

Michelson-

Rayleigh line

Hugoniot after

heat release

Hugoniot

of shock

CJ Michelson-

Rayleigh line

Ya. B.  Zel’dovich et al. (1970) J. Appl. Mech. & Tech. Phys. 11, pp. 264-270 J.H.S. Lee et al. (1978) Acta Astronautica  5, pp. 971-982

(∆p/p < 10)
Not possible with an homogeneous explosion of a gaseous pocket at constant volume
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Possible with gradients of T
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D = 3100 m/s, T   = 2027 KN
D = 3000 m/s, T   = 1925 KN
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50 atm
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Time (Relative units)

τind(T, p)Induction delay (Ignition time) τind Tis highly sensitive to T

τind

Zeldovich (1970-1980) Lee (1978)
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(dτind/dx)−1 = a

Spontaneous quenching

Tu

TN

Tb

xx = 0

reaction rate
dind

lead shock

Theoretical analysis:




square-wave model

quasi-steady induction zone : dind/dind ≈ e−2βN
(D−D)
D

ddind/dt �= 0⇒ mass flux in reaction zone �= ρuD
d
dt

dind ∝ e−2βN
(D−D)
D L

dD
dx

δDCJ

DCJ
≈ (2M2

uCJ
)−1 δTu

Tu
⇒ Hugoniot

of shock

Hugoniot after
heat release

(γ − 1)M2
u � 1 :

d
dt

dind ∝ uN
(D −D)
D

geometrical construction:
difference of mass flux = difference of slopes of UN and NB ∝ (D −D)/D ( (γ − 1)M2

u � 1 )

K∗ = 1/e
�
DCJ −D∗

DCJ

�
=

1
2βN

critical condition for sudden quenching ok with DNS

Tu

L

1350 K

360 K

0.5 1 1.5 2

T

x(cm)

Spontaneous ignition at high T may be followed by sudden quenching at lower T

CJ

Numerical
simulation

Theory

Initiation Propagation Quenching

where

C-shaped curve D vs dTu/dx

K ≡ 4β2
Nτind(TNCJ )

�
−dDCJ

dx

�
= O(1)2βN

�
DCJ −D
DCJ

�
e−2βN

“
DCJ−D
DCJ

”

= K

2βN

�
DCJ −D
DCJ

�
1

K∗ = 1/e

with a turning point

Xe−X

X =

dK

dTu
< 0(K > 1/e)A CJ detonation cannot survive to a strong temperature gradient at low temperature

The non-uniform pocket of hot gas should have a proper shape for initiating a detonation

He, Clavin (1994) Proc.Comb.Inst. 25 p. 45-51
Liberman et al. (2018) Combust. Theory Model. 23 (3)p. 4183-4193

Asymptotic analysis:  Sharpe & Short (2003) JFM, 476, 267-292
Spontaneous initiation has been observed in experiments and numerics 
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Initiation at high temperature
Spontaneous quenching

Direct initiation
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Basic ingredients
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Shchelkin scenario
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Intrinsic DDT mechanism of laminar flames

Thermal feedback
Recent experiments

(Runaway of the flame structure)

Flow of burnt gas in spherical CJ detonations
Point blast explosions
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Critical dynamics
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Critical energy



Detonation = shock driven supersonic combustion wave without diffusion behind the lead 
shock,

Flame = reaction-diffusion wave markedly subsonic,

DDT is an abrupt transition between two opposite regimes of propagation

No intermediate quasi steady propagation regime !
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Lecture 11-c: Deflagration to Detonation Transition (DDT)

Basic ingredients
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D/au > 1



Since the pioneering experiments of Oppenheim (1965), DDT 
has been known to develop in various forms

(viscous effects in the boundary layers, 
unsteady compression waves, thermal gradients, local explosion…)

There is no mechanism of DDT that is generally agreed upon 
as being universal !

Despite more than a century of researches, DDT remains 
a poorly understood problem

DDT of elongated laminar flames propagating in closed tubes on the burned gas side

Here the attention will be  limited to an intrinsic DDT mechanism of laminar flames:

Turbulence can promote an early transition but is not an essential DDT mechanism

However it is now well established that DDT is a local and sudden explosion of a small 
hot spot either on the flame front or ahead of it, 

either inside or outside the boundary layer on the wall
(Urtiew and Oppenheim (1966) Proc. R. Soc. London A 295 pp 13-28) 



(Oppenheim’s experiments 1966-1973)

Hot spots in the boundary layer between the lead shock and the flame
<latexit sha1_base64="S6tvpXtZ/QGZJQ1yT9pNSRzI9/U="></latexit><latexit sha1_base64="wI/RgKpLiwn3Te7gpSpesEtws/0="></latexit><latexit sha1_base64="wI/RgKpLiwn3Te7gpSpesEtws/0="></latexit><latexit sha1_base64="fNX9d8hnYszq7VEj8fidWCaOpa0="></latexit>

Heating by viscous dissipation in the boundary layers at the wall
<latexit sha1_base64="GkxfIJRWFGh98sVPqOcqsTF5Db0="></latexit><latexit sha1_base64="wIBp+5iLxL9hPUpBvQw9bUVDYX4="></latexit><latexit sha1_base64="wIBp+5iLxL9hPUpBvQw9bUVDYX4="></latexit><latexit sha1_base64="SqYbTYlm9CJ78J950izwHZYWfCg="></latexit>

+
<latexit sha1_base64="fE3XLBf1KyZ6kNgVsvMRwXGoiXo="></latexit><latexit sha1_base64="rdCg2DtcD2pU+2mzhvmDpNEoFlY="></latexit><latexit sha1_base64="rdCg2DtcD2pU+2mzhvmDpNEoFlY="></latexit><latexit sha1_base64="5p5/9jOxRKcrzdw2+QcZnyv1TTk=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkUQhJJ0o+4Kbly2YB9QS5mk0zo2yYRkIpTSL3Crn+UH+Af6F94ZU1CL6AQyZ84993AfXhyIVDnOa8FaWV1b3yhulra2d3b3yvsH7VRmic9bvgxk0vVYygMR8ZYSKuDdOOEs9ALe8SZXOt554EkqZHSjpjHvh2wciZHwmSKqeTYoV5yqY469DNwcVJCfhiy/4BZDSPjIEIIjgiIcgCGlrwcXDmLi+pgRlxASJs4xR4lyM1JxUjBiJ/Qf02tGWJJGkn4OGycUl6RMCGtn28Qz46LZ330Y1aTrmNLt5V4hsQp3xP6Vt1D+N69HrMIIF6ZbQbOIDaOn4ucumZmArtz+0pUih5g4jYcUTwj7JnMxU9vkpKZ3PUdm4m9GqVn99nNthnddJS3T/bm6ZdCuVV2n6jadSv0yX2sRRzjGKe3uHHVco4GW8X7EE56tmtW1Bhb7lFqFPOcQ3451/wGCy4qc</latexit>

compressional heating
<latexit sha1_base64="rrNf4dhD3oZJKaeZO653lv0MXTQ="></latexit><latexit sha1_base64="EBA/aOx2aRZ4fK94h3NNXDCmYps="></latexit><latexit sha1_base64="EBA/aOx2aRZ4fK94h3NNXDCmYps="></latexit><latexit sha1_base64="n2rxINqWoaMGjGG1NZ8kci5VVu4="></latexit>

rT 6= 0
<latexit sha1_base64="QtvE+4HIh6zgkaWHGJHSvJCrTbs="></latexit><latexit sha1_base64="4/iSBbmbS74YZtCOm5R7OJV8GM8="></latexit><latexit sha1_base64="4/iSBbmbS74YZtCOm5R7OJV8GM8="></latexit><latexit sha1_base64="s3xXKPzVebbvU161NCzE4oNr/eU="></latexit>

r induction time 6= 0
<latexit sha1_base64="KStLbDOxG/72yv1SdA0KY86csDc="></latexit><latexit sha1_base64="ca5bzt7JEyQMevmbXLDGW10Go0o="></latexit><latexit sha1_base64="ca5bzt7JEyQMevmbXLDGW10Go0o="></latexit><latexit sha1_base64="8yAkFz27hevBdo5E1cy5rMeeEXQ="></latexit>

local explosion ahead of the flame by the spontaneous ignition of Zeldovich
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Urtiew & Oppenheim  (1966) Proc. R. Soc. London A 259, pp. 13-28 

First, few words about DDT induced by local explosions in the boundary layer 

Here the attention will be  limited to the DDT near the tube axis on the leading edge 
  of an elongated front of a laminar flame propagating in a tube

Experiments in   closed channels: 
   

Liberman et al.  (2010) Acta Astronautica 67, 688-701 
         Kuznetsov et al. (2010) Combust Sci. Tech., 182, 1628-1644 
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50⇥ 50 mm2

(we will come back to this case at the end of the lecture)



-1) Piston effect: fresh gas put in motion ahead of the flame

-3) Heating of the fresh mixture by compressible effects
(through a shock wave or a compression wave and/or viscous dissipation)

Basic ingredients of the intrinsic DDT mechanism of laminar flames 
 ignited on the closed wall of a tube 

burned gas
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Burned gas at rest
flame speed = laminar flame/burned gas
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Ub = (Tb/Tu)UL

Planar flame

-2) Flame acceleration through an increase of the flame surface area

Turbulent wrinkled flame
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folding factor: s =
flame surface area

cross section
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hot gas v = D � UN To
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<latexit sha1_base64="9doRozfa8plNxVf0Wd2wQtA4gyg="></latexit><latexit sha1_base64="9doRozfa8plNxVf0Wd2wQtA4gyg="></latexit><latexit sha1_base64="9doRozfa8plNxVf0Wd2wQtA4gyg="></latexit><latexit sha1_base64="9doRozfa8plNxVf0Wd2wQtA4gyg="></latexit>

Tu
<latexit sha1_base64="/lKhGgG4ggcPh/tFz900Qy9P9xY=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIp6LLgxmXFvrCWMplOa2iSCclEKKWf4Fa/yg/wD/QvvDOmoBbRCWTOnHvu4T68OPBT5TivBWtldW19o7hZ2tre2d0r7x+0U5klXLS4DGTS9VgqAj8SLeWrQHTjRLDQC0THm1zqeOdBJKkvo6aaxqIfsnHkj3zOFFE3zUE2KFecqmOOvQzcHFSQn4Ysv+AOQ0hwZAghEEERDsCQ0teDCwcxcX3MiEsI+SYuMEeJcjNSCVIwYif0H9NrRliSRpJ+DhsnFJekTAhrZ9vEM+Oi2d99GNWk65jS7eVeIbEK98T+lbdQ/jevR6zCCBemW59mERtGT4XnLpmZgK7c/tKVIoeYOI2HFE8Ic5O5mKltclLTu54jM/E3o9SsfvNcm+FdV0nLdH+ubhm0z6quU3Wva5V6LV9rEUc4xint7hx1XKGBFnmP8YgnPFs169ZiFv+UWoU85xDfjhV8ABQ0i6w=</latexit><latexit sha1_base64="/lKhGgG4ggcPh/tFz900Qy9P9xY=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIp6LLgxmXFvrCWMplOa2iSCclEKKWf4Fa/yg/wD/QvvDOmoBbRCWTOnHvu4T68OPBT5TivBWtldW19o7hZ2tre2d0r7x+0U5klXLS4DGTS9VgqAj8SLeWrQHTjRLDQC0THm1zqeOdBJKkvo6aaxqIfsnHkj3zOFFE3zUE2KFecqmOOvQzcHFSQn4Ysv+AOQ0hwZAghEEERDsCQ0teDCwcxcX3MiEsI+SYuMEeJcjNSCVIwYif0H9NrRliSRpJ+DhsnFJekTAhrZ9vEM+Oi2d99GNWk65jS7eVeIbEK98T+lbdQ/jevR6zCCBemW59mERtGT4XnLpmZgK7c/tKVIoeYOI2HFE8Ic5O5mKltclLTu54jM/E3o9SsfvNcm+FdV0nLdH+ubhm0z6quU3Wva5V6LV9rEUc4xint7hx1XKGBFnmP8YgnPFs169ZiFv+UWoU85xDfjhV8ABQ0i6w=</latexit><latexit sha1_base64="/lKhGgG4ggcPh/tFz900Qy9P9xY=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIp6LLgxmXFvrCWMplOa2iSCclEKKWf4Fa/yg/wD/QvvDOmoBbRCWTOnHvu4T68OPBT5TivBWtldW19o7hZ2tre2d0r7x+0U5klXLS4DGTS9VgqAj8SLeWrQHTjRLDQC0THm1zqeOdBJKkvo6aaxqIfsnHkj3zOFFE3zUE2KFecqmOOvQzcHFSQn4Ysv+AOQ0hwZAghEEERDsCQ0teDCwcxcX3MiEsI+SYuMEeJcjNSCVIwYif0H9NrRliSRpJ+DhsnFJekTAhrZ9vEM+Oi2d99GNWk65jS7eVeIbEK98T+lbdQ/jevR6zCCBemW59mERtGT4XnLpmZgK7c/tKVIoeYOI2HFE8Ic5O5mKltclLTu54jM/E3o9SsfvNcm+FdV0nLdH+ubhm0z6quU3Wva5V6LV9rEUc4xint7hx1XKGBFnmP8YgnPFs169ZiFv+UWoU85xDfjhV8ABQ0i6w=</latexit><latexit sha1_base64="/lKhGgG4ggcPh/tFz900Qy9P9xY=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIp6LLgxmXFvrCWMplOa2iSCclEKKWf4Fa/yg/wD/QvvDOmoBbRCWTOnHvu4T68OPBT5TivBWtldW19o7hZ2tre2d0r7x+0U5klXLS4DGTS9VgqAj8SLeWrQHTjRLDQC0THm1zqeOdBJKkvo6aaxqIfsnHkj3zOFFE3zUE2KFecqmOOvQzcHFSQn4Ysv+AOQ0hwZAghEEERDsCQ0teDCwcxcX3MiEsI+SYuMEeJcjNSCVIwYif0H9NrRliSRpJ+DhsnFJekTAhrZ9vEM+Oi2d99GNWk65jS7eVeIbEK98T+lbdQ/jevR6zCCBemW59mERtGT4XnLpmZgK7c/tKVIoeYOI2HFE8Ic5O5mKltclLTu54jM/E3o9SsfvNcm+FdV0nLdH+ubhm0z6quU3Wva5V6LV9rEUc4xint7hx1XKGBFnmP8YgnPFs169ZiFv+UWoU85xDfjhV8ABQ0i6w=</latexit>

/ t
<latexit sha1_base64="4yH+iE+Ivr7amLPD654MWCbzRkw="></latexit><latexit sha1_base64="4yH+iE+Ivr7amLPD654MWCbzRkw="></latexit><latexit sha1_base64="4yH+iE+Ivr7amLPD654MWCbzRkw="></latexit><latexit sha1_base64="BbywDBQr/C51EqtuiYNoFI4s1Rg="></latexit>

<latexit sha1_base64="Smq/aAXP5wsFwkatjGWFBiBlzmA="></latexit>

u = s(Ub � UL)

flow 

velocity of the unburned gas flow

-4)  High sensitivity of the flame velocity to the temperature 
<latexit sha1_base64="JFISXGnWl2xBeP2B0U7qeCnHJOw="></latexit>

� ⌘ Tu

UL

dUL

dTu
� 1

<latexit sha1_base64="5klwvkNzsqXx29iAWhHjFLJVcmM="></latexit>

UL(Tu)
<latexit sha1_base64="RLvBKOaNLAzbiX0eWemb4jSlnMM="></latexit>

Tb = Tu + qm/cp
<latexit sha1_base64="wnKXtpfjex/fRlqnSVQvEvBtSf0="></latexit>

Ub(Tb)

<latexit sha1_base64="8X8esusxTiL9RWbvUBazCkGCFig="></latexit>

Tb

Ub

dUb

dTb
� 1



UL<latexit sha1_base64="tNbxzPgEmxDKR4E61K3icFf4yX4="></latexit><latexit sha1_base64="lovE9HpXRdQuT+CO6Ep4Ew2Rzz4="></latexit><latexit sha1_base64="lovE9HpXRdQuT+CO6Ep4Ew2Rzz4="></latexit><latexit sha1_base64="Lgy3f3rUzmziuagC6+9XxQK9cUg="></latexit>

u = 0
<latexit sha1_base64="8nt2kRPKYPWjygUwpkhCnyu87UY="></latexit><latexit sha1_base64="8nt2kRPKYPWjygUwpkhCnyu87UY="></latexit><latexit sha1_base64="8nt2kRPKYPWjygUwpkhCnyu87UY="></latexit><latexit sha1_base64="8nt2kRPKYPWjygUwpkhCnyu87UY="></latexit>

ub = Ub � UL
<latexit sha1_base64="O4k534TCfBvEVTMbMMuAHan7vsc="></latexit><latexit sha1_base64="O4k534TCfBvEVTMbMMuAHan7vsc="></latexit><latexit sha1_base64="O4k534TCfBvEVTMbMMuAHan7vsc="></latexit><latexit sha1_base64="O4k534TCfBvEVTMbMMuAHan7vsc="></latexit>

✓
Tb

Tu
� 1

◆
UL

<latexit sha1_base64="4bZymFIz1HvRpKMnWLNEYTKyRN8="></latexit><latexit sha1_base64="4bZymFIz1HvRpKMnWLNEYTKyRN8="></latexit><latexit sha1_base64="4bZymFIz1HvRpKMnWLNEYTKyRN8="></latexit><latexit sha1_base64="4bZymFIz1HvRpKMnWLNEYTKyRN8="></latexit>

wall
<latexit sha1_base64="OiWknmey6KJo4xtiKjc7DnxTlr0="></latexit><latexit sha1_base64="OiWknmey6KJo4xtiKjc7DnxTlr0="></latexit><latexit sha1_base64="OiWknmey6KJo4xtiKjc7DnxTlr0="></latexit><latexit sha1_base64="OiWknmey6KJo4xtiKjc7DnxTlr0="></latexit>

burned gas
<latexit sha1_base64="+lZ/eE+qvR54iSXxJUg4COdJRQI="></latexit><latexit sha1_base64="+lZ/eE+qvR54iSXxJUg4COdJRQI="></latexit><latexit sha1_base64="+lZ/eE+qvR54iSXxJUg4COdJRQI="></latexit><latexit sha1_base64="+lZ/eE+qvR54iSXxJUg4COdJRQI="></latexit>

reference frame of the lab
<latexit sha1_base64="vBlEi2HhrA/Ao6ZIqjMnpDKvg4M="></latexit><latexit sha1_base64="vBlEi2HhrA/Ao6ZIqjMnpDKvg4M="></latexit><latexit sha1_base64="vBlEi2HhrA/Ao6ZIqjMnpDKvg4M="></latexit><latexit sha1_base64="vBlEi2HhrA/Ao6ZIqjMnpDKvg4M="></latexit>

burned gas
<latexit sha1_base64="+lZ/eE+qvR54iSXxJUg4COdJRQI="></latexit><latexit sha1_base64="+lZ/eE+qvR54iSXxJUg4COdJRQI="></latexit><latexit sha1_base64="+lZ/eE+qvR54iSXxJUg4COdJRQI="></latexit><latexit sha1_base64="+lZ/eE+qvR54iSXxJUg4COdJRQI="></latexit>

UL<latexit sha1_base64="tNbxzPgEmxDKR4E61K3icFf4yX4="></latexit><latexit sha1_base64="lovE9HpXRdQuT+CO6Ep4Ew2Rzz4="></latexit><latexit sha1_base64="lovE9HpXRdQuT+CO6Ep4Ew2Rzz4="></latexit><latexit sha1_base64="Lgy3f3rUzmziuagC6+9XxQK9cUg="></latexit>Ub = (Tb/Tu)UL
<latexit sha1_base64="tiZdnWgFXPyKYgEkVXTVVF8QDwQ="></latexit><latexit sha1_base64="58J5lGEZSx6430qRvHItcXPfBKw="></latexit><latexit sha1_base64="58J5lGEZSx6430qRvHItcXPfBKw="></latexit><latexit sha1_base64="0bqVpFCVCbfbm6Rmz4sx6FqYRjs="></latexit>

reference frame of the flame
<latexit sha1_base64="KgLwbtakZvmbeCCKwPlvkwMNMhk="></latexit><latexit sha1_base64="KgLwbtakZvmbeCCKwPlvkwMNMhk="></latexit><latexit sha1_base64="KgLwbtakZvmbeCCKwPlvkwMNMhk="></latexit><latexit sha1_base64="KgLwbtakZvmbeCCKwPlvkwMNMhk="></latexit>

burned gas
<latexit sha1_base64="+lZ/eE+qvR54iSXxJUg4COdJRQI="></latexit><latexit sha1_base64="+lZ/eE+qvR54iSXxJUg4COdJRQI="></latexit><latexit sha1_base64="+lZ/eE+qvR54iSXxJUg4COdJRQI="></latexit><latexit sha1_base64="+lZ/eE+qvR54iSXxJUg4COdJRQI="></latexit>

wall
<latexit sha1_base64="OiWknmey6KJo4xtiKjc7DnxTlr0="></latexit><latexit sha1_base64="OiWknmey6KJo4xtiKjc7DnxTlr0="></latexit><latexit sha1_base64="OiWknmey6KJo4xtiKjc7DnxTlr0="></latexit><latexit sha1_base64="OiWknmey6KJo4xtiKjc7DnxTlr0="></latexit>

reference frame of the lab
<latexit sha1_base64="vBlEi2HhrA/Ao6ZIqjMnpDKvg4M="></latexit><latexit sha1_base64="vBlEi2HhrA/Ao6ZIqjMnpDKvg4M="></latexit><latexit sha1_base64="vBlEi2HhrA/Ao6ZIqjMnpDKvg4M="></latexit><latexit sha1_base64="vBlEi2HhrA/Ao6ZIqjMnpDKvg4M="></latexit>

u = 0
<latexit sha1_base64="8nt2kRPKYPWjygUwpkhCnyu87UY="></latexit><latexit sha1_base64="8nt2kRPKYPWjygUwpkhCnyu87UY="></latexit><latexit sha1_base64="8nt2kRPKYPWjygUwpkhCnyu87UY="></latexit><latexit sha1_base64="8nt2kRPKYPWjygUwpkhCnyu87UY="></latexit>

Ub
<latexit sha1_base64="A+odXD5GGwHqW7b2jyw+vK1+MEI="></latexit><latexit sha1_base64="A+odXD5GGwHqW7b2jyw+vK1+MEI="></latexit><latexit sha1_base64="A+odXD5GGwHqW7b2jyw+vK1+MEI="></latexit><latexit sha1_base64="A+odXD5GGwHqW7b2jyw+vK1+MEI="></latexit>

u = Ub � UL
<latexit sha1_base64="mjgKSRpk8iAFnSJLbPUVTzG8ZQo="></latexit><latexit sha1_base64="mjgKSRpk8iAFnSJLbPUVTzG8ZQo="></latexit><latexit sha1_base64="mjgKSRpk8iAFnSJLbPUVTzG8ZQo="></latexit><latexit sha1_base64="mjgKSRpk8iAFnSJLbPUVTzG8ZQo="></latexit>

✓
Tb

Tu
� 1

◆
UL

<latexit sha1_base64="4bZymFIz1HvRpKMnWLNEYTKyRN8="></latexit><latexit sha1_base64="4bZymFIz1HvRpKMnWLNEYTKyRN8="></latexit><latexit sha1_base64="4bZymFIz1HvRpKMnWLNEYTKyRN8="></latexit><latexit sha1_base64="4bZymFIz1HvRpKMnWLNEYTKyRN8="></latexit>

Piston e↵ect
<latexit sha1_base64="x2qsmoyfPHcYXfmzJbb9qXp5+CU="></latexit><latexit sha1_base64="x2qsmoyfPHcYXfmzJbb9qXp5+CU="></latexit><latexit sha1_base64="x2qsmoyfPHcYXfmzJbb9qXp5+CU="></latexit><latexit sha1_base64="x2qsmoyfPHcYXfmzJbb9qXp5+CU="></latexit>

1-D flame in a tube
<latexit sha1_base64="0hOW0ryTFP8iWJpNDzp4HPzg9R8="></latexit><latexit sha1_base64="0hOW0ryTFP8iWJpNDzp4HPzg9R8="></latexit><latexit sha1_base64="0hOW0ryTFP8iWJpNDzp4HPzg9R8="></latexit><latexit sha1_base64="0hOW0ryTFP8iWJpNDzp4HPzg9R8="></latexit>

folding factor: s =
flame surface area

cross section
<latexit sha1_base64="G3bO9j9mdUG9+BQkVCuR1oT2KKo="></latexit><latexit sha1_base64="OccjfH5K5QXCX5jrQXViiiCPwnA="></latexit><latexit sha1_base64="OccjfH5K5QXCX5jrQXViiiCPwnA="></latexit><latexit sha1_base64="77ofHDmN9voSpF22e6OJV5OPkUk="></latexit>

flow velocity
<latexit sha1_base64="pmRsyJ/yUOnFzxPNPC/hop/n0JE="></latexit><latexit sha1_base64="ZQQ9UXc1LB73wmLutyY9tfvXTKg="></latexit><latexit sha1_base64="ZQQ9UXc1LB73wmLutyY9tfvXTKg="></latexit><latexit sha1_base64="CVftHA0QZOyb3EgEbX0ApBoelEs="></latexit>

s(Ub � UL)
<latexit sha1_base64="yWZnitTBcpAVVTyl3/DYH8BG6Jo="></latexit><latexit sha1_base64="yWZnitTBcpAVVTyl3/DYH8BG6Jo="></latexit><latexit sha1_base64="yWZnitTBcpAVVTyl3/DYH8BG6Jo="></latexit><latexit sha1_base64="zrXQ0v5HWGSsOomczWrFGU0SLzw="></latexit>

UL ! sUL<latexit sha1_base64="6s0YIJ13lRDwdiQL1JN7uwLK2Xk="></latexit><latexit sha1_base64="6s0YIJ13lRDwdiQL1JN7uwLK2Xk="></latexit><latexit sha1_base64="6s0YIJ13lRDwdiQL1JN7uwLK2Xk="></latexit><latexit sha1_base64="6s0YIJ13lRDwdiQL1JN7uwLK2Xk="></latexit>

Turbulent wrinkled flame
<latexit sha1_base64="IoBCkFnp5kbLhSPSpOXJX12ZqyM="></latexit><latexit sha1_base64="IoBCkFnp5kbLhSPSpOXJX12ZqyM="></latexit><latexit sha1_base64="IoBCkFnp5kbLhSPSpOXJX12ZqyM="></latexit><latexit sha1_base64="IoBCkFnp5kbLhSPSpOXJX12ZqyM="></latexit>

⇢u
⇢b

=
Tb

Tu
=

Ub

Uu
> 1

<latexit sha1_base64="rrR64TYYO5kW+6G56JOvCT5B4Qs="></latexit><latexit sha1_base64="rrR64TYYO5kW+6G56JOvCT5B4Qs="></latexit><latexit sha1_base64="rrR64TYYO5kW+6G56JOvCT5B4Qs="></latexit><latexit sha1_base64="rrR64TYYO5kW+6G56JOvCT5B4Qs="></latexit>

the wrinkling of the flame front increases
<latexit sha1_base64="MlacYAFNJfnk97rWoIRVeRnfueE="></latexit><latexit sha1_base64="MlacYAFNJfnk97rWoIRVeRnfueE="></latexit><latexit sha1_base64="MlacYAFNJfnk97rWoIRVeRnfueE="></latexit><latexit sha1_base64="MlacYAFNJfnk97rWoIRVeRnfueE="></latexit>

s
<latexit sha1_base64="K7J+bHZ52WibqK0IMxeJpUad39k=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwVZJS0GXBjcsW7ANqKZN0WscmmZBMhFL6BW71s/wA/0D/wjtjCmoRnUDmzLnnHu7DiwORKsd5LVhr6xubW8Xt0s7u3v5B+fCok8os8Xnbl4FMeh5LeSAi3lZCBbwXJ5yFXsC73vRKx7sPPEmFjG7ULOaDkE0iMRY+U0S10mG54lQdc+xV4Oaggvw0ZfkFtxhBwkeGEBwRFOEADCl9fbhwEBM3wJy4hJAwcY4FSpSbkYqTghE7pf+EXnPCkjSS9AvYOKO4JGVCWDvbJp4ZF83+7sOoJl3HjG4v9wqJVbgj9q+8pfK/eX1iFca4NN0KmkVsGD0VP3fJzAR05faXrhQ5xMRpPKJ4Qtg3mcuZ2iYnNb3rOTITfzNKzeq3n2szvOsqaZnuz9Wtgk6t6jpVt1WvNOr5Wos4wSnOaXcXaOAaTbSN9yOe8GzVrJ41tNin1CrkOcf4dqz7Dyf5iuM=</latexit><latexit sha1_base64="K7J+bHZ52WibqK0IMxeJpUad39k=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwVZJS0GXBjcsW7ANqKZN0WscmmZBMhFL6BW71s/wA/0D/wjtjCmoRnUDmzLnnHu7DiwORKsd5LVhr6xubW8Xt0s7u3v5B+fCok8os8Xnbl4FMeh5LeSAi3lZCBbwXJ5yFXsC73vRKx7sPPEmFjG7ULOaDkE0iMRY+U0S10mG54lQdc+xV4Oaggvw0ZfkFtxhBwkeGEBwRFOEADCl9fbhwEBM3wJy4hJAwcY4FSpSbkYqTghE7pf+EXnPCkjSS9AvYOKO4JGVCWDvbJp4ZF83+7sOoJl3HjG4v9wqJVbgj9q+8pfK/eX1iFca4NN0KmkVsGD0VP3fJzAR05faXrhQ5xMRpPKJ4Qtg3mcuZ2iYnNb3rOTITfzNKzeq3n2szvOsqaZnuz9Wtgk6t6jpVt1WvNOr5Wos4wSnOaXcXaOAaTbSN9yOe8GzVrJ41tNin1CrkOcf4dqz7Dyf5iuM=</latexit><latexit sha1_base64="K7J+bHZ52WibqK0IMxeJpUad39k=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwVZJS0GXBjcsW7ANqKZN0WscmmZBMhFL6BW71s/wA/0D/wjtjCmoRnUDmzLnnHu7DiwORKsd5LVhr6xubW8Xt0s7u3v5B+fCok8os8Xnbl4FMeh5LeSAi3lZCBbwXJ5yFXsC73vRKx7sPPEmFjG7ULOaDkE0iMRY+U0S10mG54lQdc+xV4Oaggvw0ZfkFtxhBwkeGEBwRFOEADCl9fbhwEBM3wJy4hJAwcY4FSpSbkYqTghE7pf+EXnPCkjSS9AvYOKO4JGVCWDvbJp4ZF83+7sOoJl3HjG4v9wqJVbgj9q+8pfK/eX1iFca4NN0KmkVsGD0VP3fJzAR05faXrhQ5xMRpPKJ4Qtg3mcuZ2iYnNb3rOTITfzNKzeq3n2szvOsqaZnuz9Wtgk6t6jpVt1WvNOr5Wos4wSnOaXcXaOAaTbSN9yOe8GzVrJ41tNin1CrkOcf4dqz7Dyf5iuM=</latexit><latexit sha1_base64="K7J+bHZ52WibqK0IMxeJpUad39k=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwVZJS0GXBjcsW7ANqKZN0WscmmZBMhFL6BW71s/wA/0D/wjtjCmoRnUDmzLnnHu7DiwORKsd5LVhr6xubW8Xt0s7u3v5B+fCok8os8Xnbl4FMeh5LeSAi3lZCBbwXJ5yFXsC73vRKx7sPPEmFjG7ULOaDkE0iMRY+U0S10mG54lQdc+xV4Oaggvw0ZfkFtxhBwkeGEBwRFOEADCl9fbhwEBM3wJy4hJAwcY4FSpSbkYqTghE7pf+EXnPCkjSS9AvYOKO4JGVCWDvbJp4ZF83+7sOoJl3HjG4v9wqJVbgj9q+8pfK/eX1iFca4NN0KmkVsGD0VP3fJzAR05faXrhQ5xMRpPKJ4Qtg3mcuZ2iYnNb3rOTITfzNKzeq3n2szvOsqaZnuz9Wtgk6t6jpVt1WvNOr5Wos4wSnOaXcXaOAaTbSN9yOe8GzVrJ41tNin1CrkOcf4dqz7Dyf5iuM=</latexit>

the flow upstream of the flame becomes turbulent
<latexit sha1_base64="GIF4xuM8Mtwq8/QYZ6OC3TY1FU4="></latexit><latexit sha1_base64="GIF4xuM8Mtwq8/QYZ6OC3TY1FU4="></latexit><latexit sha1_base64="GIF4xuM8Mtwq8/QYZ6OC3TY1FU4="></latexit><latexit sha1_base64="GIF4xuM8Mtwq8/QYZ6OC3TY1FU4="></latexit>

Turbulence-induced DDT
<latexit sha1_base64="fJpZI0NpUO8eR/UzVkugT1qNW1g="></latexit><latexit sha1_base64="fJpZI0NpUO8eR/UzVkugT1qNW1g="></latexit><latexit sha1_base64="fJpZI0NpUO8eR/UzVkugT1qNW1g="></latexit><latexit sha1_base64="fJpZI0NpUO8eR/UzVkugT1qNW1g="></latexit>

Runaway mechanism
<latexit sha1_base64="ceo6F6p1GujViTkcT79A5a8poa8="></latexit><latexit sha1_base64="tWerDTgDGuZN+F8nbA9GlwgnPsw="></latexit><latexit sha1_base64="tWerDTgDGuZN+F8nbA9GlwgnPsw="></latexit><latexit sha1_base64="c/kj/y4s0+36Z0n0s8DGeKXeu7s="></latexit>

s
<latexit sha1_base64="K7J+bHZ52WibqK0IMxeJpUad39k=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwVZJS0GXBjcsW7ANqKZN0WscmmZBMhFL6BW71s/wA/0D/wjtjCmoRnUDmzLnnHu7DiwORKsd5LVhr6xubW8Xt0s7u3v5B+fCok8os8Xnbl4FMeh5LeSAi3lZCBbwXJ5yFXsC73vRKx7sPPEmFjG7ULOaDkE0iMRY+U0S10mG54lQdc+xV4Oaggvw0ZfkFtxhBwkeGEBwRFOEADCl9fbhwEBM3wJy4hJAwcY4FSpSbkYqTghE7pf+EXnPCkjSS9AvYOKO4JGVCWDvbJp4ZF83+7sOoJl3HjG4v9wqJVbgj9q+8pfK/eX1iFca4NN0KmkVsGD0VP3fJzAR05faXrhQ5xMRpPKJ4Qtg3mcuZ2iYnNb3rOTITfzNKzeq3n2szvOsqaZnuz9Wtgk6t6jpVt1WvNOr5Wos4wSnOaXcXaOAaTbSN9yOe8GzVrJ41tNin1CrkOcf4dqz7Dyf5iuM=</latexit><latexit sha1_base64="K7J+bHZ52WibqK0IMxeJpUad39k=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwVZJS0GXBjcsW7ANqKZN0WscmmZBMhFL6BW71s/wA/0D/wjtjCmoRnUDmzLnnHu7DiwORKsd5LVhr6xubW8Xt0s7u3v5B+fCok8os8Xnbl4FMeh5LeSAi3lZCBbwXJ5yFXsC73vRKx7sPPEmFjG7ULOaDkE0iMRY+U0S10mG54lQdc+xV4Oaggvw0ZfkFtxhBwkeGEBwRFOEADCl9fbhwEBM3wJy4hJAwcY4FSpSbkYqTghE7pf+EXnPCkjSS9AvYOKO4JGVCWDvbJp4ZF83+7sOoJl3HjG4v9wqJVbgj9q+8pfK/eX1iFca4NN0KmkVsGD0VP3fJzAR05faXrhQ5xMRpPKJ4Qtg3mcuZ2iYnNb3rOTITfzNKzeq3n2szvOsqaZnuz9Wtgk6t6jpVt1WvNOr5Wos4wSnOaXcXaOAaTbSN9yOe8GzVrJ41tNin1CrkOcf4dqz7Dyf5iuM=</latexit><latexit sha1_base64="K7J+bHZ52WibqK0IMxeJpUad39k=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwVZJS0GXBjcsW7ANqKZN0WscmmZBMhFL6BW71s/wA/0D/wjtjCmoRnUDmzLnnHu7DiwORKsd5LVhr6xubW8Xt0s7u3v5B+fCok8os8Xnbl4FMeh5LeSAi3lZCBbwXJ5yFXsC73vRKx7sPPEmFjG7ULOaDkE0iMRY+U0S10mG54lQdc+xV4Oaggvw0ZfkFtxhBwkeGEBwRFOEADCl9fbhwEBM3wJy4hJAwcY4FSpSbkYqTghE7pf+EXnPCkjSS9AvYOKO4JGVCWDvbJp4ZF83+7sOoJl3HjG4v9wqJVbgj9q+8pfK/eX1iFca4NN0KmkVsGD0VP3fJzAR05faXrhQ5xMRpPKJ4Qtg3mcuZ2iYnNb3rOTITfzNKzeq3n2szvOsqaZnuz9Wtgk6t6jpVt1WvNOr5Wos4wSnOaXcXaOAaTbSN9yOe8GzVrJ41tNin1CrkOcf4dqz7Dyf5iuM=</latexit><latexit sha1_base64="K7J+bHZ52WibqK0IMxeJpUad39k=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwVZJS0GXBjcsW7ANqKZN0WscmmZBMhFL6BW71s/wA/0D/wjtjCmoRnUDmzLnnHu7DiwORKsd5LVhr6xubW8Xt0s7u3v5B+fCok8os8Xnbl4FMeh5LeSAi3lZCBbwXJ5yFXsC73vRKx7sPPEmFjG7ULOaDkE0iMRY+U0S10mG54lQdc+xV4Oaggvw0ZfkFtxhBwkeGEBwRFOEADCl9fbhwEBM3wJy4hJAwcY4FSpSbkYqTghE7pf+EXnPCkjSS9AvYOKO4JGVCWDvbJp4ZF83+7sOoJl3HjG4v9wqJVbgj9q+8pfK/eX1iFca4NN0KmkVsGD0VP3fJzAR05faXrhQ5xMRpPKJ4Qtg3mcuZ2iYnNb3rOTITfzNKzeq3n2szvOsqaZnuz9Wtgk6t6jpVt1WvNOr5Wos4wSnOaXcXaOAaTbSN9yOe8GzVrJ41tNin1CrkOcf4dqz7Dyf5iuM=</latexit> v

<latexit sha1_base64="GMRt2yc41WeNdP2azw7ibQdJN5g="></latexit><latexit sha1_base64="nxTjUz9ruqj6lFWSf0dcZhBdf1A="></latexit><latexit sha1_base64="nxTjUz9ruqj6lFWSf0dcZhBdf1A="></latexit><latexit sha1_base64="BlOUZSgJ+RN9R0bctLoZuV3Msp0="></latexit>

turbulence
<latexit sha1_base64="dIoUsX5w+JaB1Vo7wPnE9+v/wQo="></latexit><latexit sha1_base64="Np6ruUL/EOTFbIbHZFeu7Mitaso="></latexit><latexit sha1_base64="Np6ruUL/EOTFbIbHZFeu7Mitaso="></latexit><latexit sha1_base64="P+MUd08TZscFVnAlHgg6xLY7gkA="></latexit> wrinkling s

<latexit sha1_base64="iFOvqUQMC0r3/wNfQe1BbKxJxu8="></latexit><latexit sha1_base64="E6zCxeplHBL0bYnHYvaYB4Mk0Mw="></latexit><latexit sha1_base64="E6zCxeplHBL0bYnHYvaYB4Mk0Mw="></latexit><latexit sha1_base64="NmYHZk9t2FnZj7QhuiXiQRtjJLk="></latexit>

M ⌘ D/au
<latexit sha1_base64="MX5yrKycHuUNeXfsVPEjMg/tc5g="></latexit><latexit sha1_base64="MX5yrKycHuUNeXfsVPEjMg/tc5g="></latexit><latexit sha1_base64="MX5yrKycHuUNeXfsVPEjMg/tc5g="></latexit><latexit sha1_base64="MX5yrKycHuUNeXfsVPEjMg/tc5g="></latexit>

v
<latexit sha1_base64="GMRt2yc41WeNdP2azw7ibQdJN5g="></latexit><latexit sha1_base64="nxTjUz9ruqj6lFWSf0dcZhBdf1A="></latexit><latexit sha1_base64="nxTjUz9ruqj6lFWSf0dcZhBdf1A="></latexit><latexit sha1_base64="BlOUZSgJ+RN9R0bctLoZuV3Msp0="></latexit> TN

<latexit sha1_base64="b2ZhhJ8FQjE1VodyI61DilDnd0c="></latexit><latexit sha1_base64="b2ZhhJ8FQjE1VodyI61DilDnd0c="></latexit><latexit sha1_base64="b2ZhhJ8FQjE1VodyI61DilDnd0c="></latexit><latexit sha1_base64="b2ZhhJ8FQjE1VodyI61DilDnd0c="></latexit>

ignition behind the choc ) detonation initiation
<latexit sha1_base64="7PDwqrivNlY0zx4A8DSwg8Xn2vA="></latexit><latexit sha1_base64="7PDwqrivNlY0zx4A8DSwg8Xn2vA="></latexit><latexit sha1_base64="7PDwqrivNlY0zx4A8DSwg8Xn2vA="></latexit><latexit sha1_base64="7PDwqrivNlY0zx4A8DSwg8Xn2vA="></latexit>

TN
<latexit sha1_base64="b2ZhhJ8FQjE1VodyI61DilDnd0c="></latexit><latexit sha1_base64="b2ZhhJ8FQjE1VodyI61DilDnd0c="></latexit><latexit sha1_base64="b2ZhhJ8FQjE1VodyI61DilDnd0c="></latexit><latexit sha1_base64="b2ZhhJ8FQjE1VodyI61DilDnd0c="></latexit>

1200K
<latexit sha1_base64="LaYs8+4RRh5tcOo06VDsCQalWd0="></latexit><latexit sha1_base64="LaYs8+4RRh5tcOo06VDsCQalWd0="></latexit><latexit sha1_base64="LaYs8+4RRh5tcOo06VDsCQalWd0="></latexit><latexit sha1_base64="LaYs8+4RRh5tcOo06VDsCQalWd0="></latexit>

6
<latexit sha1_base64="j8Fk4qnkMMs6Jwi5zwrFQgdF5TI=">AAACsHicjVHLSsNAFD3GV62vqks3wSK4Kkkp6rLgxmUL9gG1lEk6rWOTTEgmQin9Arf6WX6Af6B/4Z0xBbWITiBz5txzD/fhxYFIleO8rlira+sbm4Wt4vbO7t5+6eCwncos8XnLl4FMuh5LeSAi3lJCBbwbJ5yFXsA73uRKxzsPPEmFjG7UNOb9kI0jMRI+U0Q1zwelslNxzLGXgZuDMvLTkKUX3GIICR8ZQnBEUIQDMKT09eDCQUxcHzPiEkLCxDnmKFJuRipOCkbshP5jes0IS9JI0s9h45TikpQJYe1sm3hmXDT7uw+jmnQdU7q93CskVuGO2L/yFsr/5vWIVRjh0nQraBaxYfRU/NwlMxPQldtfulLkEBOn8ZDiCWHfZC5mapuc1PSu58hM/M0oNavffq7N8K6rpGW6P1e3DNrViutU3GatXK/lay3gGCc4o91doI5rNNAy3o94wrNVtbrWwGKfUmslzznCt2PdfwCbzoqm</latexit><latexit sha1_base64="j8Fk4qnkMMs6Jwi5zwrFQgdF5TI=">AAACsHicjVHLSsNAFD3GV62vqks3wSK4Kkkp6rLgxmUL9gG1lEk6rWOTTEgmQin9Arf6WX6Af6B/4Z0xBbWITiBz5txzD/fhxYFIleO8rlira+sbm4Wt4vbO7t5+6eCwncos8XnLl4FMuh5LeSAi3lJCBbwbJ5yFXsA73uRKxzsPPEmFjG7UNOb9kI0jMRI+U0Q1zwelslNxzLGXgZuDMvLTkKUX3GIICR8ZQnBEUIQDMKT09eDCQUxcHzPiEkLCxDnmKFJuRipOCkbshP5jes0IS9JI0s9h45TikpQJYe1sm3hmXDT7uw+jmnQdU7q93CskVuGO2L/yFsr/5vWIVRjh0nQraBaxYfRU/NwlMxPQldtfulLkEBOn8ZDiCWHfZC5mapuc1PSu58hM/M0oNavffq7N8K6rpGW6P1e3DNrViutU3GatXK/lay3gGCc4o91doI5rNNAy3o94wrNVtbrWwGKfUmslzznCt2PdfwCbzoqm</latexit><latexit sha1_base64="j8Fk4qnkMMs6Jwi5zwrFQgdF5TI=">AAACsHicjVHLSsNAFD3GV62vqks3wSK4Kkkp6rLgxmUL9gG1lEk6rWOTTEgmQin9Arf6WX6Af6B/4Z0xBbWITiBz5txzD/fhxYFIleO8rlira+sbm4Wt4vbO7t5+6eCwncos8XnLl4FMuh5LeSAi3lJCBbwbJ5yFXsA73uRKxzsPPEmFjG7UNOb9kI0jMRI+U0Q1zwelslNxzLGXgZuDMvLTkKUX3GIICR8ZQnBEUIQDMKT09eDCQUxcHzPiEkLCxDnmKFJuRipOCkbshP5jes0IS9JI0s9h45TikpQJYe1sm3hmXDT7uw+jmnQdU7q93CskVuGO2L/yFsr/5vWIVRjh0nQraBaxYfRU/NwlMxPQldtfulLkEBOn8ZDiCWHfZC5mapuc1PSu58hM/M0oNavffq7N8K6rpGW6P1e3DNrViutU3GatXK/lay3gGCc4o91doI5rNNAy3o94wrNVtbrWwGKfUmslzznCt2PdfwCbzoqm</latexit><latexit sha1_base64="j8Fk4qnkMMs6Jwi5zwrFQgdF5TI=">AAACsHicjVHLSsNAFD3GV62vqks3wSK4Kkkp6rLgxmUL9gG1lEk6rWOTTEgmQin9Arf6WX6Af6B/4Z0xBbWITiBz5txzD/fhxYFIleO8rlira+sbm4Wt4vbO7t5+6eCwncos8XnLl4FMuh5LeSAi3lJCBbwbJ5yFXsA73uRKxzsPPEmFjG7UNOb9kI0jMRI+U0Q1zwelslNxzLGXgZuDMvLTkKUX3GIICR8ZQnBEUIQDMKT09eDCQUxcHzPiEkLCxDnmKFJuRipOCkbshP5jes0IS9JI0s9h45TikpQJYe1sm3hmXDT7uw+jmnQdU7q93CskVuGO2L/yFsr/5vWIVRjh0nQraBaxYfRU/NwlMxPQldtfulLkEBOn8ZDiCWHfZC5mapuc1PSu58hM/M0oNavffq7N8K6rpGW6P1e3DNrViutU3GatXK/lay3gGCc4o91doI5rNNAy3o94wrNVtbrWwGKfUmslzznCt2PdfwCbzoqm</latexit>

M
<latexit sha1_base64="Edc8wSuuvXFJn59xLqlFbQBzL98="></latexit><latexit sha1_base64="aQrFF/C0/U9IQMatGepIKW4mJe0="></latexit><latexit sha1_base64="aQrFF/C0/U9IQMatGepIKW4mJe0="></latexit><latexit sha1_base64="hajeUW3y1pxVXv6MKkph+PsonAI="></latexit>

Shchelkin scenario (1940-1950)

TN TuTb

Utur = sUb D

shock waveflame brush

cold gas
at restat rest

hot gas v = D − UN



Turbulence induced DDT
turbulent flow of fresh mixture � s Utur� flow velocity�

(Shchelkin 1940-1945)

� s Utur��
(positive feedback)

turbulence intensity

Strong shock wave M > 5 ) short induction time
<latexit sha1_base64="dDya+LIaiKq7oqvEwFzSo1Znuk4="></latexit><latexit sha1_base64="AJoyA0qrZsN0WyXf2Oe3k3DsxzM="></latexit><latexit sha1_base64="AJoyA0qrZsN0WyXf2Oe3k3DsxzM="></latexit><latexit sha1_base64="P2vptdSTnMCWV4r3yXjj5K8LApk="></latexit>

Ignition of the compressed gas
<latexit sha1_base64="swOYiMeiIDlhQvjshfWPOFoYhbg="></latexit><latexit sha1_base64="bXQDV1kZq4OAZfUyZQPhNLCONvo="></latexit><latexit sha1_base64="bXQDV1kZq4OAZfUyZQPhNLCONvo="></latexit><latexit sha1_base64="rsV+aImX+s/lY1LqxIV0L+aGhAk="></latexit>

Recent advances
<latexit sha1_base64="CZy2ukhCwp7YJgqc5uhBFgb8SoM="></latexit><latexit sha1_base64="CZy2ukhCwp7YJgqc5uhBFgb8SoM="></latexit><latexit sha1_base64="CZy2ukhCwp7YJgqc5uhBFgb8SoM="></latexit><latexit sha1_base64="FYC+TiFuXTK6v3XaCcrUTKId2fk="></latexit>

Sudden DDT not explained
<latexit sha1_base64="AIB+sreT0/qEy8OUuhM8TOeYcPA="></latexit><latexit sha1_base64="8rVK8ZFkMvCELOFWFb0EzFX9xis="></latexit><latexit sha1_base64="8rVK8ZFkMvCELOFWFb0EzFX9xis="></latexit><latexit sha1_base64="Y1ZPPQeEGPYp0MaQpTjKphWaOTs="></latexit>

<latexit sha1_base64="1Ym+kt2sr1iOIpHLpaFtz23XqRY="></latexit>

Lecture 11-c: Deflagration to Detonation Transition
Shchelkin scenario

M ⇡ 3
<latexit sha1_base64="3mByXfDn+wyIW2kb9iKTo1BW9Ng="></latexit><latexit sha1_base64="3mByXfDn+wyIW2kb9iKTo1BW9Ng="></latexit><latexit sha1_base64="3mByXfDn+wyIW2kb9iKTo1BW9Ng="></latexit><latexit sha1_base64="lLmfae+TGf85Xc1/D9uLhmHuJ5E="></latexit>

fast self-ignition is not possible
<latexit sha1_base64="UV/L/SEymJCTj1cp6FgpaNd+ScE="></latexit><latexit sha1_base64="Gkhnk/sAFpgOA2xnkUqd9oFki4k="></latexit><latexit sha1_base64="Gkhnk/sAFpgOA2xnkUqd9oFki4k="></latexit><latexit sha1_base64="G9ZUGVFrZeURM5XxlDQniJ2mSgo="></latexit>

Sudden DDT for
<latexit sha1_base64="I6nwLtX2/MChnAF45VAuWcPD2cI="></latexit><latexit sha1_base64="MUtXOTGI0eR6bBHruUv5BnwUjAM="></latexit><latexit sha1_base64="MUtXOTGI0eR6bBHruUv5BnwUjAM="></latexit><latexit sha1_base64="uDukKiXvQ1HMN9QNfJ0iOLxOXa8="></latexit>

Not observed in the DDT experiments of elongated flames in tubes
<latexit sha1_base64="oZfl9ks1coNd7WHYWcg829QvpUM="></latexit><latexit sha1_base64="5zqxW6gjCIL9sjgy1GnZm6wnvGA="></latexit><latexit sha1_base64="5zqxW6gjCIL9sjgy1GnZm6wnvGA="></latexit><latexit sha1_base64="JELcq/tPXtDAppDaDx13L3HJcJo="></latexit>

temperature of the gas in the fresh mixture too small
<latexit sha1_base64="OuDUzhK1lvIZzmd3np3760o62Ko="></latexit><latexit sha1_base64="+BSTvmD+F7zUSLGawvCiBOhrRBo="></latexit><latexit sha1_base64="+BSTvmD+F7zUSLGawvCiBOhrRBo="></latexit><latexit sha1_base64="tUMfGmYqLPxDPjnRxE+bQAOboF4="></latexit>

> 1960

<latexit sha1_base64="z0G/O+XbRocrehZRRsDpCfQ1njE="></latexit>

(TN < Tc)



The turbulence-induced DDT scenario is not observed in the 2010-2011 experiments
<latexit sha1_base64="UZivoi17GR/ogwa9IzWGsJmF6rA="></latexit><latexit sha1_base64="UZivoi17GR/ogwa9IzWGsJmF6rA="></latexit><latexit sha1_base64="UZivoi17GR/ogwa9IzWGsJmF6rA="></latexit><latexit sha1_base64="UZivoi17GR/ogwa9IzWGsJmF6rA="></latexit>

Centimeter-scale tubes, Liberman et al. (2010-2011)
<latexit sha1_base64="JdbGwNRM1uG37lLCQ9zSFOMJfr4="></latexit><latexit sha1_base64="JdbGwNRM1uG37lLCQ9zSFOMJfr4="></latexit><latexit sha1_base64="JdbGwNRM1uG37lLCQ9zSFOMJfr4="></latexit><latexit sha1_base64="JdbGwNRM1uG37lLCQ9zSFOMJfr4="></latexit>

Millimiter-scale tubes, Wu et al. (2007-2011)
<latexit sha1_base64="6Z9UFlX2B6HSxIU5yrO8W40qBRg="></latexit><latexit sha1_base64="6Z9UFlX2B6HSxIU5yrO8W40qBRg="></latexit><latexit sha1_base64="6Z9UFlX2B6HSxIU5yrO8W40qBRg="></latexit><latexit sha1_base64="6Z9UFlX2B6HSxIU5yrO8W40qBRg="></latexit>

Very energetic stoichiometric H2 �O2 mixtures: UL(Tu) ⇡ 9 m/s , Tb ⇡ 3000K
<latexit sha1_base64="6uNp/XXWL0bTx1BD+VoWdLvK+A4="></latexit><latexit sha1_base64="6uNp/XXWL0bTx1BD+VoWdLvK+A4="></latexit><latexit sha1_base64="6uNp/XXWL0bTx1BD+VoWdLvK+A4="></latexit><latexit sha1_base64="6uNp/XXWL0bTx1BD+VoWdLvK+A4="></latexit>

DCJ ⇡ 2800 m/s
<latexit sha1_base64="CG92EvJPGwKxxkEss5InfEm625E="></latexit><latexit sha1_base64="CG92EvJPGwKxxkEss5InfEm625E="></latexit><latexit sha1_base64="CG92EvJPGwKxxkEss5InfEm625E="></latexit><latexit sha1_base64="CG92EvJPGwKxxkEss5InfEm625E="></latexit>

,
<latexit sha1_base64="i5BUPIBzOKoMHHy4yxZ+8lxr3TQ=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwISUpguKq4MZlC/YBtZRJOq1jk0xIJkKRfoFb/Sw/wD/Qv/DOmIJaRCeQOXPuuYf78OJApMpxXgvW0vLK6lpxvbSxubW9U97da6cyS3ze8mUgk67HUh6IiLeUUAHvxglnoRfwjje51PHOPU9SIaNrNY15P2TjSIyEzxRRzZNBueJUHXPsReDmoIL8NGT5BTcYQsJHhhAcERThAAwpfT24cBAT18cDcQkhYeIcM5QoNyMVJwUjdkL/Mb0eCEvSSNLPYOOI4pKUCWHtbJt4Zlw0+7sPo5p0HVO6vdwrJFbhlti/8ubK/+b1iFUY4dx0K2gWsWH0VPzcJTMT0JXbX7pS5BATp/GQ4glh32TOZ2qbnNT0rufITPzNKDWr336uzfCuq6Rluj9XtwjatarrVN3maaV+ka+1iAMc4ph2d4Y6rtBAy3g/4gnPVs3qWgOLfUqtQp6zj2/HuvsAhqSKog==</latexit><latexit sha1_base64="i5BUPIBzOKoMHHy4yxZ+8lxr3TQ=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwISUpguKq4MZlC/YBtZRJOq1jk0xIJkKRfoFb/Sw/wD/Qv/DOmIJaRCeQOXPuuYf78OJApMpxXgvW0vLK6lpxvbSxubW9U97da6cyS3ze8mUgk67HUh6IiLeUUAHvxglnoRfwjje51PHOPU9SIaNrNY15P2TjSIyEzxRRzZNBueJUHXPsReDmoIL8NGT5BTcYQsJHhhAcERThAAwpfT24cBAT18cDcQkhYeIcM5QoNyMVJwUjdkL/Mb0eCEvSSNLPYOOI4pKUCWHtbJt4Zlw0+7sPo5p0HVO6vdwrJFbhlti/8ubK/+b1iFUY4dx0K2gWsWH0VPzcJTMT0JXbX7pS5BATp/GQ4glh32TOZ2qbnNT0rufITPzNKDWr336uzfCuq6Rluj9XtwjatarrVN3maaV+ka+1iAMc4ph2d4Y6rtBAy3g/4gnPVs3qWgOLfUqtQp6zj2/HuvsAhqSKog==</latexit><latexit sha1_base64="i5BUPIBzOKoMHHy4yxZ+8lxr3TQ=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwISUpguKq4MZlC/YBtZRJOq1jk0xIJkKRfoFb/Sw/wD/Qv/DOmIJaRCeQOXPuuYf78OJApMpxXgvW0vLK6lpxvbSxubW9U97da6cyS3ze8mUgk67HUh6IiLeUUAHvxglnoRfwjje51PHOPU9SIaNrNY15P2TjSIyEzxRRzZNBueJUHXPsReDmoIL8NGT5BTcYQsJHhhAcERThAAwpfT24cBAT18cDcQkhYeIcM5QoNyMVJwUjdkL/Mb0eCEvSSNLPYOOI4pKUCWHtbJt4Zlw0+7sPo5p0HVO6vdwrJFbhlti/8ubK/+b1iFUY4dx0K2gWsWH0VPzcJTMT0JXbX7pS5BATp/GQ4glh32TOZ2qbnNT0rufITPzNKDWr336uzfCuq6Rluj9XtwjatarrVN3maaV+ka+1iAMc4ph2d4Y6rtBAy3g/4gnPVs3qWgOLfUqtQp6zj2/HuvsAhqSKog==</latexit><latexit sha1_base64="i5BUPIBzOKoMHHy4yxZ+8lxr3TQ=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwISUpguKq4MZlC/YBtZRJOq1jk0xIJkKRfoFb/Sw/wD/Qv/DOmIJaRCeQOXPuuYf78OJApMpxXgvW0vLK6lpxvbSxubW9U97da6cyS3ze8mUgk67HUh6IiLeUUAHvxglnoRfwjje51PHOPU9SIaNrNY15P2TjSIyEzxRRzZNBueJUHXPsReDmoIL8NGT5BTcYQsJHhhAcERThAAwpfT24cBAT18cDcQkhYeIcM5QoNyMVJwUjdkL/Mb0eCEvSSNLPYOOI4pKUCWHtbJt4Zlw0+7sPo5p0HVO6vdwrJFbhlti/8ubK/+b1iFUY4dx0K2gWsWH0VPzcJTMT0JXbX7pS5BATp/GQ4glh32TOZ2qbnNT0rufITPzNKDWr336uzfCuq6Rluj9XtwjatarrVN3maaV+ka+1iAMc4ph2d4Y6rtBAy3g/4gnPVs3qWgOLfUqtQp6zj2/HuvsAhqSKog==</latexit>

TbCJ ⇡ 3600 K
<latexit sha1_base64="NfDxoRSSjTxiV8op5Ngvy4/ZF04="></latexit><latexit sha1_base64="NfDxoRSSjTxiV8op5Ngvy4/ZF04="></latexit><latexit sha1_base64="NfDxoRSSjTxiV8op5Ngvy4/ZF04="></latexit><latexit sha1_base64="NfDxoRSSjTxiV8op5Ngvy4/ZF04="></latexit>

,
<latexit sha1_base64="i5BUPIBzOKoMHHy4yxZ+8lxr3TQ=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwISUpguKq4MZlC/YBtZRJOq1jk0xIJkKRfoFb/Sw/wD/Qv/DOmIJaRCeQOXPuuYf78OJApMpxXgvW0vLK6lpxvbSxubW9U97da6cyS3ze8mUgk67HUh6IiLeUUAHvxglnoRfwjje51PHOPU9SIaNrNY15P2TjSIyEzxRRzZNBueJUHXPsReDmoIL8NGT5BTcYQsJHhhAcERThAAwpfT24cBAT18cDcQkhYeIcM5QoNyMVJwUjdkL/Mb0eCEvSSNLPYOOI4pKUCWHtbJt4Zlw0+7sPo5p0HVO6vdwrJFbhlti/8ubK/+b1iFUY4dx0K2gWsWH0VPzcJTMT0JXbX7pS5BATp/GQ4glh32TOZ2qbnNT0rufITPzNKDWr336uzfCuq6Rluj9XtwjatarrVN3maaV+ka+1iAMc4ph2d4Y6rtBAy3g/4gnPVs3qWgOLfUqtQp6zj2/HuvsAhqSKog==</latexit><latexit sha1_base64="i5BUPIBzOKoMHHy4yxZ+8lxr3TQ=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwISUpguKq4MZlC/YBtZRJOq1jk0xIJkKRfoFb/Sw/wD/Qv/DOmIJaRCeQOXPuuYf78OJApMpxXgvW0vLK6lpxvbSxubW9U97da6cyS3ze8mUgk67HUh6IiLeUUAHvxglnoRfwjje51PHOPU9SIaNrNY15P2TjSIyEzxRRzZNBueJUHXPsReDmoIL8NGT5BTcYQsJHhhAcERThAAwpfT24cBAT18cDcQkhYeIcM5QoNyMVJwUjdkL/Mb0eCEvSSNLPYOOI4pKUCWHtbJt4Zlw0+7sPo5p0HVO6vdwrJFbhlti/8ubK/+b1iFUY4dx0K2gWsWH0VPzcJTMT0JXbX7pS5BATp/GQ4glh32TOZ2qbnNT0rufITPzNKDWr336uzfCuq6Rluj9XtwjatarrVN3maaV+ka+1iAMc4ph2d4Y6rtBAy3g/4gnPVs3qWgOLfUqtQp6zj2/HuvsAhqSKog==</latexit><latexit sha1_base64="i5BUPIBzOKoMHHy4yxZ+8lxr3TQ=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwISUpguKq4MZlC/YBtZRJOq1jk0xIJkKRfoFb/Sw/wD/Qv/DOmIJaRCeQOXPuuYf78OJApMpxXgvW0vLK6lpxvbSxubW9U97da6cyS3ze8mUgk67HUh6IiLeUUAHvxglnoRfwjje51PHOPU9SIaNrNY15P2TjSIyEzxRRzZNBueJUHXPsReDmoIL8NGT5BTcYQsJHhhAcERThAAwpfT24cBAT18cDcQkhYeIcM5QoNyMVJwUjdkL/Mb0eCEvSSNLPYOOI4pKUCWHtbJt4Zlw0+7sPo5p0HVO6vdwrJFbhlti/8ubK/+b1iFUY4dx0K2gWsWH0VPzcJTMT0JXbX7pS5BATp/GQ4glh32TOZ2qbnNT0rufITPzNKDWr336uzfCuq6Rluj9XtwjatarrVN3maaV+ka+1iAMc4ph2d4Y6rtBAy3g/4gnPVs3qWgOLfUqtQp6zj2/HuvsAhqSKog==</latexit><latexit sha1_base64="i5BUPIBzOKoMHHy4yxZ+8lxr3TQ=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwISUpguKq4MZlC/YBtZRJOq1jk0xIJkKRfoFb/Sw/wD/Qv/DOmIJaRCeQOXPuuYf78OJApMpxXgvW0vLK6lpxvbSxubW9U97da6cyS3ze8mUgk67HUh6IiLeUUAHvxglnoRfwjje51PHOPU9SIaNrNY15P2TjSIyEzxRRzZNBueJUHXPsReDmoIL8NGT5BTcYQsJHhhAcERThAAwpfT24cBAT18cDcQkhYeIcM5QoNyMVJwUjdkL/Mb0eCEvSSNLPYOOI4pKUCWHtbJt4Zlw0+7sPo5p0HVO6vdwrJFbhlti/8ubK/+b1iFUY4dx0K2gWsWH0VPzcJTMT0JXbX7pS5BATp/GQ4glh32TOZ2qbnNT0rufITPzNKDWr336uzfCuq6Rluj9XtwjatarrVN3maaV+ka+1iAMc4ph2d4Y6rtBAy3g/4gnPVs3qWgOLfUqtQp6zj2/HuvsAhqSKog==</latexit>

Sudden transition at the flame front in the laminar regime
<latexit sha1_base64="2LiSwa5x+OqQH1M4DmVnsWYdVXQ="></latexit><latexit sha1_base64="2LiSwa5x+OqQH1M4DmVnsWYdVXQ="></latexit><latexit sha1_base64="2LiSwa5x+OqQH1M4DmVnsWYdVXQ="></latexit><latexit sha1_base64="2LiSwa5x+OqQH1M4DmVnsWYdVXQ="></latexit>

with a jump of the velocity of the combustion front from
<latexit sha1_base64="8z4lNppATb8ItvcmBGdp3FR/7qc="></latexit><latexit sha1_base64="8z4lNppATb8ItvcmBGdp3FR/7qc="></latexit><latexit sha1_base64="8z4lNppATb8ItvcmBGdp3FR/7qc="></latexit><latexit sha1_base64="8z4lNppATb8ItvcmBGdp3FR/7qc="></latexit>

⇡ 300 m/s
<latexit sha1_base64="6gReh4so95URLiKhUjM/AXse+CU="></latexit><latexit sha1_base64="6gReh4so95URLiKhUjM/AXse+CU="></latexit><latexit sha1_base64="6gReh4so95URLiKhUjM/AXse+CU="></latexit><latexit sha1_base64="6gReh4so95URLiKhUjM/AXse+CU="></latexit>

to ⇡ 3000 m/s during 10�6 s.
<latexit sha1_base64="eIOjusiYZWeMlhmBkN213K+PsnA="></latexit><latexit sha1_base64="eIOjusiYZWeMlhmBkN213K+PsnA="></latexit><latexit sha1_base64="eIOjusiYZWeMlhmBkN213K+PsnA="></latexit><latexit sha1_base64="eIOjusiYZWeMlhmBkN213K+PsnA="></latexit>

10�3 s.
<latexit sha1_base64="Q7OD2fuulRu3hQjdeIBP6vwYz+A="></latexit><latexit sha1_base64="Q7OD2fuulRu3hQjdeIBP6vwYz+A="></latexit><latexit sha1_base64="Q7OD2fuulRu3hQjdeIBP6vwYz+A="></latexit><latexit sha1_base64="Q7OD2fuulRu3hQjdeIBP6vwYz+A="></latexit>

at a temperature of the fresh mixture not high enough T ⇡ 650 K
<latexit sha1_base64="YniP60gkr2EfSoZhFYZ50GW7ZlA="></latexit><latexit sha1_base64="YniP60gkr2EfSoZhFYZ50GW7ZlA="></latexit><latexit sha1_base64="YniP60gkr2EfSoZhFYZ50GW7ZlA="></latexit><latexit sha1_base64="YniP60gkr2EfSoZhFYZ50GW7ZlA="></latexit>

and a Mach number of the lead shock not large enough M ⇡ 2.4
<latexit sha1_base64="d1Di8iWwOZu1Gv0D1NXVgniUlVc="></latexit><latexit sha1_base64="d1Di8iWwOZu1Gv0D1NXVgniUlVc="></latexit><latexit sha1_base64="d1Di8iWwOZu1Gv0D1NXVgniUlVc="></latexit><latexit sha1_base64="d1Di8iWwOZu1Gv0D1NXVgniUlVc="></latexit>

for self-ignition behind the lead shock
<latexit sha1_base64="O7j5Jg+KlQ5QWan67IWgjgE2OyA="></latexit><latexit sha1_base64="O7j5Jg+KlQ5QWan67IWgjgE2OyA="></latexit><latexit sha1_base64="O7j5Jg+KlQ5QWan67IWgjgE2OyA="></latexit><latexit sha1_base64="O7j5Jg+KlQ5QWan67IWgjgE2OyA="></latexit>

This sudden transition was left unexplained. This is the topic of the rest of this lecture

(experiments and and DNSs)



  Basic mechanism: Nonlinear thermal loop
Deshaies and Joulin (1989) Combust. Flame, 77, 201-212 

enlightening theoretical analysis ignored up to 2017 

<latexit sha1_base64="1Ym+kt2sr1iOIpHLpaFtz23XqRY="></latexit>

Lecture 11-c: Deflagration to Detonation 

Self-similar solution (1-D) of the double discontinuity model  
for a turbulent flame in the wrinkled flame regime considered as a planar wave 

propagating from a closed wall

<latexit sha1_base64="VpqE/DSmIGQkuR6DB2I6/b1lh4Y="></latexit>

D > Uf

uniform flow TN = Tu
<latexit sha1_base64="T5kV2jSf2MR5RXX5xGHf6vk3MZg="></latexit><latexit sha1_base64="Dci1QEp8vn2ydgr/0VRnvCKUTJE="></latexit><latexit sha1_base64="Dci1QEp8vn2ydgr/0VRnvCKUTJE="></latexit><latexit sha1_base64="+U08JPFdrOHku0H54wGrPvbIiC8="></latexit>

folding factor: s =
flame surface area

cross section
<latexit sha1_base64="G3bO9j9mdUG9+BQkVCuR1oT2KKo="></latexit><latexit sha1_base64="OccjfH5K5QXCX5jrQXViiiCPwnA="></latexit><latexit sha1_base64="OccjfH5K5QXCX5jrQXViiiCPwnA="></latexit><latexit sha1_base64="77ofHDmN9voSpF22e6OJV5OPkUk="></latexit> TNTb

D

shock waveflame brush

cold gas
at restat rest

hot gas v = D � UN To
<latexit sha1_base64="K+fYZ1jgZE0W+AKDRWVYopCybX4=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIp6LLgxmXFvrCWMplOa2iSCclEKKWf4Fa/yg/wD/QvvDOmoBbRCWTOnHvu4T68OPBT5TivBWtldW19o7hZ2tre2d0r7x+0U5klXLS4DGTS9VgqAj8SLeWrQHTjRLDQC0THm1zqeOdBJKkvo6aaxqIfsnHkj3zOFFE3zYEclCtO1THHXgZuDirIT0OWX3CHISQ4MoQQiKAIB2BI6evBhYOYuD5mxCWEfBMXmKNEuRmpBCkYsRP6j+k1IyxJI0k/h40TiktSJoS1s23imXHR7O8+jGrSdUzp9nKvkFiFe2L/ylso/5vXI1ZhhAvTrU+ziA2jp8Jzl8xMQFduf+lKkUNMnMZDiieEuclczNQ2OanpXc+RmfibUWpWv3muzfCuq6Rluj9XtwzaZ1XXqbrXtUq9lq+1iCMc45R2d446rtBAi7zHeMQTnq2adWsxi39KrUKec4hvxwo+AAZsi6Y=</latexit><latexit sha1_base64="K+fYZ1jgZE0W+AKDRWVYopCybX4=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIp6LLgxmXFvrCWMplOa2iSCclEKKWf4Fa/yg/wD/QvvDOmoBbRCWTOnHvu4T68OPBT5TivBWtldW19o7hZ2tre2d0r7x+0U5klXLS4DGTS9VgqAj8SLeWrQHTjRLDQC0THm1zqeOdBJKkvo6aaxqIfsnHkj3zOFFE3zYEclCtO1THHXgZuDirIT0OWX3CHISQ4MoQQiKAIB2BI6evBhYOYuD5mxCWEfBMXmKNEuRmpBCkYsRP6j+k1IyxJI0k/h40TiktSJoS1s23imXHR7O8+jGrSdUzp9nKvkFiFe2L/ylso/5vXI1ZhhAvTrU+ziA2jp8Jzl8xMQFduf+lKkUNMnMZDiieEuclczNQ2OanpXc+RmfibUWpWv3muzfCuq6Rluj9XtwzaZ1XXqbrXtUq9lq+1iCMc45R2d446rtBAi7zHeMQTnq2adWsxi39KrUKec4hvxwo+AAZsi6Y=</latexit><latexit sha1_base64="K+fYZ1jgZE0W+AKDRWVYopCybX4=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIp6LLgxmXFvrCWMplOa2iSCclEKKWf4Fa/yg/wD/QvvDOmoBbRCWTOnHvu4T68OPBT5TivBWtldW19o7hZ2tre2d0r7x+0U5klXLS4DGTS9VgqAj8SLeWrQHTjRLDQC0THm1zqeOdBJKkvo6aaxqIfsnHkj3zOFFE3zYEclCtO1THHXgZuDirIT0OWX3CHISQ4MoQQiKAIB2BI6evBhYOYuD5mxCWEfBMXmKNEuRmpBCkYsRP6j+k1IyxJI0k/h40TiktSJoS1s23imXHR7O8+jGrSdUzp9nKvkFiFe2L/ylso/5vXI1ZhhAvTrU+ziA2jp8Jzl8xMQFduf+lKkUNMnMZDiieEuclczNQ2OanpXc+RmfibUWpWv3muzfCuq6Rluj9XtwzaZ1XXqbrXtUq9lq+1iCMc45R2d446rtBAi7zHeMQTnq2adWsxi39KrUKec4hvxwo+AAZsi6Y=</latexit><latexit sha1_base64="K+fYZ1jgZE0W+AKDRWVYopCybX4=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIp6LLgxmXFvrCWMplOa2iSCclEKKWf4Fa/yg/wD/QvvDOmoBbRCWTOnHvu4T68OPBT5TivBWtldW19o7hZ2tre2d0r7x+0U5klXLS4DGTS9VgqAj8SLeWrQHTjRLDQC0THm1zqeOdBJKkvo6aaxqIfsnHkj3zOFFE3zYEclCtO1THHXgZuDirIT0OWX3CHISQ4MoQQiKAIB2BI6evBhYOYuD5mxCWEfBMXmKNEuRmpBCkYsRP6j+k1IyxJI0k/h40TiktSJoS1s23imXHR7O8+jGrSdUzp9nKvkFiFe2L/ylso/5vXI1ZhhAvTrU+ziA2jp8Jzl8xMQFduf+lKkUNMnMZDiieEuclczNQ2OanpXc+RmfibUWpWv3muzfCuq6Rluj9XtwzaZ1XXqbrXtUq9lq+1iCMc45R2d446rtBAi7zHeMQTnq2adWsxi39KrUKec4hvxwo+AAZsi6Y=</latexit>

sUb(Tu)
<latexit sha1_base64="9doRozfa8plNxVf0Wd2wQtA4gyg="></latexit><latexit sha1_base64="9doRozfa8plNxVf0Wd2wQtA4gyg="></latexit><latexit sha1_base64="9doRozfa8plNxVf0Wd2wQtA4gyg="></latexit><latexit sha1_base64="9doRozfa8plNxVf0Wd2wQtA4gyg="></latexit>

Tu
<latexit sha1_base64="/lKhGgG4ggcPh/tFz900Qy9P9xY=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIp6LLgxmXFvrCWMplOa2iSCclEKKWf4Fa/yg/wD/QvvDOmoBbRCWTOnHvu4T68OPBT5TivBWtldW19o7hZ2tre2d0r7x+0U5klXLS4DGTS9VgqAj8SLeWrQHTjRLDQC0THm1zqeOdBJKkvo6aaxqIfsnHkj3zOFFE3zUE2KFecqmOOvQzcHFSQn4Ysv+AOQ0hwZAghEEERDsCQ0teDCwcxcX3MiEsI+SYuMEeJcjNSCVIwYif0H9NrRliSRpJ+DhsnFJekTAhrZ9vEM+Oi2d99GNWk65jS7eVeIbEK98T+lbdQ/jevR6zCCBemW59mERtGT4XnLpmZgK7c/tKVIoeYOI2HFE8Ic5O5mKltclLTu54jM/E3o9SsfvNcm+FdV0nLdH+ubhm0z6quU3Wva5V6LV9rEUc4xint7hx1XKGBFnmP8YgnPFs169ZiFv+UWoU85xDfjhV8ABQ0i6w=</latexit><latexit sha1_base64="/lKhGgG4ggcPh/tFz900Qy9P9xY=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIp6LLgxmXFvrCWMplOa2iSCclEKKWf4Fa/yg/wD/QvvDOmoBbRCWTOnHvu4T68OPBT5TivBWtldW19o7hZ2tre2d0r7x+0U5klXLS4DGTS9VgqAj8SLeWrQHTjRLDQC0THm1zqeOdBJKkvo6aaxqIfsnHkj3zOFFE3zUE2KFecqmOOvQzcHFSQn4Ysv+AOQ0hwZAghEEERDsCQ0teDCwcxcX3MiEsI+SYuMEeJcjNSCVIwYif0H9NrRliSRpJ+DhsnFJekTAhrZ9vEM+Oi2d99GNWk65jS7eVeIbEK98T+lbdQ/jevR6zCCBemW59mERtGT4XnLpmZgK7c/tKVIoeYOI2HFE8Ic5O5mKltclLTu54jM/E3o9SsfvNcm+FdV0nLdH+ubhm0z6quU3Wva5V6LV9rEUc4xint7hx1XKGBFnmP8YgnPFs169ZiFv+UWoU85xDfjhV8ABQ0i6w=</latexit><latexit sha1_base64="/lKhGgG4ggcPh/tFz900Qy9P9xY=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIp6LLgxmXFvrCWMplOa2iSCclEKKWf4Fa/yg/wD/QvvDOmoBbRCWTOnHvu4T68OPBT5TivBWtldW19o7hZ2tre2d0r7x+0U5klXLS4DGTS9VgqAj8SLeWrQHTjRLDQC0THm1zqeOdBJKkvo6aaxqIfsnHkj3zOFFE3zUE2KFecqmOOvQzcHFSQn4Ysv+AOQ0hwZAghEEERDsCQ0teDCwcxcX3MiEsI+SYuMEeJcjNSCVIwYif0H9NrRliSRpJ+DhsnFJekTAhrZ9vEM+Oi2d99GNWk65jS7eVeIbEK98T+lbdQ/jevR6zCCBemW59mERtGT4XnLpmZgK7c/tKVIoeYOI2HFE8Ic5O5mKltclLTu54jM/E3o9SsfvNcm+FdV0nLdH+ubhm0z6quU3Wva5V6LV9rEUc4xint7hx1XKGBFnmP8YgnPFs169ZiFv+UWoU85xDfjhV8ABQ0i6w=</latexit><latexit sha1_base64="/lKhGgG4ggcPh/tFz900Qy9P9xY=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIp6LLgxmXFvrCWMplOa2iSCclEKKWf4Fa/yg/wD/QvvDOmoBbRCWTOnHvu4T68OPBT5TivBWtldW19o7hZ2tre2d0r7x+0U5klXLS4DGTS9VgqAj8SLeWrQHTjRLDQC0THm1zqeOdBJKkvo6aaxqIfsnHkj3zOFFE3zUE2KFecqmOOvQzcHFSQn4Ysv+AOQ0hwZAghEEERDsCQ0teDCwcxcX3MiEsI+SYuMEeJcjNSCVIwYif0H9NrRliSRpJ+DhsnFJekTAhrZ9vEM+Oi2d99GNWk65jS7eVeIbEK98T+lbdQ/jevR6zCCBemW59mERtGT4XnLpmZgK7c/tKVIoeYOI2HFE8Ic5O5mKltclLTu54jM/E3o9SsfvNcm+FdV0nLdH+ubhm0z6quU3Wva5V6LV9rEUc4xint7hx1XKGBFnmP8YgnPFs169ZiFv+UWoU85xDfjhV8ABQ0i6w=</latexit>

/ t
<latexit sha1_base64="4yH+iE+Ivr7amLPD654MWCbzRkw="></latexit><latexit sha1_base64="4yH+iE+Ivr7amLPD654MWCbzRkw="></latexit><latexit sha1_base64="4yH+iE+Ivr7amLPD654MWCbzRkw="></latexit><latexit sha1_base64="BbywDBQr/C51EqtuiYNoFI4s1Rg="></latexit>

burned gas
<latexit sha1_base64="+lZ/eE+qvR54iSXxJUg4COdJRQI="></latexit><latexit sha1_base64="+lZ/eE+qvR54iSXxJUg4COdJRQI="></latexit><latexit sha1_base64="+lZ/eE+qvR54iSXxJUg4COdJRQI="></latexit><latexit sha1_base64="+lZ/eE+qvR54iSXxJUg4COdJRQI="></latexit>

wall
<latexit sha1_base64="OiWknmey6KJo4xtiKjc7DnxTlr0="></latexit><latexit sha1_base64="OiWknmey6KJo4xtiKjc7DnxTlr0="></latexit><latexit sha1_base64="OiWknmey6KJo4xtiKjc7DnxTlr0="></latexit><latexit sha1_base64="OiWknmey6KJo4xtiKjc7DnxTlr0="></latexit>

reference frame of the lab
<latexit sha1_base64="vBlEi2HhrA/Ao6ZIqjMnpDKvg4M="></latexit><latexit sha1_base64="vBlEi2HhrA/Ao6ZIqjMnpDKvg4M="></latexit><latexit sha1_base64="vBlEi2HhrA/Ao6ZIqjMnpDKvg4M="></latexit><latexit sha1_base64="vBlEi2HhrA/Ao6ZIqjMnpDKvg4M="></latexit>

u = 0
<latexit sha1_base64="8nt2kRPKYPWjygUwpkhCnyu87UY="></latexit><latexit sha1_base64="8nt2kRPKYPWjygUwpkhCnyu87UY="></latexit><latexit sha1_base64="8nt2kRPKYPWjygUwpkhCnyu87UY="></latexit><latexit sha1_base64="8nt2kRPKYPWjygUwpkhCnyu87UY="></latexit>

Ub
<latexit sha1_base64="A+odXD5GGwHqW7b2jyw+vK1+MEI="></latexit><latexit sha1_base64="A+odXD5GGwHqW7b2jyw+vK1+MEI="></latexit><latexit sha1_base64="A+odXD5GGwHqW7b2jyw+vK1+MEI="></latexit><latexit sha1_base64="A+odXD5GGwHqW7b2jyw+vK1+MEI="></latexit>

u = Ub � UL
<latexit sha1_base64="mjgKSRpk8iAFnSJLbPUVTzG8ZQo="></latexit><latexit sha1_base64="mjgKSRpk8iAFnSJLbPUVTzG8ZQo="></latexit><latexit sha1_base64="mjgKSRpk8iAFnSJLbPUVTzG8ZQo="></latexit><latexit sha1_base64="mjgKSRpk8iAFnSJLbPUVTzG8ZQo="></latexit>

✓
Tb

Tu
� 1

◆
UL

<latexit sha1_base64="4bZymFIz1HvRpKMnWLNEYTKyRN8="></latexit><latexit sha1_base64="4bZymFIz1HvRpKMnWLNEYTKyRN8="></latexit><latexit sha1_base64="4bZymFIz1HvRpKMnWLNEYTKyRN8="></latexit><latexit sha1_base64="4bZymFIz1HvRpKMnWLNEYTKyRN8="></latexit>

piston e↵ect of the wrinkled flame
<latexit sha1_base64="PUGtKX+uA+U4xOQKj35gunDnp8g="></latexit><latexit sha1_base64="n1Wi8Lb64Uf68R2EQIlijGQQZAU="></latexit><latexit sha1_base64="n1Wi8Lb64Uf68R2EQIlijGQQZAU="></latexit><latexit sha1_base64="wyPyutzweLrNBuq2X4kuIfDBW5Y="></latexit>

piston e↵ect of the planar flame
<latexit sha1_base64="Zq4ME1VwtmvJWE7pXnI1MoX0Y58="></latexit><latexit sha1_base64="0KIOBILCM9Kr3vM/4NEObQqgJJU="></latexit><latexit sha1_base64="0KIOBILCM9Kr3vM/4NEObQqgJJU="></latexit><latexit sha1_base64="0wRIAggCbpCCbYJlvVZB5TZFVTU="></latexit>

quasi-steady solution: Ub = constant, D = constant
<latexit sha1_base64="wz6Omoonn2tUilbN5qH57YOGEio="></latexit><latexit sha1_base64="oCSjkgdAYJfBito231o0guYF7D0="></latexit><latexit sha1_base64="oCSjkgdAYJfBito231o0guYF7D0="></latexit><latexit sha1_base64="ILl4sXgARoswaUNa3hcPamcKc18="></latexit>

Ub ! sUb
<latexit sha1_base64="q7vb5KE5Gu553UUEVsTwFe2v7GE="></latexit><latexit sha1_base64="2SedXakXxwyTtpt1BhA1ChI8/Tk="></latexit><latexit sha1_base64="2SedXakXxwyTtpt1BhA1ChI8/Tk="></latexit><latexit sha1_base64="YVTxatebHv5jn8U81Nm7cFLjVKI="></latexit>

uniform 1-D flow: s (Ub � UL) = D � UN
<latexit sha1_base64="kf3hRhtVcH1W5itBSzRi7WGHOhY="></latexit><latexit sha1_base64="6yA0C4ilg0/fKPSyc9k8LwlHUqk="></latexit><latexit sha1_base64="6yA0C4ilg0/fKPSyc9k8LwlHUqk="></latexit><latexit sha1_base64="L+HXwLy9sAITCvQ1dJZIpDxPo5I="></latexit> constant speed:

<latexit sha1_base64="Fbgw/56hKB14PNAaPPp8xFAQgo8="></latexit>

Uf = sUb
<latexit sha1_base64="Uthp/um1tqF/r03QdR+116UntQE="></latexit>

D
<latexit sha1_base64="PwqJ7Ug21pp0Zk66W4DZ0e0KlTI="></latexit>

(D � Uf )t

Semi-transparent piston

Thermal feedback



P.Clavin XI

1-D self-similar solution of a shock wave generated by a flame brush
propagating at a constant velocity Uturb from the closed end of a tube

Uturb = sUb s degree of folding

DUN
sULsUb

v = D − UN

flow velocity in the lab frame

v = s(Ub − UL)

TNTb

D

shock waveflame brush

cold gas
at restat rest

hot gas v = D � UN To
<latexit sha1_base64="K+fYZ1jgZE0W+AKDRWVYopCybX4=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIp6LLgxmXFvrCWMplOa2iSCclEKKWf4Fa/yg/wD/QvvDOmoBbRCWTOnHvu4T68OPBT5TivBWtldW19o7hZ2tre2d0r7x+0U5klXLS4DGTS9VgqAj8SLeWrQHTjRLDQC0THm1zqeOdBJKkvo6aaxqIfsnHkj3zOFFE3zYEclCtO1THHXgZuDirIT0OWX3CHISQ4MoQQiKAIB2BI6evBhYOYuD5mxCWEfBMXmKNEuRmpBCkYsRP6j+k1IyxJI0k/h40TiktSJoS1s23imXHR7O8+jGrSdUzp9nKvkFiFe2L/ylso/5vXI1ZhhAvTrU+ziA2jp8Jzl8xMQFduf+lKkUNMnMZDiieEuclczNQ2OanpXc+RmfibUWpWv3muzfCuq6Rluj9XtwzaZ1XXqbrXtUq9lq+1iCMc45R2d446rtBAi7zHeMQTnq2adWsxi39KrUKec4hvxwo+AAZsi6Y=</latexit><latexit sha1_base64="K+fYZ1jgZE0W+AKDRWVYopCybX4=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIp6LLgxmXFvrCWMplOa2iSCclEKKWf4Fa/yg/wD/QvvDOmoBbRCWTOnHvu4T68OPBT5TivBWtldW19o7hZ2tre2d0r7x+0U5klXLS4DGTS9VgqAj8SLeWrQHTjRLDQC0THm1zqeOdBJKkvo6aaxqIfsnHkj3zOFFE3zYEclCtO1THHXgZuDirIT0OWX3CHISQ4MoQQiKAIB2BI6evBhYOYuD5mxCWEfBMXmKNEuRmpBCkYsRP6j+k1IyxJI0k/h40TiktSJoS1s23imXHR7O8+jGrSdUzp9nKvkFiFe2L/ylso/5vXI1ZhhAvTrU+ziA2jp8Jzl8xMQFduf+lKkUNMnMZDiieEuclczNQ2OanpXc+RmfibUWpWv3muzfCuq6Rluj9XtwzaZ1XXqbrXtUq9lq+1iCMc45R2d446rtBAi7zHeMQTnq2adWsxi39KrUKec4hvxwo+AAZsi6Y=</latexit><latexit sha1_base64="K+fYZ1jgZE0W+AKDRWVYopCybX4=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIp6LLgxmXFvrCWMplOa2iSCclEKKWf4Fa/yg/wD/QvvDOmoBbRCWTOnHvu4T68OPBT5TivBWtldW19o7hZ2tre2d0r7x+0U5klXLS4DGTS9VgqAj8SLeWrQHTjRLDQC0THm1zqeOdBJKkvo6aaxqIfsnHkj3zOFFE3zYEclCtO1THHXgZuDirIT0OWX3CHISQ4MoQQiKAIB2BI6evBhYOYuD5mxCWEfBMXmKNEuRmpBCkYsRP6j+k1IyxJI0k/h40TiktSJoS1s23imXHR7O8+jGrSdUzp9nKvkFiFe2L/ylso/5vXI1ZhhAvTrU+ziA2jp8Jzl8xMQFduf+lKkUNMnMZDiieEuclczNQ2OanpXc+RmfibUWpWv3muzfCuq6Rluj9XtwzaZ1XXqbrXtUq9lq+1iCMc45R2d446rtBAi7zHeMQTnq2adWsxi39KrUKec4hvxwo+AAZsi6Y=</latexit><latexit sha1_base64="K+fYZ1jgZE0W+AKDRWVYopCybX4=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIp6LLgxmXFvrCWMplOa2iSCclEKKWf4Fa/yg/wD/QvvDOmoBbRCWTOnHvu4T68OPBT5TivBWtldW19o7hZ2tre2d0r7x+0U5klXLS4DGTS9VgqAj8SLeWrQHTjRLDQC0THm1zqeOdBJKkvo6aaxqIfsnHkj3zOFFE3zYEclCtO1THHXgZuDirIT0OWX3CHISQ4MoQQiKAIB2BI6evBhYOYuD5mxCWEfBMXmKNEuRmpBCkYsRP6j+k1IyxJI0k/h40TiktSJoS1s23imXHR7O8+jGrSdUzp9nKvkFiFe2L/ylso/5vXI1ZhhAvTrU+ziA2jp8Jzl8xMQFduf+lKkUNMnMZDiieEuclczNQ2OanpXc+RmfibUWpWv3muzfCuq6Rluj9XtwzaZ1XXqbrXtUq9lq+1iCMc45R2d446rtBAi7zHeMQTnq2adWsxi39KrUKec4hvxwo+AAZsi6Y=</latexit>

sUb(Tu)
<latexit sha1_base64="9doRozfa8plNxVf0Wd2wQtA4gyg="></latexit><latexit sha1_base64="9doRozfa8plNxVf0Wd2wQtA4gyg="></latexit><latexit sha1_base64="9doRozfa8plNxVf0Wd2wQtA4gyg="></latexit><latexit sha1_base64="9doRozfa8plNxVf0Wd2wQtA4gyg="></latexit>

Tu
<latexit sha1_base64="/lKhGgG4ggcPh/tFz900Qy9P9xY=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIp6LLgxmXFvrCWMplOa2iSCclEKKWf4Fa/yg/wD/QvvDOmoBbRCWTOnHvu4T68OPBT5TivBWtldW19o7hZ2tre2d0r7x+0U5klXLS4DGTS9VgqAj8SLeWrQHTjRLDQC0THm1zqeOdBJKkvo6aaxqIfsnHkj3zOFFE3zUE2KFecqmOOvQzcHFSQn4Ysv+AOQ0hwZAghEEERDsCQ0teDCwcxcX3MiEsI+SYuMEeJcjNSCVIwYif0H9NrRliSRpJ+DhsnFJekTAhrZ9vEM+Oi2d99GNWk65jS7eVeIbEK98T+lbdQ/jevR6zCCBemW59mERtGT4XnLpmZgK7c/tKVIoeYOI2HFE8Ic5O5mKltclLTu54jM/E3o9SsfvNcm+FdV0nLdH+ubhm0z6quU3Wva5V6LV9rEUc4xint7hx1XKGBFnmP8YgnPFs169ZiFv+UWoU85xDfjhV8ABQ0i6w=</latexit><latexit sha1_base64="/lKhGgG4ggcPh/tFz900Qy9P9xY=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIp6LLgxmXFvrCWMplOa2iSCclEKKWf4Fa/yg/wD/QvvDOmoBbRCWTOnHvu4T68OPBT5TivBWtldW19o7hZ2tre2d0r7x+0U5klXLS4DGTS9VgqAj8SLeWrQHTjRLDQC0THm1zqeOdBJKkvo6aaxqIfsnHkj3zOFFE3zUE2KFecqmOOvQzcHFSQn4Ysv+AOQ0hwZAghEEERDsCQ0teDCwcxcX3MiEsI+SYuMEeJcjNSCVIwYif0H9NrRliSRpJ+DhsnFJekTAhrZ9vEM+Oi2d99GNWk65jS7eVeIbEK98T+lbdQ/jevR6zCCBemW59mERtGT4XnLpmZgK7c/tKVIoeYOI2HFE8Ic5O5mKltclLTu54jM/E3o9SsfvNcm+FdV0nLdH+ubhm0z6quU3Wva5V6LV9rEUc4xint7hx1XKGBFnmP8YgnPFs169ZiFv+UWoU85xDfjhV8ABQ0i6w=</latexit><latexit sha1_base64="/lKhGgG4ggcPh/tFz900Qy9P9xY=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIp6LLgxmXFvrCWMplOa2iSCclEKKWf4Fa/yg/wD/QvvDOmoBbRCWTOnHvu4T68OPBT5TivBWtldW19o7hZ2tre2d0r7x+0U5klXLS4DGTS9VgqAj8SLeWrQHTjRLDQC0THm1zqeOdBJKkvo6aaxqIfsnHkj3zOFFE3zUE2KFecqmOOvQzcHFSQn4Ysv+AOQ0hwZAghEEERDsCQ0teDCwcxcX3MiEsI+SYuMEeJcjNSCVIwYif0H9NrRliSRpJ+DhsnFJekTAhrZ9vEM+Oi2d99GNWk65jS7eVeIbEK98T+lbdQ/jevR6zCCBemW59mERtGT4XnLpmZgK7c/tKVIoeYOI2HFE8Ic5O5mKltclLTu54jM/E3o9SsfvNcm+FdV0nLdH+ubhm0z6quU3Wva5V6LV9rEUc4xint7hx1XKGBFnmP8YgnPFs169ZiFv+UWoU85xDfjhV8ABQ0i6w=</latexit><latexit sha1_base64="/lKhGgG4ggcPh/tFz900Qy9P9xY=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIp6LLgxmXFvrCWMplOa2iSCclEKKWf4Fa/yg/wD/QvvDOmoBbRCWTOnHvu4T68OPBT5TivBWtldW19o7hZ2tre2d0r7x+0U5klXLS4DGTS9VgqAj8SLeWrQHTjRLDQC0THm1zqeOdBJKkvo6aaxqIfsnHkj3zOFFE3zUE2KFecqmOOvQzcHFSQn4Ysv+AOQ0hwZAghEEERDsCQ0teDCwcxcX3MiEsI+SYuMEeJcjNSCVIwYif0H9NrRliSRpJ+DhsnFJekTAhrZ9vEM+Oi2d99GNWk65jS7eVeIbEK98T+lbdQ/jevR6zCCBemW59mERtGT4XnLpmZgK7c/tKVIoeYOI2HFE8Ic5O5mKltclLTu54jM/E3o9SsfvNcm+FdV0nLdH+ubhm0z6quU3Wva5V6LV9rEUc4xint7hx1XKGBFnmP8YgnPFs169ZiFv+UWoU85xDfjhV8ABQ0i6w=</latexit>

/ t
<latexit sha1_base64="4yH+iE+Ivr7amLPD654MWCbzRkw="></latexit><latexit sha1_base64="4yH+iE+Ivr7amLPD654MWCbzRkw="></latexit><latexit sha1_base64="4yH+iE+Ivr7amLPD654MWCbzRkw="></latexit><latexit sha1_base64="BbywDBQr/C51EqtuiYNoFI4s1Rg="></latexit>

Ub/Ubo � e
E

2kBTbo

“
Tb�Tbo

Tbo

”

ZFK flame velocity  
<latexit sha1_base64="wHVupyVbnB7D8Ft32t3CVGg7AzA="></latexit>✓
1� ⇢b

⇢u

◆
sUb(t) =

✓
1� ⇢b

⇢u

◆
sUb(0)e

E
2kBTb(0)

✓
Tb(t)� Tb(0)

Tb(0)

◆

degree of folding

flame temperature versus degree of folding
with a turning pointNonlinear solution

<latexit sha1_base64="59ouPOa362Blno9c5oxEXpMnbCU="></latexit>

Tb(s)

<latexit sha1_base64="+Bl3nKTXTunZE+HAQAgk2aaG6cI="></latexit>

X ⌘ E

2kBTbo

✓
Tb

Tbo
� 1

◆
<latexit sha1_base64="vucPwKfs6ti2TMZkkDE0L/Ya3Yk="></latexit>

K = s,  ⌘ (� � 1)
(Tbo � Tu0)

Tbo

Ubo

ao

E

2kBTboflame temperature

1

K∗ = 1/e

Xe−X

X = K (Ub/Ubo)

unstable branch

stable branch
<latexit sha1_base64="LIrr75YaXiVqKoOUsLrNASd3vdI="></latexit>

X

non physical

<latexit sha1_base64="UgYPhMFMyLWEQKZXwxG4OUhkP4c="></latexit>

X⇤ = 1

degree of folding

<latexit sha1_base64="hZtH2HPTd5RFfHqWstzaZM8/vd8="></latexit>

Tb = T ⇤
b flame temperature

<latexit sha1_base64="DIFEgEtMApHqQYQKNU/kJb/5fTA="></latexit>

Xe�X = K

<latexit sha1_base64="ke3BjuA+4XBVYnbxQFITW3sIP0A="></latexit>✓
1� ⇢b

⇢u

◆
sUb ⇡

ao
� � 1

Tbo

Tuo

✓
Tb

Tbo
� 1

◆

<latexit sha1_base64="NqUUitTmt/0GeOfLUqyMlzbdPFc="></latexit>

a0
� � 1

Tbo

Tuo

✓
Tb

Tbo
� 1

◆
=

✓
1� ⇢b

⇢u

◆
sUb(0)e

E
2kBTb(0)

⇣
Tb(t)�Tb(0)

Tb(0)

⌘

<latexit sha1_base64="N00dtS0N163BXYjdGhd4jp3nUzI="></latexit>

Mlead shock � 1 ⌧ 1
Deshaies and Joulin (1989) Combust. Flame, 77, 201-212 

Flame � semi-permeable piston
<latexit sha1_base64="lsmOiQlT7fhhXI85iFYL5aUyGaw="></latexit>

v = s(Ub � UL) =

✓
1� ⇢b

⇢u

◆
sUb

Lead shock: RH conditions  
<latexit sha1_base64="YRZwI79ss93FlOJ3vGBwCkos480="></latexit>

v = D � UN ⇡ ao
� � 1

✓
TN

Tuo
� 1

◆

weak shock  
<latexit sha1_base64="9USeQQ2jAezWbP+csRsmGc1VUaw="></latexit>

TN = Tu

<latexit sha1_base64="iP6h79cz8wg2FrA4jIim2iEbJbk="></latexit>

⇡ ao
� � 1

Tbo

Tuo

✓
Tb

Tbo
� 1

◆
<latexit sha1_base64="5+AewSclR3VhlldLHqji539sPz4="></latexit>

Tb � Tbo = TN � Tuo

mass conservation



show a runaway corresponding to DDT
<latexit sha1_base64="pZAd7IFTjxjl1aokglHA4QOseZE="></latexit><latexit sha1_base64="jzx9orUIo8eMqEx8pXlko2eJCI0="></latexit><latexit sha1_base64="jzx9orUIo8eMqEx8pXlko2eJCI0="></latexit><latexit sha1_base64="oAPJ7r45NPjC3XwbBpDymsvmmmc="></latexit>

(non-physical model !)
<latexit sha1_base64="ULrKGnpg8A0ab7wyxR1Mt9nB0i4="></latexit><latexit sha1_base64="8MWvHuVYbdKtvJMzCYnA3cbjCCo="></latexit><latexit sha1_base64="8MWvHuVYbdKtvJMzCYnA3cbjCCo="></latexit><latexit sha1_base64="YmKj7QBm223pbZhaTMbms3RwTiA="></latexit>

Numerical solutions of planar flames with a reaction rate multiplied by
<latexit sha1_base64="vJfxudgi80dvwcOt7rYqtSPA5DI="></latexit><latexit sha1_base64="EKFKPZxE9pynCj7vvy1HWkcyAz4="></latexit><latexit sha1_base64="EKFKPZxE9pynCj7vvy1HWkcyAz4="></latexit><latexit sha1_base64="OwLjjda4tApZeHfoCo/7SX1zamU="></latexit>

s2 > s⇤2 ⇡ 102 � 103
<latexit sha1_base64="oe+5wYLWEOgD61Xnrg+UIDT3ud8="></latexit><latexit sha1_base64="Ot3ARLyedRdrd0QzPnJ17xC+qxc="></latexit><latexit sha1_base64="Ot3ARLyedRdrd0QzPnJ17xC+qxc="></latexit><latexit sha1_base64="7mPfiAXRLOzzLfHzcoFF5QFBZ2U="></latexit>

(Sivashinsky et al. 2017-2021)
<latexit sha1_base64="BsZkaTa4jYPNGC22b0ygA92z8jI="></latexit><latexit sha1_base64="KgQTc6ETYprTVdFkcO8dlpstmUk="></latexit><latexit sha1_base64="KgQTc6ETYprTVdFkcO8dlpstmUk="></latexit><latexit sha1_base64="RqMTXRuJwlW6t9wWJ+9Ado8d5ow="></latexit>

DDT ?
<latexit sha1_base64="Ciz9kNL2D2YTFjtYCxC0bxCrMHk="></latexit><latexit sha1_base64="Ciz9kNL2D2YTFjtYCxC0bxCrMHk="></latexit><latexit sha1_base64="Ciz9kNL2D2YTFjtYCxC0bxCrMHk="></latexit><latexit sha1_base64="dOiNqi3hUvrD8hNKgrsIgwWad+Y="></latexit>

flame temperature versus degree of folding

with a turning pointNonlinear solution
<latexit sha1_base64="59ouPOa362Blno9c5oxEXpMnbCU="></latexit>

Tb(s)

<latexit sha1_base64="+Bl3nKTXTunZE+HAQAgk2aaG6cI="></latexit>

X ⌘ E

2kBTbo

✓
Tb

Tbo
� 1

◆ <latexit sha1_base64="vucPwKfs6ti2TMZkkDE0L/Ya3Yk="></latexit>

K = s,  ⌘ (� � 1)
(Tbo � Tu0)

Tbo

Ubo

ao

E

2kBTbo
flame temperature degree of folding
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DDT in closed tubes

Recent experiments



Nolan Dexter-Brown, Jagan Jayachandran
Combust. Flame 2024
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cantly: from two or more diameters to half the tube
diameter. The surface of the f lame front begins to frag-
ment and a cellular or honeycomb structure is formed
on it. Before the f lame front, there is a f low of
unburned gas in the direction of the front movement,
caused by the buoyant action of expanding deflagra-
tion products and disturbances generated by the f lame
that propagate downstream at the speed of sound.
Behind the front, the f low caused by rarefaction waves
in the deflagration products is directed in the opposite
direction. The front, as a discontinuity surface, is sub-
ject to gas-dynamic (Darrieus–Landau) and thermal
diffusion (Rayleigh–Taylor) instabilities, which also
significantly affect the change in the shape of its sur-
face and leads to the appearance of cellular structures.
The dimensions of the emerging structure strongly
depend on the initial pressure of the gas mixture and
sharply decrease with its increase. The f lame front’s
deceleration phase lasts from 1.5 ms for a pressure of
8 kPa to 0.6–0.7 ms for a pressure of 22 kPa. During
this time interval, the f lame front travels distances of
0.4 and 0.2 m along the tube axis, respectively.

The deceleration phase is followed by a period of
time when the f lame front propagates at a nearly

constant velocity. As can be seen from the images
(frames 7–14, Fig. 1; frames 7–12, Figs. 2–4;
frames 7–9, Fig. 5), the duration of this stage is from
0.7 ms at an initial pressure of 20.8 kPa to 3 ms at a
pressure of 8 kPa. The structure and shape of the
flame front during this period barely change. The
shape of the deflagration front is close to hemispheri-
cal and extended forward by approximately the chan-
nel diameter along the tube axis. The surface of the
flame front has a pronounced cellular structure, and
as the f lame moves, the size of the cells begins to grow
larger, and their number decreases. They also begin to
stretch in the longitudinal direction along the tube
axis. This effect is most pronounced at low initial pres-
sures.

Finally, in the fourth stage, the f lame front acceler-
ates again. At the same time, its shape and structure
undergo significant changes. One of the sections of the
flame front begins to move forward sharply in the
direction of motion. The authors of [4] found that the
upper section of the f lame moves forward and
explained this as follows: the f lame front is the inter-
face between a heavy fresh mixture with a higher den-
sity and lighter deflagration products. Under the

Fig. 4. The same as in Fig. 1 at an initial pressure of 16 kPa.
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P.N. Krivosheyev,   A.O. Novitski, O.G. Penyazkov
Russ.J.Phys.Chem B (2021) 16 (4) 661-669

3 étapes dans la vitesse de propagation du front
après allumage ponctuel sur le côté fermé du tube

grande vitesse juste avant explosion 
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Uf ⇡ 103m/s

-2)  Évolution de la vitesse du front de flamme s’effectue en 3 étapes  
avant l’explosion du point chaud:
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action of gravity, the heavy fresh mixture spreads along
the bottom of the tube, and the lighter products of def-
lagration tend to settle in the upper part, pushing the
flame front forward. Our observations show that the ori-
entation of the head tongue of the flame front relatively to
the tube perimeter is probably random (Figs. 1–5). As the
flame front stretches along the tube axis, a significant
increase in the deflagration area occurs and its velocity
begins to increase drastically. The f lame takes on a
conical shape strongly elongated along the tube axis,
which is described in detail in [82]. In frame 15, Fig. 5,
at an initial mixture pressure of 20.8 kPa, the circle
shows the onset of local explosion kernel in the region
of the boundary layer in one of the folds of the f lame
edge encircling the channel walls. The development
of this focus leads to the formation of an overcom-
pressed detonation wave, which propagates up and
downstream. In experiments at lower initial pressures
(8–16 kPa, Figs. 1–4), the process of detonation ini-
tiation was no longer within the field of view of the
observation system.

CONCLUSIONS

The evolution of the structure and shape of the
flame front during the DDT of an acetylene-oxygen
mixture in a cylindrical tube 60 mm in diameter was
studied by high-speed visualization. The high-speed
images show and describe the four characteristic
stages of the deflagration process of a gas mixture: at
the first stage, the f lame accelerates; this is followed by
the deceleration stage; then there is the stage of prop-
agation at an almost constant velocity; and, finally,
repeated acceleration, during which detonation is
formed. Images of the f lame shape typical for each
stage are given and the dependences of the f lame front
velocity along the tube axis are determined. The most
interesting and insufficiently studied, in our opinion,
is the stage of repeated acceleration of the f lame, when
its speed rapidly increases from 300–400 to 1000–
1200 m/s and a detonation wave is formed in front of
the f lame front (or at its edge). At the same time,
during the development of this stage, the shape of the
flame front undergoes drastic changes: a conical
structure strongly elongated along the tube axis is
formed, which is described in detail in [82]. The new

Fig. 5. The same as in Fig. 1 at an initial pressure of 20.8 kPa. In frame 15, the red circle shows the onset of local explosion kernel
in the region of the boundary layer.
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3ème étape juste avant la transition
très forte accélération ! 

P.N. Krivosheyev,   A.O. Novitski, O.G. Penyazkov (2022) 

explosion d’un point chaud
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-3)  Forte accélération du front de flamme juste avant l’explosion du point chaud:
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transition: brusque changement d’échelle de temps,

dernière acceleration 

explosion
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< 10�6stransition à la détonation plane:
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�V ⇡ 500m/s en quelques 10�4s.



M.A  Liberman et al.
Acta Astronautica  (2010) 67  688-701

température des gaz frais 
trop faible: autoallumage impossible
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T < Tc

Uf=589 m/s and Msh=2.13. One can see that in contrast to
the first stage, the flame generates the compression waves
that steepen to shocks almost at the flame front. In the
second image, at 3.85 ms, the shocks are coalesced
creating a pocket of compressed unreacted gas that
appears close ahead to the flame. The width of the
preheat zone is 16 mm (Xf=1177 mm, Xsh=1193 mm), the
Mach number of the shock is Msh=3.03. In the last frame,
taken at 3.95 ms, transition to detonation has already
occurred and only retonation wave is seen. We want to
notice that similar scenario of the preheat zone formation
just before DDT can be seen in the Schlieren photographs
of earlier experiments [4–6]. This important feature of the
flow ahead of the accelerating flame has been overlooked

in the previous studies. For the first time the authors of
[19,20,22] have pointed that the formation of a preheat
zone is the most important feature of the flame dynamics
for the mechanism of DDT.

3. Numerical simulation of DDT in hydrogen–oxygen:
formulation of the problem

The simulations modeled a flame ignited at the closed
end and then propagating to the open end of a two-
dimensional channel. The computations solved the multi-
dimensional, time-dependent, reactive Navier–Stokes
equations including the effects of compressible fluid
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Fig. 6. Velocity–time dependence during detonation initiation in ethylene–oxygen mixture.
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Fig. 7. Sequence of shadow photographs during the second stage and the transition to detonation in ethylene–oxygen mixture, P0=0.12 bar. Time for the
frames from the top is t=3.75, 3.85, and 3.95 ms.

M.A. Liberman et al. / Acta Astronautica 67 (2010) 688–701 693

juste avant la transition 

juste après la transition 

train d’ondes de compression

position du point chaud 
au moment de l’explosion 

loin de la paroi (hors couche limite)

écoulement  laminaire  !

schlieren

M.  Kuznetsov et al.
Combust. Sci and Tech.  (2010) 182  1628-1644

-5) Train d’ondes de choc 
-4) Écoulement laminaire des gaz frais

-6) Nb de Mach des chocs <latexit sha1_base64="d/XjdvFqPfNQv1N/ghND96M4xBM="></latexit>

Mshock ⇡ 3
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T < 800K autoallumage impossible
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T < Tc ⇡ 1200K
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Initiation of detonations

Part 3 continued : theoretical analysis of DDT



Initiation of detonation

P.Clavin XI

Initiation at high temperature
Spontaneous quenching

Direct initiation
<latexit sha1_base64="+1sjeX5qhxQem7eIqHiCsCMhQKQ="></latexit>

Lecture 11-a:
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Lecture 11-b: Spontaneous initiation and quenching
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Lectures 11:

Basic ingredients
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Lecture 11-c: Deflagration to Detonation Transition

Shchelkin scenario
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Intrinsic DDT mechanism of laminar flames

Thermal feedback
Recent experiments

(Theoretical analysis of the runaway of the flame structure)

Flow of burnt gas in spherical CJ detonations
Point blast explosions
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Critical dynamics
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Critical energy
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My objective is to decipher a  DDT mechanism  that is intrinsic to laminar flame 
fronts. In a first step, I’ll consider elongated flame fronts in tubes, and, in a second 

step, I'll extend the result to wrinkled or cellular flames.

Turbulence can promote an early transition but is not an essential DDT mechanism

3
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Lecture 11-c: Deflagration to Detonation Transition
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Intrinsic DDT mechanism of laminar flames
(elongated flame)

Experiments in   tubes:
<latexit sha1_base64="qwv8uv50sytcDnwa3S6NGEfdIkU="></latexit>

50⇥ 50 mm2

DDT of elongated flames propagating in closed channels
(laminar regime)

Theoretical analyses

P. Clavin, C.R. Acad. Sci. Mécanique (2023) vol. 351, p. 401-427
P. Clavin, J. Fluid Mech. (2023) vol. 974, A46

P. Clavin. (2022) Combust. Flame, 245, 112347 

P. Clavin, H. Tofaili. (2021) Combust. Flame, 232 111522 

(no assumption of small heat release !)

   

Liberman et al.  (2010) Acta Astronautica 67, 688-701 
         Kuznetsov et al. (2010) Combust Sci. Tech., 182, 1628-1644 

Dexter-Brown, Jayachandran (2024) Combust. Flame, 265, 113439

There is also DDT in long open ended channels (not treated in these lectures)

Theory:    P. Clavin, V. Bykov (2024) in preparation 
Experiment:    V. Bykov, et al. (2022) Combust. Flame, 238 111913 

P. Clavin, Eur. Phys. J. Plus (2025) vol. 140, 258
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-2) Very energetic mixtures: Ub/UL = Tb/Tu ⇡ 10
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In addition of the high thermal sensitivity there are two key mechanisms for the DDT of 
elongated flames in tubes (laminar regime)

Combustion of the lateral wing of the flame
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Back-flow of burned gas to the flame tip
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ubf 6= 0

-1) Back-flow

Self-accelerating elongated flame (laminar) 
of a flame ignited at the centre of the closed end of a tube
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u = 0
<latexit sha1_base64="9Slp9Die7Mj+Ap+DbZLzzd9uj2U="></latexit><latexit sha1_base64="Dquv7Po/gt6EUQC0/1YW5WIjAw4="></latexit><latexit sha1_base64="Dquv7Po/gt6EUQC0/1YW5WIjAw4="></latexit><latexit sha1_base64="1SAh6G1T83Vgoc454f8D6pk903M=">AAACs3icjVHLSsNAFD2Nr1pfVZdugkVwVSaC1I1QcOOygn1ALTJJp+3QpBOSiVBKf8Gt/pQf4B/oX3hnTEEtohPInDn33MN9+HEoU83Ya8FZWV1b3yhulra2d3b3yvsHrVRlSSCagQpV0vF5KkI5EU0tdSg6cSJ45Iei7Y+vTLz9IJJUqsmtnsaiF/HhRA5kwLWhsktWui9XWJXZ4y4DLwcV5Kehyi+4Qx8KATJEEJhAEw7BkdLXhQeGmLgeZsQlhKSNC8xRotyMVIIUnNgx/Yf0mhFWpFGkn8PFCcUVKRPCxtm18cy6GPZ3H041mTqmdPu5V0SsxojYv/IWyv/mdYnVGODCditpFrFlzFSC3CWzEzCVu1+60uQQE2dwn+IJ4cBmLmbq2pzU9m7myG38zSoNa95Brs3wbqqkZXo/V7cMWmdVj1W9G1ap1/K1FnGEY5zS7mqo4xoNNMl7hEc84dk5d7qO7/Q/pU4hzznEt+NEH7Cui3k=</latexit>

<latexit sha1_base64="u4vG4OIUwb2YoxVOOOrttJjiWIA="></latexit>

L

<latexit sha1_base64="w9dP2i7+534eMrpYpbmGue5/B1k=">AAACtXicjVHLSsNAFD3G97vqwoWboAiuQqqttbuCG90p2Cpo0SSdamzaCclEKKX/4FZ/xK/wA/wB0Y3f4JmxBV2ITiBz5txzD/fhx1GYKtd9GbFGx8YnJqemZ2bn5hcWc0vLtVRmSSCqgYxkcuZ7qYjCjqiqUEXiLE6E1/Yjceq39nX89E4kaSg7J6obi3rbu+6EzTDwFKladtnLmv3L3IbruMVyobRtu07RzZcLOwTl8l5ht2jnHdecjcrq4evHk3V1JHPPuEADEgEytCHQgSKO4CHld448XMTk6uiRS4hCExfoY4a5GVWCCo9si/9rvnrEkhpJfR82NhmXVCbE2tk28cy4aPZ3H4816T q6vP2BV5uswg3Zv/KGyv/mnZNVaGLPdBtyFrFh9FSCgUtmJqArt791pegQk9O4wXhCHJjM4Uxtk5Oa3vUcPRN/M0rN6ncw0GZ411VymcON2b+D2raT33WKx9xqAV9nCmtYxxZ3V0IFBzhCld63uMcDHq2SVbcaVvNLao0Mclbw41jyE1HMkTY=</latexit>uuf

<latexit sha1_base64="cr4Jn+bKkAFiX504tJ0tJB86c7g="></latexit>ubf

<latexit sha1_base64="UmRo2YMeE4jvlHSYudK85lBnlsU="></latexit>

unburned shocked gas

<latexit sha1_base64="YrICF5OjMKhFbu1BALgdJYq6jnA="></latexit>

Uf = Ub + ubf = UL + uuf

<latexit sha1_base64="UGWu6jDbcuNBVvZAs4O49nDOxH4=">AAACwnicjVHLSsNAFD2Nr1pfqS7dBIvgqqTia2dBFy4rWC2oyCSOGpt0YmZSLbUfouBWv8GP8AP8A/0L70xT8IHoDWTOnHvu4d47XhwGUrnua84aGh4ZHcuPFyYmp6Zn7OLsvhRp4vO6L0KRNDwmeRi0eF0FKuSNOOEs8kJ+4DW3dP6gzRMZiNae6sT8OGLnreAs8Jki6sQuHil+o7ryQvhN55q1ee/ELrll14TzE1QyUNp8vtNxXxP2C45wCgEfKSJwtKAIh2CQ9B2iAhcxccfoEpcQCkyeo4cC1aak4qRgxDbpf063LmFBGkH6HhwsUl6QMiGsnR2TT42LZn/3YdST7qNDp5d5RcQqXB D7V91A+d+6Q2IVzrBhpg1oF7Fh9Fb8zCU1G9CdO5+mUuQQE6fxKeUTwr6pHOzUMTXSzK73yEz+zSg1q+9+pk3xrrukx6x8f7qfYH+5XFkrr+66peoK+pHHPBawRG+3jip2UEOdvK/xgEc8WdvWpXVlyb7UymU1c/gS1u0HFmWW2g==</latexit>

shock wave

Ub
<latexit sha1_base64="udQz6O64NdJlk9aDddYd/rZGHD4="></latexit><latexit sha1_base64="cdXbbBrZbFoN0P3O+fSAqp4nmpk="></latexit><latexit sha1_base64="cdXbbBrZbFoN0P3O+fSAqp4nmpk="></latexit><latexit sha1_base64="Sa5vLnk4K0uydteRwkyyqSfd0Nw=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIR1F3BjcuKpi1qKZPptIYmmZBMhFL6CW71q/wA/0D/wjtjCmoRnUDmzLnnHu7DT8IgU47zWrIWFpeWV8qrlbX1jc2t6vZOK5N5yoXHZSjTjs8yEQax8FSgQtFJUsEiPxRtf3Su4+0HkWaBjK/VOBHdiA3jYBBwpoi68np+r1pz6o459jxwC1BDcZqy+oI79CHBkSOCQAxFOARDRt8tXDhIiOtiQlxKKDBxgSkqlJuTSpCCETui/5BeE8KSNJL0U9g4oLgkZUpYO9smnhsXzf7uw6gmXceYbr/wiohVuCf2r7yZ8r95t8QqDHBqug1oFolh9FR44ZKbCejK7S9dKXJIiNO4T/GUMDeZs5naJiczves5MhN/M0rN6jcvtDnedZW0TPfn6uZB66juOnX30qk1zoq1lrGHfRzS7k7QwAWa8Mh7iEc84dk6tm4sZvFPqVUqcnbx7VjhB+sQi5s=</latexit>

The curved flow of burned gas is of the type of a stagnation flow

How to explain a quasi-sonic velocity of a flame while its laminar flame velocity is markedly subsonic ?

1st question:

Réponse for a finger-like flame front:

the flame on the tip is convected by a self-induced back-flow



1 Spark ignition, open right end

(a) t = 0.6ms

(b) t = 0.65ms

Figure 1: The streamlines and temperature field

1

The back flow of burned gas towards the flame tip is well documented 
by PIV experiments and DNS

Ponizy et al. (2014) Combust. Flame, 161 3051-3062
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One-dimensional model

burned gas
<latexit sha1_base64="Xr7VYxCpAb3/BNc4j5TYbuZlq18="></latexit><latexit sha1_base64="RS1n5cn39yslruQx9FP3eKWm3tU="></latexit><latexit sha1_base64="RS1n5cn39yslruQx9FP3eKWm3tU="></latexit><latexit sha1_base64="e7hrVHZZW8MNUaDySsuV5zW9YLE="></latexit>

tongues of unburned gas
<latexit sha1_base64="geP2/5UKypLIQymI7x0HCyE+Drw="></latexit><latexit sha1_base64="/m9Q9zSYEuZAfijx0jjynmH3iLA="></latexit><latexit sha1_base64="/m9Q9zSYEuZAfijx0jjynmH3iLA="></latexit><latexit sha1_base64="NajKyhwWFbVk243BUHj01fuDhgY="></latexit>

back-flow
<latexit sha1_base64="oM3RKZXvRlUCUdGcha1jvLHbhbs="></latexit><latexit sha1_base64="mMEyDUtG0/zrTwmpC/mF7SDpnvE="></latexit><latexit sha1_base64="mMEyDUtG0/zrTwmpC/mF7SDpnvE="></latexit><latexit sha1_base64="QYqUzGfN1/Kivk5nzZ/SznT2VQo="></latexit>

u = 0
<latexit sha1_base64="9Slp9Die7Mj+Ap+DbZLzzd9uj2U="></latexit><latexit sha1_base64="Dquv7Po/gt6EUQC0/1YW5WIjAw4="></latexit><latexit sha1_base64="Dquv7Po/gt6EUQC0/1YW5WIjAw4="></latexit><latexit sha1_base64="1SAh6G1T83Vgoc454f8D6pk903M=">AAACs3icjVHLSsNAFD2Nr1pfVZdugkVwVSaC1I1QcOOygn1ALTJJp+3QpBOSiVBKf8Gt/pQf4B/oX3hnTEEtohPInDn33MN9+HEoU83Ya8FZWV1b3yhulra2d3b3yvsHrVRlSSCagQpV0vF5KkI5EU0tdSg6cSJ45Iei7Y+vTLz9IJJUqsmtnsaiF/HhRA5kwLWhsktWui9XWJXZ4y4DLwcV5Kehyi+4Qx8KATJEEJhAEw7BkdLXhQeGmLgeZsQlhKSNC8xRotyMVIIUnNgx/Yf0mhFWpFGkn8PFCcUVKRPCxtm18cy6GPZ3H041mTqmdPu5V0SsxojYv/IWyv/mdYnVGODCditpFrFlzFSC3CWzEzCVu1+60uQQE2dwn+IJ4cBmLmbq2pzU9m7myG38zSoNa95Brs3wbqqkZXo/V7cMWmdVj1W9G1ap1/K1FnGEY5zS7mqo4xoNNMl7hEc84dk5d7qO7/Q/pU4hzznEt+NEH7Cui3k=</latexit>

<latexit sha1_base64="u4vG4OIUwb2YoxVOOOrttJjiWIA="></latexit>

L

<latexit sha1_base64="w9dP2i7+534eMrpYpbmGue5/B1k="></latexit>uuf

<latexit sha1_base64="cr4Jn+bKkAFiX504tJ0tJB86c7g="></latexit>ubf

<latexit sha1_base64="UmRo2YMeE4jvlHSYudK85lBnlsU="></latexit>

unburned shocked gas

<latexit sha1_base64="YrICF5OjMKhFbu1BALgdJYq6jnA="></latexit>

Uf = Ub + ubf = UL + uuf

<latexit sha1_base64="XziSGgXWeEDgvZVQZFP/pHUPmCc="></latexit>

lead shock

Ub
<latexit sha1_base64="udQz6O64NdJlk9aDddYd/rZGHD4="></latexit><latexit sha1_base64="cdXbbBrZbFoN0P3O+fSAqp4nmpk="></latexit><latexit sha1_base64="cdXbbBrZbFoN0P3O+fSAqp4nmpk="></latexit><latexit sha1_base64="Sa5vLnk4K0uydteRwkyyqSfd0Nw=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIR1F3BjcuKpi1qKZPptIYmmZBMhFL6CW71q/wA/0D/wjtjCmoRnUDmzLnnHu7DT8IgU47zWrIWFpeWV8qrlbX1jc2t6vZOK5N5yoXHZSjTjs8yEQax8FSgQtFJUsEiPxRtf3Su4+0HkWaBjK/VOBHdiA3jYBBwpoi68np+r1pz6o459jxwC1BDcZqy+oI79CHBkSOCQAxFOARDRt8tXDhIiOtiQlxKKDBxgSkqlJuTSpCCETui/5BeE8KSNJL0U9g4oLgkZUpYO9smnhsXzf7uw6gmXceYbr/wiohVuCf2r7yZ8r95t8QqDHBqug1oFolh9FR44ZKbCejK7S9dKXJIiNO4T/GUMDeZs5naJiczves5MhN/M0rN6jcvtDnedZW0TPfn6uZB66juOnX30qk1zoq1lrGHfRzS7k7QwAWa8Mh7iEc84dk6tm4sZvFPqVUqcnbx7VjhB+sQi5s=</latexit>

<latexit sha1_base64="qEthKNL2ygbOjqF2gMWY6ec9LoI="></latexit>

Ub

Focus your attention on the tube axis, consider the tip as a planar flame perpendicular  
to the axis, and, following C. Clanet and G. Searby  (1996) Combust. Flame, 105, 225-238, replace 

the curved flow of burned gas by a uniform mass source term
<latexit sha1_base64="6nC6lf3cxTbwg9wRxZsA5j8lFLg="></latexit>

2⇢bUb(t)/R

laminar flame velocity of the tip (eigenvalue)
<latexit sha1_base64="nflsNkz+0JUJnkKUhlzfSZTpB2A="></latexit>

Ub(t)

along the axis of the elongated flame of length 
<latexit sha1_base64="hAvgkhQFkX7iXPcR/Gd9PBXTCcc="></latexit>

L(t)

given function 

burned gas
<latexit sha1_base64="Xr7VYxCpAb3/BNc4j5TYbuZlq18="></latexit><latexit sha1_base64="RS1n5cn39yslruQx9FP3eKWm3tU="></latexit><latexit sha1_base64="RS1n5cn39yslruQx9FP3eKWm3tU="></latexit><latexit sha1_base64="e7hrVHZZW8MNUaDySsuV5zW9YLE="></latexit>

back-flow
<latexit sha1_base64="oM3RKZXvRlUCUdGcha1jvLHbhbs="></latexit><latexit sha1_base64="mMEyDUtG0/zrTwmpC/mF7SDpnvE="></latexit><latexit sha1_base64="mMEyDUtG0/zrTwmpC/mF7SDpnvE="></latexit><latexit sha1_base64="QYqUzGfN1/Kivk5nzZ/SznT2VQo="></latexit>

<latexit sha1_base64="u4vG4OIUwb2YoxVOOOrttJjiWIA="></latexit>

L

<latexit sha1_base64="cr4Jn+bKkAFiX504tJ0tJB86c7g="></latexit>ubf

<latexit sha1_base64="UmRo2YMeE4jvlHSYudK85lBnlsU="></latexit>

unburned shocked gas

<latexit sha1_base64="06pSb8uX3kN6E5t4KswwzVxcW64="></latexit>ub
<latexit sha1_base64="qG7XgVJWifKbq4joHnIUYiQLdbE="></latexit>

ub = 0

<latexit sha1_base64="nZmx3xcbOBI3x37UeSgeiutGbOo="></latexit>

Uf = Ub + ubf = UL + uuf

<latexit sha1_base64="88UNANcT8P7RGa7BHVRe/HE0IQw="></latexit>

length of the
<latexit sha1_base64="Q+rFX+8YAjR6moeLWfQN2ZuaaUY="></latexit>

elongated flame

<latexit sha1_base64="OlxSPOTZ2yUMsmtpZhKTT6ilvRw="></latexit>

planar flame

<latexit sha1_base64="Uar/iAZ33KjXZdnnn3icMwhUZkI="></latexit>

D

<latexit sha1_base64="XziSGgXWeEDgvZVQZFP/pHUPmCc="></latexit>

lead shock

<latexit sha1_base64="h+1hiY5pE3SpgRmhNx+xSOdauhQ="></latexit>

uo = 0
<latexit sha1_base64="w9dP2i7+534eMrpYpbmGue5/B1k="></latexit>uuf

<latexit sha1_base64="YzQ8WMEqowAzJpw7aLUGuB0hvjk="></latexit>uu

<latexit sha1_base64="I3g0vYA40yN7DbWkl3QnkL4/nR8="></latexit>Z t

0
(D�Uf )dt

mass source term
<latexit sha1_base64="G+WyGqh2uaGu1u2iMWQId2Nxd8Y="></latexit>

@ub/@x = 2Ub/R

burned gas
<latexit sha1_base64="+lZ/eE+qvR54iSXxJUg4COdJRQI="></latexit><latexit sha1_base64="+lZ/eE+qvR54iSXxJUg4COdJRQI="></latexit><latexit sha1_base64="+lZ/eE+qvR54iSXxJUg4COdJRQI="></latexit><latexit sha1_base64="+lZ/eE+qvR54iSXxJUg4COdJRQI="></latexit>

UL<latexit sha1_base64="tNbxzPgEmxDKR4E61K3icFf4yX4="></latexit><latexit sha1_base64="lovE9HpXRdQuT+CO6Ep4Ew2Rzz4="></latexit><latexit sha1_base64="lovE9HpXRdQuT+CO6Ep4Ew2Rzz4="></latexit><latexit sha1_base64="Lgy3f3rUzmziuagC6+9XxQK9cUg="></latexit>Ub = (Tb/Tu)UL
<latexit sha1_base64="tiZdnWgFXPyKYgEkVXTVVF8QDwQ="></latexit><latexit sha1_base64="58J5lGEZSx6430qRvHItcXPfBKw="></latexit><latexit sha1_base64="58J5lGEZSx6430qRvHItcXPfBKw="></latexit><latexit sha1_base64="0bqVpFCVCbfbm6Rmz4sx6FqYRjs="></latexit>

<latexit sha1_base64="Ls1PV3ybR+x2mjeWdcfQ0OQdONQ="></latexit>

reference frame of the flame

Clavin, Tofaili Combustion and Flame 232 (2021)111522
<latexit sha1_base64="HTVZ0N6Mh0An2saOgg4fglOG2Eg="></latexit><latexit sha1_base64="ESmQUBW+r3uFq40yMpbBfXq1wmE="></latexit><latexit sha1_base64="ESmQUBW+r3uFq40yMpbBfXq1wmE="></latexit><latexit sha1_base64="eCn0Jwd+uKTas1voEpzFy3LkDxc="></latexit>
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D

Self similar solution for a constant elongation:   D
<latexit sha1_base64="PsE3OGT+hmmIsp6ajLhY/TIP6nI="></latexit>

dUf/dt = 0
<latexit sha1_base64="fCVnSlHnnUTqy8z7AcP8IK488Jo="></latexit>

dL/dt = 0
<latexit sha1_base64="zi7+z7hoIZpaSuqQQedI8mVLjZk="></latexit>

dUb/dt = 0

Constant flows and inner structure of the flame in steady state   

mass source
wall at rest

burned gas
<latexit sha1_base64="Xr7VYxCpAb3/BNc4j5TYbuZlq18="></latexit><latexit sha1_base64="RS1n5cn39yslruQx9FP3eKWm3tU="></latexit><latexit sha1_base64="RS1n5cn39yslruQx9FP3eKWm3tU="></latexit><latexit sha1_base64="e7hrVHZZW8MNUaDySsuV5zW9YLE="></latexit>

back-flow
<latexit sha1_base64="oM3RKZXvRlUCUdGcha1jvLHbhbs="></latexit><latexit sha1_base64="mMEyDUtG0/zrTwmpC/mF7SDpnvE="></latexit><latexit sha1_base64="mMEyDUtG0/zrTwmpC/mF7SDpnvE="></latexit><latexit sha1_base64="QYqUzGfN1/Kivk5nzZ/SznT2VQo="></latexit>

<latexit sha1_base64="u4vG4OIUwb2YoxVOOOrttJjiWIA="></latexit>

L

<latexit sha1_base64="cr4Jn+bKkAFiX504tJ0tJB86c7g="></latexit>ubf
<latexit sha1_base64="UmRo2YMeE4jvlHSYudK85lBnlsU="></latexit>

unburned shocked gas

<latexit sha1_base64="06pSb8uX3kN6E5t4KswwzVxcW64="></latexit>ub
<latexit sha1_base64="qG7XgVJWifKbq4joHnIUYiQLdbE="></latexit>

ub = 0

<latexit sha1_base64="nZmx3xcbOBI3x37UeSgeiutGbOo="></latexit>

Uf = Ub + ubf = UL + uuf

<latexit sha1_base64="88UNANcT8P7RGa7BHVRe/HE0IQw="></latexit>

length of the
<latexit sha1_base64="Q+rFX+8YAjR6moeLWfQN2ZuaaUY="></latexit>

elongated flame

<latexit sha1_base64="OlxSPOTZ2yUMsmtpZhKTT6ilvRw="></latexit>

planar flame

<latexit sha1_base64="Uar/iAZ33KjXZdnnn3icMwhUZkI="></latexit>

D

<latexit sha1_base64="6fZ4Pbl9ap6vOtBAy/3t6VG2/e4="></latexit>

(D�Uf )t

<latexit sha1_base64="JXP7AiQYsmiZk5LbB08BSN92+R0="></latexit>uu = uuf

<latexit sha1_base64="K8Pl/Qu3Q/MJhCOLd8qfdGUFQGc="></latexit>

constant and uniform flow

<latexit sha1_base64="XziSGgXWeEDgvZVQZFP/pHUPmCc="></latexit>

lead shock

<latexit sha1_base64="h+1hiY5pE3SpgRmhNx+xSOdauhQ="></latexit>

uo = 0

<latexit sha1_base64="5gf9LTi+v7tEbi3dn+QhHdBd0GA="></latexit>

Uf t

<latexit sha1_base64="rPenHn+8ILQCjNUh2l/URG5Wf6U="></latexit>

Tu = Tuf

conservation of mass
<latexit sha1_base64="VA2bv7jiM3tVWXlopZBlBRFsv+I="></latexit>

@ ub

@ x
= 2

Ub

R

elongation parameter
<latexit sha1_base64="9Mx131Fcj2qHRiE78BJq+TawLbs="></latexit>

Uf = Ub + ubf = �Ub, � = 1 + 2
L

R

<latexit sha1_base64="c6DkcOWnk34Y9IDsJngQ0zPf6os="></latexit>

� ⇡ 10
<latexit sha1_base64="KVSXraFRxE9unlDZPzbUSl+vK4c="></latexit>

ubf ⇡ Ub
2L

R

back flow on the flame

DFlame acts like a piston whose velocity increases with the gas temperature  

D

<latexit sha1_base64="Fmj/w9YBeg7AfIR9A01EWX52Ud4="></latexit>

Tu/Tb ⌧ � : Impermeable piston 
<latexit sha1_base64="ZZWtWRtYvp09It3S7/gVffQV7GE="></latexit>

uuf ⇡ Uf = � Ub Laminar flame velocity 
<latexit sha1_base64="1HuTSR6MwLmB6e7a+nxOl3fH4/I="></latexit>

Uf = � Ub(Tbf )
elongation parameter

gas temperature on the pistonspeed of the piston
<latexit sha1_base64="p3exgUcnGVwHdKC20geodMkbwm0="></latexit>

Tbf = Tuf + qm/cp

<latexit sha1_base64="rPenHn+8ILQCjNUh2l/URG5Wf6U="></latexit>

Tu = Tuf

<latexit sha1_base64="QdsWBDx0MgqnF4/+CdrZkyoD/Ts="></latexit>

speed of the piston

<latexit sha1_base64="EbICGgreQ43QVZoZqqRZniGnLQo="></latexit>

semi-permeable piston

<latexit sha1_base64="DQra/s4YiClWtfMhQ9ee8G9TSGU="></latexit>

back flow of burned gas

<latexit sha1_base64="OX/kpNJSg4D6Iofv3iqgs0tJfp8="></latexit>

Uf
<latexit sha1_base64="Al5QVRFmwwEQBeN36xUyvlKRelg="></latexit>

Ub

<latexit sha1_base64="OX/kpNJSg4D6Iofv3iqgs0tJfp8="></latexit>

Uf

<latexit sha1_base64="2a/SvBG5g3gajRXKvX/1qi4l10w="></latexit>

UL = (Tu/Tb)Ub

<latexit sha1_base64="cr4Jn+bKkAFiX504tJ0tJB86c7g="></latexit>ubf

<latexit sha1_base64="DYMt7x0R8vJ2yQ49N2jjdTo2c1E="></latexit>

Tbf
<latexit sha1_base64="YRBDGDmqB/0BCDtcGtlA8tPD9LU="></latexit>

Tuf

<latexit sha1_base64="HJ9UWZTipyGBLPMFa6j3d5ghx/0="></latexit>uuf

<latexit sha1_base64="mSGotXSEnuRwfII8EVY/kmDfJ1o="></latexit>

uuf = Uf � UL =

✓
� � Tu

Tb

◆
Ub

<latexit sha1_base64="MkfW85sbA+kPctUlJhtknX8dmgk="></latexit>

UL =
Tu

Tb
Ub

gas expansion across the flame

burned gas
<latexit sha1_base64="+lZ/eE+qvR54iSXxJUg4COdJRQI="></latexit><latexit sha1_base64="+lZ/eE+qvR54iSXxJUg4COdJRQI="></latexit><latexit sha1_base64="+lZ/eE+qvR54iSXxJUg4COdJRQI="></latexit><latexit sha1_base64="+lZ/eE+qvR54iSXxJUg4COdJRQI="></latexit>

UL<latexit sha1_base64="tNbxzPgEmxDKR4E61K3icFf4yX4="></latexit><latexit sha1_base64="lovE9HpXRdQuT+CO6Ep4Ew2Rzz4="></latexit><latexit sha1_base64="lovE9HpXRdQuT+CO6Ep4Ew2Rzz4="></latexit><latexit sha1_base64="Lgy3f3rUzmziuagC6+9XxQK9cUg="></latexit>Ub = (Tb/Tu)UL
<latexit sha1_base64="tiZdnWgFXPyKYgEkVXTVVF8QDwQ="></latexit><latexit sha1_base64="58J5lGEZSx6430qRvHItcXPfBKw="></latexit><latexit sha1_base64="58J5lGEZSx6430qRvHItcXPfBKw="></latexit><latexit sha1_base64="0bqVpFCVCbfbm6Rmz4sx6FqYRjs="></latexit>
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back-flow of burned gas at the tip ubf
<latexit sha1_base64="ZSshYQFh61OHX6R8M/q7RPpjCw8="></latexit><latexit sha1_base64="ryKXc42HyeR21ZTYkqk/ZK6qPqE="></latexit><latexit sha1_base64="ryKXc42HyeR21ZTYkqk/ZK6qPqE="></latexit><latexit sha1_base64="pI2P7SOVsKV8vvbm23IQnFH1wKw="></latexit>

Uf
<latexit sha1_base64="XraSL4dp8eaoe4J18gwQ+oMJKrY="></latexit><latexit sha1_base64="AXr7GX7enPw7euUrTaKJ9RK09kw="></latexit><latexit sha1_base64="AXr7GX7enPw7euUrTaKJ9RK09kw="></latexit><latexit sha1_base64="K13k/T88bDHbafv7zEa6W4DsFEM="></latexit>

uuf
<latexit sha1_base64="BoylCMeKABm3IFepPWbsJRgsMtg="></latexit><latexit sha1_base64="yvsDb3r/RsKzehcTfQ/Ysaz5pzw="></latexit><latexit sha1_base64="yvsDb3r/RsKzehcTfQ/Ysaz5pzw="></latexit><latexit sha1_base64="ocrIBuUvUBeaA6wnU3Zi3jG+6cc="></latexit>

UL
<latexit sha1_base64="uLE4XbHOr9ETCFob5IO5wm9W39Q="></latexit><latexit sha1_base64="k8BAd94ggJeuJLQU1N7Nyo2zE5A="></latexit><latexit sha1_base64="k8BAd94ggJeuJLQU1N7Nyo2zE5A="></latexit><latexit sha1_base64="R/PigJnpwx5GqV90AHGG7DjUtNM="></latexit>

(a)
<latexit sha1_base64="9S2tJDd15t5xUTMxZFAHDLgFhI8="></latexit><latexit sha1_base64="9S2tJDd15t5xUTMxZFAHDLgFhI8="></latexit><latexit sha1_base64="9S2tJDd15t5xUTMxZFAHDLgFhI8="></latexit><latexit sha1_base64="/Mdrug2wGW4VwClXeaBog+GNfGc="></latexit>

L
<latexit sha1_base64="bi2HyhyppDCe1jGr0fLOLM6N288="></latexit><latexit sha1_base64="bi2HyhyppDCe1jGr0fLOLM6N288="></latexit><latexit sha1_base64="bi2HyhyppDCe1jGr0fLOLM6N288="></latexit><latexit sha1_base64="DVt7jK3SzTWq/HAScYSJofARsuA=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwVZJu1F3BjQsXLdgH1FIm6bSOTTIhmQil9Avc6mf5Af6B/oV3xhTUIjqBzJlzzz3chxcHIlWO81qwVlbX1jeKm6Wt7Z3dvfL+QTuVWeLzli8DmXQ9lvJARLylhAp4N044C72Ad7zJpY53HniSChndqGnM+yEbR2IkfKaIal4PyhWn6phjLwM3BxXkpyHLL7jFEBI+MoTgiKAIB2BI6evBhYOYuD5mxCWEhIlzzFGi3IxUnBSM2An9x/SaEZakkaSfw8YJxSUpE8La2TbxzLho9ncfRjXpOqZ0e7lXSKzCHbF/5S2U/83rEaswwrnpVtAsYsPoqfi5S2YmoCu3v3SlyCEmTuMhxRPCvslczNQ2OanpXc+RmfibUWpWv/1cm+FdV0nLdH+ubhm0a1XXqbpNp1K/yNdaxBGOcUq7O0MdV2igZbwf8YRnq2Z1rYHFPqVWIc85xLdj3X8AzpeKvQ==</latexit>R

<latexit sha1_base64="ogSxoPPnObDvKyhbQ7FXe0KZOdE="></latexit><latexit sha1_base64="2Q4cvXf3O4+mIp/aJs0BWSzZq90="></latexit><latexit sha1_base64="2Q4cvXf3O4+mIp/aJs0BWSzZq90="></latexit><latexit sha1_base64="fvNa/PWW0mcCSIeq0QFdaPLfBRY=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LLgxmUr9gG1lEk6rWOTTEgmQin9Arf6WX6Af6B/4Z0xBbWITiBz5txzD/fhxYFIleO8FqyV1bX1jeJmaWt7Z3evvH/QTmWW+Lzly0AmXY+lPBARbymhAt6NE85CL+Adb3Kp450HnqRCRjdqGvN+yMaRGAmfKaKa14Nyxak65tjLwM1BBflpyPILbjGEhI8MITgiKMIBGFL6enDhICaujxlxCSFh4hxzlCg3IxUnBSN2Qv8xvWaEJWkk6eewcUJxScqEsHa2TTwzLpr93YdRTbqOKd1e7hUSq3BH7F95C+V/83rEKoxwYboVNIvYMHoqfu6SmQnoyu0vXSlyiInTeEjxhLBvMhcztU1OanrXc2Qm/maUmtVvP9dmeNdV0jLdn6tbBu1a1XWqbtOp1M/ytRZxhGOc0u7OUccVGmgZ70c84dmqWV1rYLFPqVXIcw7x7Vj3H9reir4=</latexit>
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1-D piston model at the tip
<latexit sha1_base64="vJiFQhgIDjSMO4Usbee6fVmaCxY="></latexit><latexit sha1_base64="u7FdqoF5oCYtClH2fk33MYKUXd8="></latexit><latexit sha1_base64="u7FdqoF5oCYtClH2fk33MYKUXd8="></latexit><latexit sha1_base64="U4ewaQ8lJtf/hN7JAhzd7daP8fo="></latexit>

<latexit sha1_base64="i/EfpQLXDaxNoCCF6iyNS3A1GM4="></latexit>ubf

ONE-DIMENSIONAL PISTON MODEL ON THE TIP
of a laminar finger-flame

<latexit sha1_base64="K5/lxGwuptj01I+8e/edRcB42M0="></latexit><latexit sha1_base64="9lJEwwD0SjPZDlLseXpBgeuTkQw="></latexit><latexit sha1_base64="9lJEwwD0SjPZDlLseXpBgeuTkQw="></latexit><latexit sha1_base64="MLHP7T++XcYc8ciz20Ja1+gb8zM="></latexit>

The back-flow of burned gas plays an important role for DDT at the tip
<latexit sha1_base64="XgxOd2USkOUeZYUEeabTa0Axkio="></latexit><latexit sha1_base64="ZN6Ln6nK7Cgfyd4koHftrEOLf9k="></latexit><latexit sha1_base64="ZN6Ln6nK7Cgfyd4koHftrEOLf9k="></latexit><latexit sha1_base64="WU1cU2xs+mx7SYRttZL2HUSbfww="></latexit>

considering the local solution on the tip as quasi-planar

<latexit sha1_base64="QdsWBDx0MgqnF4/+CdrZkyoD/Ts="></latexit>

speed of the piston

<latexit sha1_base64="EbICGgreQ43QVZoZqqRZniGnLQo="></latexit>

semi-permeable piston

<latexit sha1_base64="oxyqzZkqimafPlz7k5PSysZli5M="></latexit>

flow velocity

<latexit sha1_base64="pvSwiJ+sH1paLv1QKzPbFAi5bjA="></latexit>

uuf (t)

<latexit sha1_base64="WD6eA8NWbvFn1YvCj0J9NRd0V9w="></latexit>

Uf (t)

<latexit sha1_base64="BS+pcv+AwPNwQKAuAJ+Zq36ROBk="></latexit>

Tuf (t)

<latexit sha1_base64="T4b65bbrpTvTFKQUd2E88iBQrkI="></latexit>

= �(t)Ub(t)

ubf = 2(L/R)Ub
<latexit sha1_base64="xxR5Lf7HxBRZMvBVZsjKndoo/m8="></latexit><latexit sha1_base64="4h69zvzGgbCKffub0Ba+Yr1B+m0="></latexit><latexit sha1_base64="4h69zvzGgbCKffub0Ba+Yr1B+m0="></latexit><latexit sha1_base64="L7JMwvJgnpweXwERIXlmGsu5PQ4="></latexit>

Ub
<latexit sha1_base64="udQz6O64NdJlk9aDddYd/rZGHD4="></latexit><latexit sha1_base64="cdXbbBrZbFoN0P3O+fSAqp4nmpk="></latexit><latexit sha1_base64="cdXbbBrZbFoN0P3O+fSAqp4nmpk="></latexit><latexit sha1_base64="Sa5vLnk4K0uydteRwkyyqSfd0Nw=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIR1F3BjcuKpi1qKZPptIYmmZBMhFL6CW71q/wA/0D/wjtjCmoRnUDmzLnnHu7DT8IgU47zWrIWFpeWV8qrlbX1jc2t6vZOK5N5yoXHZSjTjs8yEQax8FSgQtFJUsEiPxRtf3Su4+0HkWaBjK/VOBHdiA3jYBBwpoi68np+r1pz6o459jxwC1BDcZqy+oI79CHBkSOCQAxFOARDRt8tXDhIiOtiQlxKKDBxgSkqlJuTSpCCETui/5BeE8KSNJL0U9g4oLgkZUpYO9smnhsXzf7uw6gmXceYbr/wiohVuCf2r7yZ8r95t8QqDHBqug1oFolh9FR44ZKbCejK7S9dKXJIiNO4T/GUMDeZs5naJiczves5MhN/M0rN6jcvtDnedZW0TPfn6uZB66juOnX30qk1zoq1lrGHfRzS7k7QwAWa8Mh7iEc84dk6tm4sZvFPqVUqcnbx7VjhB+sQi5s=</latexit>

<latexit sha1_base64="nnfy5RlyXaE3he9psBANez7sazI="></latexit>

� = 2(L/R) + 1

<latexit sha1_base64="4wDRBj8VI/Un3CA/ksolKEZX0aU="></latexit>

Uf = ubf + Ub = �Ub

<latexit sha1_base64="iCHkIo7hwvZzNa6XtfVpjcUc2FQ="></latexit>ubf

burned gas flow

<latexit sha1_base64="iCHkIo7hwvZzNa6XtfVpjcUc2FQ="></latexit>ubfthe flows  are functionals of the laminar flame velocityand
<latexit sha1_base64="b3z8ZaqKDDSd/q7t8Qmozsf5/+M="></latexit>uuf

<latexit sha1_base64="zFbQxZ7C4Tv89gBWsjM4+zPcgE0="></latexit>

UL(Tuf )

uuf = Uf � UL
<latexit sha1_base64="qj0IjQlyd/jXX4gLDUTcxBEMO+o="></latexit><latexit sha1_base64="oYScG3FsDoCtiDprPAmCbIXji+I="></latexit><latexit sha1_base64="oYScG3FsDoCtiDprPAmCbIXji+I="></latexit><latexit sha1_base64="QZ5bHIEaMkK7Qidf1EExQrND5DQ="></latexit>

UL
<latexit sha1_base64="tNbxzPgEmxDKR4E61K3icFf4yX4="></latexit><latexit sha1_base64="lovE9HpXRdQuT+CO6Ep4Ew2Rzz4="></latexit><latexit sha1_base64="lovE9HpXRdQuT+CO6Ep4Ew2Rzz4="></latexit><latexit sha1_base64="Lgy3f3rUzmziuagC6+9XxQK9cUg="></latexit>Ub = (Tb/Tu)UL

<latexit sha1_base64="tiZdnWgFXPyKYgEkVXTVVF8QDwQ="></latexit><latexit sha1_base64="58J5lGEZSx6430qRvHItcXPfBKw="></latexit><latexit sha1_base64="58J5lGEZSx6430qRvHItcXPfBKw="></latexit><latexit sha1_base64="0bqVpFCVCbfbm6Rmz4sx6FqYRjs="></latexit>

reference frame of the flame

Clavin, Tofaili Combustion and Flame 232 (2021)111522
<latexit sha1_base64="HTVZ0N6Mh0An2saOgg4fglOG2Eg="></latexit><latexit sha1_base64="ESmQUBW+r3uFq40yMpbBfXq1wmE="></latexit><latexit sha1_base64="ESmQUBW+r3uFq40yMpbBfXq1wmE="></latexit><latexit sha1_base64="eCn0Jwd+uKTas1voEpzFy3LkDxc="></latexit>



Self similar solution for a constant elongation. Piston problem  

space

time

<latexit sha1_base64="UmRo2YMeE4jvlHSYudK85lBnlsU="></latexit>

unburned shocked gas

<latexit sha1_base64="OlxSPOTZ2yUMsmtpZhKTT6ilvRw="></latexit>

planar flame

<latexit sha1_base64="Uar/iAZ33KjXZdnnn3icMwhUZkI="></latexit>

D

<latexit sha1_base64="K8Pl/Qu3Q/MJhCOLd8qfdGUFQGc="></latexit>

constant and uniform flow

<latexit sha1_base64="XziSGgXWeEDgvZVQZFP/pHUPmCc="></latexit>

lead shock

<latexit sha1_base64="h+1hiY5pE3SpgRmhNx+xSOdauhQ="></latexit>

uo = 0

<latexit sha1_base64="oA3gWlXMt9r1tH2ByraXbuAEXlE="></latexit>

Uf = �Ub(Tb)

<latexit sha1_base64="5Du//5oOoX6Mw+zsPJjxlbvGF2A="></latexit>

uu ⇡ Uf

<latexit sha1_base64="ZOoDBj9ewXw/6fqUM3xyhqQV74w="></latexit>

Tu

<latexit sha1_base64="1pd3b6DwTZ7/AJud9dMBnWvb8JU="></latexit>

(D�Uf )t � dL

<latexit sha1_base64="vGHHSiLMr6iL902o90eQ/qWJX+c="></latexit>

dL

Constant velocities Attention can be focused only on the unburned gas flow

High thermal sensitivity of the laminar flame velocity

parameter of thermal sensitivity
<latexit sha1_base64="86sw/gsoMXWGPvIMCleF+tzBQiw="></latexit><latexit sha1_base64="/4M9lnOcp1nIZju8vVlI0WTc2m0="></latexit><latexit sha1_base64="/4M9lnOcp1nIZju8vVlI0WTc2m0="></latexit><latexit sha1_base64="HSkB/uYJKdyUcn0kVzas6Dde0W8="></latexit>

<latexit sha1_base64="s8m8F6lWqJ298ra3zlVacMl3buQ="></latexit>

� ⌘ Tb

Ub

dUb

dTb
� 1

<latexit sha1_base64="EI+t1daGUBlqUBcN6BXpuxvHsk8="></latexit>

d

dTb
=

d

dTu

<latexit sha1_base64="txZqO3KHZwH1uQ8w1WUFs+dTPW8="></latexit>

Tb = Tu + qm/cp

Turning point :
There is no self-similar solution above a critical elongation

Transition to detonation ?

<latexit sha1_base64="/TDgrodr2YIzewli1be88YN2GNI="></latexit>

K > K⇤ ⌘ 1/e

<latexit sha1_base64="6grSaZ4PX1STsaMTHCbGcSyWSnw="></latexit>

⇥⇤ = 1

<latexit sha1_base64="K8/Mks1DmMVBQGycTXnKwC5vQwY="></latexit>

⇥e�⇥
<latexit sha1_base64="53v2pN5GNokShiGmqM29RQLHrNM="></latexit>

K⇤ =
1

e

<latexit sha1_base64="hbQxXuMEVWAN8QEEykz5V0h2Gkg="></latexit>

K > K⇤ no solution

<latexit sha1_base64="D07zyF8AF734ZNOjpgxswYUiKvA="></latexit>

⇥

<latexit sha1_base64="4aPS9q9H28R0H67YeluroDjZal0="></latexit>

Rankine-Hugoniot
<latexit sha1_base64="El2jgod5nPS7mj0XfLeRYCtz+ww="></latexit>

Arrhenius

<latexit sha1_base64="/5swxSqdDuPIxyQEV7mAn3RNB0I="></latexit> ph
ys
ic
al

<latexit sha1_base64="hXm+JqPPeskdJg1z4HKGAJgcZL4="></latexit>

non-physical branch

<latexit sha1_base64="GFaXRUzyZa2wPF+wuSik9vnYZFg="></latexit>

⇥ = (�/2)(Tb/Tbi � 1)

<latexit sha1_base64="ifA7HqNBZIKv+EKpfS1wE7V11BI="></latexit>

K / "��
<latexit sha1_base64="RculIjEdfSLuNCnOckFHyojO1zs="></latexit>

reduced elongation

<latexit sha1_base64="fz6BoSK4KZIDglAX5+HpkDNoe9Q="></latexit>

reduced flame temperature

-1) ZFK on the flame :
<latexit sha1_base64="7gS7fQK8oJBpm7S0ORYE+puIv74="></latexit>

through � � 1 (nonlinear relation)<latexit sha1_base64="+ujUMECr8vl/hOmowEiFTCyBpd0="></latexit>

Tu

<latexit sha1_base64="y8mRqInPZLg5Lw0UMa4yXVdksLQ="></latexit>

increases strongly with
<latexit sha1_base64="GVfDwSlSrdw2RA/r1eig+t4g9Is="></latexit>

uu ⇡ �Ub(Tb)

Nonlinear thermal loop between the flame and the shock:   Two expressions for versus <latexit sha1_base64="LlWzSdHWB36ddcqp3HzN2PqHbvk="></latexit>uu
<latexit sha1_base64="UhFPRDw/CDN/j4EH8lHXWJUzeyk="></latexit>

Tu

<latexit sha1_base64="LlWzSdHWB36ddcqp3HzN2PqHbvk="></latexit>uu-2) Rankine-Hugoniot on the shock: is a quasi-linear function of
<latexit sha1_base64="JpaeqjHe+R8ZT9f9IOhnEMRPQpw="></latexit>

Tu through the flame Mach number " ⌘ Ub/a ⌧ 1

<latexit sha1_base64="1XbFXCWzb3ojOWJGFIVaR642sxA="></latexit>:

<latexit sha1_base64="Lfcfd/zzSyJBuakbn0eexaZU36w="></latexit>

Ub / exp


� E

2kBTb

�
<latexit sha1_base64="is/HYJwaBZIaavN19Q5zpYbM7rY="></latexit>

E

2kBTb
� 1

Similar to B. Deshaies. & G. Joulin (1989) Asymptotic analysis
<latexit sha1_base64="b+2G9oKiUmOcE59HO8N3GzoEob8="></latexit>

�" = O(1)

versus 
<latexit sha1_base64="KwIV8VcwmAeujU6SooZaEkRS0XY="></latexit>

K
<latexit sha1_base64="1v2mTepz9cpVVAT/+vzgv/ePUxs="></latexit>

⇥ exp(�⇥) = K

Nonlinear equation for the non-dimensional temperature 
the non-dimensional elongation 

<latexit sha1_base64="TJscr5LVcFl/pv1Afa4tEuK0bok="></latexit>

⇥ / �

✓
�Tu,b

Tu,b

◆

<latexit sha1_base64="Ajyilg21kFabSj97A0r2w7ZzExw="></latexit>

RH
<latexit sha1_base64="FXNJRIjHF9av7uueee854aqAXFU="></latexit>

⇥ = K exp⇥
<latexit sha1_base64="JWC+GabFxPDV4ni+oFf5yk7qCvw="></latexit>

elongation

<latexit sha1_base64="2p+KPWd9Y/2AFcfxVeYnP0XJczc="></latexit>

Arrhenius of ZFK

<latexit sha1_base64="QPwRHfui8S6z+fnn7wZratIGlr8="></latexit>

 / �✏<latexit sha1_base64="aKN5SlPxkaB0jd+0EMc/biTZSU8="></latexit>= �,

Semenov eq. for explosion in a vessel (1920)
Joulin-Clavin flame quenching (1976)-(1979) 
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Tu = TN
<latexit sha1_base64="bEOF2Sg9Ma6N0W8BppVHE3lHpnI="></latexit><latexit sha1_base64="sRFIeaOsjRw/flRptybm0nONoCs="></latexit><latexit sha1_base64="sRFIeaOsjRw/flRptybm0nONoCs="></latexit><latexit sha1_base64="q2AbQgkqfdY/kqQZZ7vwKUoUVoo="></latexit>

Clavin, Tofaili Combustion and Flame 232 (2021)111522
<latexit sha1_base64="HTVZ0N6Mh0An2saOgg4fglOG2Eg="></latexit><latexit sha1_base64="ESmQUBW+r3uFq40yMpbBfXq1wmE="></latexit><latexit sha1_base64="ESmQUBW+r3uFq40yMpbBfXq1wmE="></latexit><latexit sha1_base64="eCn0Jwd+uKTas1voEpzFy3LkDxc="></latexit>

Self-similar solution of the one-dimensional piston model 

large
<latexit sha1_base64="pzyT0xV/EGGPkDONxQiLd7aH37Q="></latexit><latexit sha1_base64="bHukjDMdbla3bKOpLCOsY463ilk="></latexit><latexit sha1_base64="bHukjDMdbla3bKOpLCOsY463ilk="></latexit><latexit sha1_base64="3Qv52PrrLwjLRgjfM7+TL0kmm68="></latexit>

For very energetic mixtures the turning point corresponds to a critical elongation easily accessible by  
the elongation front usually observed in tubes

Ub
<latexit sha1_base64="ZnTxpWUJj8GHSPndj6kI57tP/aw="></latexit><latexit sha1_base64="ycIsFUI5JcRrYQML3znMVMMd9Ig="></latexit><latexit sha1_base64="ycIsFUI5JcRrYQML3znMVMMd9Ig="></latexit><latexit sha1_base64="qVyGq76B0P4zRXNxWwUKO4yQidI=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdCUFNy4rmraopUym0xqaZEIyEUrpJ7jVr/ID/AP9C++MKahFdAKZM+eee7gPPwmDTDnOa8laWFxaXimvVtbWNza3qts7rUzmKRcel6FMOz7LRBjEwlOBCkUnSQWL/FC0/dG5jrcfRJoFMr5W40R0IzaMg0HAmSLqyuv5vWrNqTvm2PPALUANxWnK6gvu0IcER44IAjEU4RAMGX23cOEgIa6LCXEpocDEBaaoUG5OKkEKRuyI/kN6TQhL0kjST2HjgOKSlClh7WybeG5cNPu7D6OadB1juv3CKyJW4Z7Yv/Jmyv/m3RKrMMCp6TagWSSG0VPhhUtuJqArt790pcghIU7jPsVTwtxkzmZqm5zM9K7nyEz8zSg1q9+80OZ411XSMt2fq5sHraO669TdS6fWOCvWWsYe9nFIuztBAxdowiPvIR7xhGfr2LqxmMU/pVapyNnFt2OFH+yRi6A=</latexit>

U⇤
b

<latexit sha1_base64="Oz+Qy56VMrO+smtJMZfupA/Xngw="></latexit><latexit sha1_base64="ool04bWYJDMHFYxQBEGmV2y/UJ4="></latexit><latexit sha1_base64="ool04bWYJDMHFYxQBEGmV2y/UJ4="></latexit><latexit sha1_base64="9Itl9t41GdV9KOfCno0UPbq8dps="></latexit>

s⇤
<latexit sha1_base64="CESQswFiqN8bYkuAiSA3FJh4EDM="></latexit><latexit sha1_base64="jfJuEAxsGfMWHjMVchuWWWl/wWE="></latexit><latexit sha1_base64="jfJuEAxsGfMWHjMVchuWWWl/wWE="></latexit><latexit sha1_base64="oego8JDOfqC+Okyg2PP3kWUtCJs="></latexit>

s
<latexit sha1_base64="0DoFzNzDBpfG6/+yZA2FGJP9+8M="></latexit><latexit sha1_base64="+TGpR0kkxW2Zx8Qdsx8bATevLMs="></latexit><latexit sha1_base64="+TGpR0kkxW2Zx8Qdsx8bATevLMs="></latexit><latexit sha1_base64="aXsjY5oBNpOT/L3bedmk4Aht+VA=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwVZJu7EoKbly2YB9QS5mk0zo2yYRkIpTSL3Crn+UH+Af6F94ZU1CL6AQyZ84993AfXhyIVDnOa8FaW9/Y3Cpul3Z29/YPyodHnVRmic/bvgxk0vNYygMR8bYSKuC9OOEs9ALe9aZXOt594EkqZHSjZjEfhGwSibHwmSKqlQ7LFafqmGOvAjcHFeSnKcsvuMUIEj4yhOCIoAgHYEjp68OFg5i4AebEJYSEiXMsUKLcjFScFIzYKf0n9JoTlqSRpF/AxhnFJSkTwtrZNvHMuGj2dx9GNek6ZnR7uVdIrMIdsX/lLZX/zesTqzBG3XQraBaxYfRU/NwlMxPQldtfulLkEBOn8YjiCWHfZC5napuc1PSu58hM/M0oNavffq7N8K6rpGW6P1e3Cjq1qutU3ZZTaVzmay3iBKc4p91doIFrNNE23o94wrNVs3rW0GKfUquQ5xzj27HuPwApu4rp</latexit>

no solution
<latexit sha1_base64="HT0HhAWFJAUoctjo2MOsQ+qt22g="></latexit><latexit sha1_base64="HT0HhAWFJAUoctjo2MOsQ+qt22g="></latexit><latexit sha1_base64="HT0HhAWFJAUoctjo2MOsQ+qt22g="></latexit><latexit sha1_base64="iy5wOOcSCl2A25ONjYG82Wq7nQk="></latexit>

ph
ys
ic
al
br
an
ch

<latexit sha1_base64="vbzKcm1ISuz25ZY95Aj2SDQosM8="></latexit><latexit sha1_base64="IlFqOI2dvolz5IEIqFUd+Fl8VR8="></latexit><latexit sha1_base64="IlFqOI2dvolz5IEIqFUd+Fl8VR8="></latexit><latexit sha1_base64="OrIbrMwUOPFnlgVch2Uic/yO9AI="></latexit>

non-physical branch

<latexit sha1_base64="kBVMgvKlaHT7P1S03Rpr4DBr7us="></latexit><latexit sha1_base64="+8bUs3lUQLPSCZ8iRa0zDRiaFbY="></latexit><latexit sha1_base64="+8bUs3lUQLPSCZ8iRa0zDRiaFbY="></latexit><latexit sha1_base64="69SNrIamBzIFnZGr+VYGuWzoj9U="></latexit>

turning-point
<latexit sha1_base64="FAj1JnH+7wmQHu9Q4I2TeS/dQ4M="></latexit><latexit sha1_base64="MvNLl5W9XbEpaxHjqLs4bIC0Lqc="></latexit><latexit sha1_base64="MvNLl5W9XbEpaxHjqLs4bIC0Lqc="></latexit><latexit sha1_base64="bISGKHCpQVGgE/C+8D2gYtboCyI="></latexit>

UL(Tu)

UL(To)
=

✓
Tb

Tbo

◆2 ✓Tu

To

◆3/2

exp


� E

2kB

✓
1

Tb
� 1

Tbo

◆�
,

<latexit sha1_base64="Ni846qjrEb5hc17uVAD9+C8/xeA="></latexit><latexit sha1_base64="0XVnvLlVSDjm9l81HG2u9jBwnN4="></latexit><latexit sha1_base64="0XVnvLlVSDjm9l81HG2u9jBwnN4="></latexit><latexit sha1_base64="kvY7KRfgu8oEawbO2jejEKFcWSY="></latexit>

E

2kBTbo
⇡ 1

<latexit sha1_base64="YAjifD32k5txEUFYhmjbqaOdhHs="></latexit><latexit sha1_base64="s2Mo/J3Gg7WFg4ECNik5bNgKgiQ="></latexit><latexit sha1_base64="s2Mo/J3Gg7WFg4ECNik5bNgKgiQ="></latexit><latexit sha1_base64="zwAhG0kB1u/go4/xT0rgP8kd4l8="></latexit>

<latexit sha1_base64="PMVoCTavty45UZzxX8x6J8yq8cY="></latexit>

Uf (Tu)

Uf (Tuo)
=

Tb/Tu

Tbo/Tuo

UL(Tu)

UL(Tuo)

<latexit sha1_base64="RISO1Mjk+uiEUoRCzO8VMdksN3o="></latexit>

Tb/Tu > 10

M⇤ ⌘ D⇤/ao ⇡ 2.5
<latexit sha1_base64="5Ca4UayZDt61kLrQ8IQFEUHoZno="></latexit><latexit sha1_base64="sc5RxFNamRokoppuYE6s6K6Dvus="></latexit><latexit sha1_base64="sc5RxFNamRokoppuYE6s6K6Dvus="></latexit><latexit sha1_base64="YbTts8aB/OEUlMt2FkRsWmWwzjs="></latexit>

The critical conditions are in good agreement with DDT of experiments
<latexit sha1_base64="4XQUBOx5KdRrcozz3GIwTLeNBB0="></latexit><latexit sha1_base64="T3glkzl7dvuKvHe5Lj33P/FYFVE="></latexit><latexit sha1_base64="T3glkzl7dvuKvHe5Lj33P/FYFVE="></latexit><latexit sha1_base64="ip25U7hBTg6AfnkkuMNLSSJdhTY="></latexit>

L⇤/R ⇡ 1.8
<latexit sha1_base64="kpjOyXH8z4qoVt80cqfwP2zSRvc="></latexit><latexit sha1_base64="Yeb4Z4Uprbpcf2diejDvQsPYZPk="></latexit><latexit sha1_base64="Yeb4Z4Uprbpcf2diejDvQsPYZPk="></latexit><latexit sha1_base64="YeJHyr10OCXtPw3y7sgfy/O5EEU="></latexit>

T ⇤
u ⇡ 650 K, U⇤

L ⌘ UL(T
⇤
u ) ⇡ 40 m/s, U⇤

f ⇡ 890 m/s, �⇤ ⇡ 4.5,
<latexit sha1_base64="Qqk8eG+EB8Nuk1QC47r/ayWM668="></latexit><latexit sha1_base64="MxIpXyYt1QluLSUB9anzskGsc80="></latexit><latexit sha1_base64="MxIpXyYt1QluLSUB9anzskGsc80="></latexit><latexit sha1_base64="g8eVwQ0PB3UaHOYABhmuJAryvxc="></latexit>

To
<latexit sha1_base64="3INy20yjb6Z06uO+c8bo2ykOui0="></latexit><latexit sha1_base64="fnK5AmC990UGQOSgIY7UFCrweUU="></latexit><latexit sha1_base64="fnK5AmC990UGQOSgIY7UFCrweUU="></latexit><latexit sha1_base64="5p+Yum5Jd3kBzT5PG680e0IU8cM=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIp6LLgxmXFvrCWMplOa2iSCclEKKWf4Fa/yg/wD/QvvDOmoBbRCWTOnHvu4T68OPBT5TivBWtldW19o7hZ2tre2d0r7x+0U5klXLS4DGTS9VgqAj8SLeWrQHTjRLDQC0THm1zqeOdBJKkvo6aaxqIfsnHkj3zOFFE3zYEclCtO1THHXgZuDirIT0OWX3CHISQ4MoQQiKAIB2BI6evBhYOYuD5mxCWEfBMXmKNEuRmpBCkYsRP6j+k1IyxJI0k/h40TiktSJoS1s23imXHR7O8+jGrSdUzp9nKvkFiFe2L/ylso/5vXI1ZhhAvTrU+ziA2jp8Jzl8xMQFduf+lKkUNMnMZDiieEuclczNQ2OanpXc+RmfibUWpWv3muzfCuq6Rluj9XtwzaZ1XXqbrXTqVey9daxBGOcUq7O0cdV2igRd5jPOIJz1bNurWYxT+lViHPOcS3YwUfBSyLog==</latexit>

UL
<latexit sha1_base64="uLE4XbHOr9ETCFob5IO5wm9W39Q="></latexit><latexit sha1_base64="k8BAd94ggJeuJLQU1N7Nyo2zE5A="></latexit><latexit sha1_base64="k8BAd94ggJeuJLQU1N7Nyo2zE5A="></latexit><latexit sha1_base64="R/PigJnpwx5GqV90AHGG7DjUtNM="></latexit>

(a)
<latexit sha1_base64="9S2tJDd15t5xUTMxZFAHDLgFhI8="></latexit><latexit sha1_base64="9S2tJDd15t5xUTMxZFAHDLgFhI8="></latexit><latexit sha1_base64="9S2tJDd15t5xUTMxZFAHDLgFhI8="></latexit><latexit sha1_base64="/Mdrug2wGW4VwClXeaBog+GNfGc="></latexit>

L
<latexit sha1_base64="bi2HyhyppDCe1jGr0fLOLM6N288="></latexit><latexit sha1_base64="bi2HyhyppDCe1jGr0fLOLM6N288="></latexit><latexit sha1_base64="bi2HyhyppDCe1jGr0fLOLM6N288="></latexit><latexit sha1_base64="DVt7jK3SzTWq/HAScYSJofARsuA=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwVZJu1F3BjQsXLdgH1FIm6bSOTTIhmQil9Avc6mf5Af6B/oV3xhTUIjqBzJlzzz3chxcHIlWO81qwVlbX1jeKm6Wt7Z3dvfL+QTuVWeLzli8DmXQ9lvJARLylhAp4N044C72Ad7zJpY53HniSChndqGnM+yEbR2IkfKaIal4PyhWn6phjLwM3BxXkpyHLL7jFEBI+MoTgiKAIB2BI6evBhYOYuD5mxCWEhIlzzFGi3IxUnBSM2An9x/SaEZakkaSfw8YJxSUpE8La2TbxzLho9ncfRjXpOqZ0e7lXSKzCHbF/5S2U/83rEaswwrnpVtAsYsPoqfi5S2YmoCu3v3SlyCEmTuMhxRPCvslczNQ2OanpXc+RmfibUWpWv/1cm+FdV0nLdH+ubhm0a1XXqbpNp1K/yNdaxBGOcUq7O0MdV2igZbwf8YRnq2Z1rYHFPqVWIc85xLdj3X8AzpeKvQ==</latexit>

Uf
<latexit sha1_base64="MFYh7D2FkKsOC/YEg4qyCKjJFwA="></latexit><latexit sha1_base64="ecme7xM1yDfJRnYK63fbsiDZqB8="></latexit><latexit sha1_base64="ecme7xM1yDfJRnYK63fbsiDZqB8="></latexit><latexit sha1_base64="iYbBf3XMlHCBkXtIpgUJI/WqTCo="></latexit>

D
<latexit sha1_base64="YTPhjLku1qAoqpSVwEASskSalMU="></latexit><latexit sha1_base64="dCxAp8Dq4kzwCdQU3Te6k8wyRZA="></latexit><latexit sha1_base64="dCxAp8Dq4kzwCdQU3Te6k8wyRZA="></latexit><latexit sha1_base64="tz5T9zk7FIFcK/SlEUH7iCY8ktU="></latexit>

uuf
<latexit sha1_base64="8qRATdk8YWeahJwTetUv5/inrxU="></latexit><latexit sha1_base64="n1+dUxSpT4Tw+fR5qRFOI77P+OE="></latexit><latexit sha1_base64="n1+dUxSpT4Tw+fR5qRFOI77P+OE="></latexit><latexit sha1_base64="GdG0tm1GuJhgp+5/2fjyLYowW0A="></latexit>

uuf = D � UN
<latexit sha1_base64="tqHv7oNDejqIYYSko68cquVOdBQ="></latexit><latexit sha1_base64="H9y7WVCSK6Ib35C7IGAdDJQtByY="></latexit><latexit sha1_base64="H9y7WVCSK6Ib35C7IGAdDJQtByY="></latexit><latexit sha1_base64="mozpXdD4j0lkwUOR7z9ByKvXzT4="></latexit>

and a back flow
<latexit sha1_base64="f7WertEIpn/h2cyxOFsXK/eyVLI="></latexit><latexit sha1_base64="LCZ8wImxEYOZCZytw5k+BO2y6nU="></latexit><latexit sha1_base64="LCZ8wImxEYOZCZytw5k+BO2y6nU="></latexit><latexit sha1_base64="ZHcuSb7zsb+MFPZ/NcLOzfSCZCk="></latexit>

but for a very energetic flame
<latexit sha1_base64="jJg2om1fJ+h9s6LOcy251mKvwak="></latexit><latexit sha1_base64="uo0qQleNQWpNrfF3F2D/I7ibx44="></latexit><latexit sha1_base64="uo0qQleNQWpNrfF3F2D/I7ibx44="></latexit><latexit sha1_base64="AftiKfXzEMWVLUp9e+Ff8fwMM0o="></latexit>

folding factor elongation 

the solution is similar to Deshaies Joulin 
<latexit sha1_base64="hT59wHF/zhzZM1noAvd0fOR2rnA="></latexit>

� = 2L/R+ 1
<latexit sha1_base64="NgUtPof7bv8ejCWRaQaUnDJRwIM="></latexit>

Uf = �Ub

<latexit sha1_base64="QdsWBDx0MgqnF4/+CdrZkyoD/Ts="></latexit>

speed of the piston

<latexit sha1_base64="EbICGgreQ43QVZoZqqRZniGnLQo="></latexit>

semi-permeable piston

<latexit sha1_base64="oxyqzZkqimafPlz7k5PSysZli5M="></latexit>

flow velocity

<latexit sha1_base64="pvSwiJ+sH1paLv1QKzPbFAi5bjA="></latexit>

uuf (t)

<latexit sha1_base64="WD6eA8NWbvFn1YvCj0J9NRd0V9w="></latexit>

Uf (t)

<latexit sha1_base64="BS+pcv+AwPNwQKAuAJ+Zq36ROBk="></latexit>

Tuf (t)

<latexit sha1_base64="T4b65bbrpTvTFKQUd2E88iBQrkI="></latexit>

= �(t)Ub(t)

<latexit sha1_base64="+pgQ5/cJuBTkJ3pR/MM+jYTmeVQ="></latexit>

Lconstant
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TN TuTb

D

shock waveflame brush

cold gas
at restat rest

hot gas v = D � UN

Constant flame velocity
self-similar solution

Limit (weakness) of self-similar solutions
<latexit sha1_base64="BcdYebOIhUDkyOd63p0Rkf5swc4="></latexit><latexit sha1_base64="uKTZBV+hocgounv/Oapf4dZPlTw="></latexit><latexit sha1_base64="uKTZBV+hocgounv/Oapf4dZPlTw="></latexit><latexit sha1_base64="6gInMsNrHrAztB6elsv3GpJLkq8="></latexit>

of the double-discontinuity model
<latexit sha1_base64="xRtG0eLmMmWjicoqZF+QITtrHrw="></latexit><latexit sha1_base64="xou0QSPU29da1aS/y+X7IazLqvw="></latexit><latexit sha1_base64="xou0QSPU29da1aS/y+X7IazLqvw="></latexit><latexit sha1_base64="cUv709ZT4ngLfLT6UhspTjPA3Fw="></latexit>

Uf
<latexit sha1_base64="Q7prWGJcS5v9e6fP1sCBaQzjED8="></latexit><latexit sha1_base64="iNGncgebAxc2SwaDEaAA14ED+5I="></latexit><latexit sha1_base64="iNGncgebAxc2SwaDEaAA14ED+5I="></latexit><latexit sha1_base64="4Nm0UcUpCv+JW4Vtl52YuP3z4sE="></latexit>

(D � Uf ) t
<latexit sha1_base64="tZgayXvwVWsoHaaAO1gqYxYz+es="></latexit><latexit sha1_base64="Rs1OYfm+dAVhABVJEffZjfyHzqA="></latexit><latexit sha1_base64="Rs1OYfm+dAVhABVJEffZjfyHzqA="></latexit><latexit sha1_base64="SLgjch0K5smkJpVHVU8Dgfwxr1Y="></latexit>

uniform and constant flow
<latexit sha1_base64="dpG90R03/jwk5r+PUM3fhAuZxPo="></latexit><latexit sha1_base64="Hb8vD4l9zSV8XeI9258BMivtoKs="></latexit><latexit sha1_base64="Hb8vD4l9zSV8XeI9258BMivtoKs="></latexit><latexit sha1_base64="8BFUiQMxPKxbtMJw9pnQp1Dg5Ro="></latexit>

�= accelerating flame
no self similar solution
multiple chocs formation

unsteady flow
<latexit sha1_base64="VYsMWNe3IJHabS6TYScsW7Fes/4="></latexit><latexit sha1_base64="hJYVgj2XseIP158OPDUTU5zDHPM="></latexit><latexit sha1_base64="hJYVgj2XseIP158OPDUTU5zDHPM="></latexit><latexit sha1_base64="/shID8rnEFenNUvwl3rkGEwihYA="></latexit>

burned gas
<latexit sha1_base64="Xr7VYxCpAb3/BNc4j5TYbuZlq18="></latexit><latexit sha1_base64="RS1n5cn39yslruQx9FP3eKWm3tU="></latexit><latexit sha1_base64="RS1n5cn39yslruQx9FP3eKWm3tU="></latexit><latexit sha1_base64="e7hrVHZZW8MNUaDySsuV5zW9YLE="></latexit>

tongues of unburned gas
<latexit sha1_base64="geP2/5UKypLIQymI7x0HCyE+Drw="></latexit><latexit sha1_base64="/m9Q9zSYEuZAfijx0jjynmH3iLA="></latexit><latexit sha1_base64="/m9Q9zSYEuZAfijx0jjynmH3iLA="></latexit><latexit sha1_base64="NajKyhwWFbVk243BUHj01fuDhgY="></latexit>

unburned gas
<latexit sha1_base64="3BTxGXmwsMmp7H3/0IfrrXhdBuY="></latexit><latexit sha1_base64="u0jJmKuTPB8uDpX+g4OWpy9CmhM="></latexit><latexit sha1_base64="u0jJmKuTPB8uDpX+g4OWpy9CmhM="></latexit><latexit sha1_base64="qf9kLNZR/lzxPW5IO2tju3P2vPc="></latexit>

back-flow
<latexit sha1_base64="oM3RKZXvRlUCUdGcha1jvLHbhbs="></latexit><latexit sha1_base64="mMEyDUtG0/zrTwmpC/mF7SDpnvE="></latexit><latexit sha1_base64="mMEyDUtG0/zrTwmpC/mF7SDpnvE="></latexit><latexit sha1_base64="QYqUzGfN1/Kivk5nzZ/SznT2VQo="></latexit>

UP = Ub + ub
<latexit sha1_base64="WHPe0uFuhoU+ygsvRZ/qgH3ZCmQ="></latexit><latexit sha1_base64="xfazTHVrO2Sp6XFRcuND4TJwIR4="></latexit><latexit sha1_base64="xfazTHVrO2Sp6XFRcuND4TJwIR4="></latexit><latexit sha1_base64="NgXZybOl9JEAYEyOE+rY1rumRKU="></latexit>

UL
<latexit sha1_base64="tNbxzPgEmxDKR4E61K3icFf4yX4="></latexit><latexit sha1_base64="lovE9HpXRdQuT+CO6Ep4Ew2Rzz4="></latexit><latexit sha1_base64="lovE9HpXRdQuT+CO6Ep4Ew2Rzz4="></latexit><latexit sha1_base64="Lgy3f3rUzmziuagC6+9XxQK9cUg="></latexit>

u = 0
<latexit sha1_base64="9Slp9Die7Mj+Ap+DbZLzzd9uj2U="></latexit><latexit sha1_base64="Dquv7Po/gt6EUQC0/1YW5WIjAw4="></latexit><latexit sha1_base64="Dquv7Po/gt6EUQC0/1YW5WIjAw4="></latexit><latexit sha1_base64="1SAh6G1T83Vgoc454f8D6pk903M=">AAACs3icjVHLSsNAFD2Nr1pfVZdugkVwVSaC1I1QcOOygn1ALTJJp+3QpBOSiVBKf8Gt/pQf4B/oX3hnTEEtohPInDn33MN9+HEoU83Ya8FZWV1b3yhulra2d3b3yvsHrVRlSSCagQpV0vF5KkI5EU0tdSg6cSJ45Iei7Y+vTLz9IJJUqsmtnsaiF/HhRA5kwLWhsktWui9XWJXZ4y4DLwcV5Kehyi+4Qx8KATJEEJhAEw7BkdLXhQeGmLgeZsQlhKSNC8xRotyMVIIUnNgx/Yf0mhFWpFGkn8PFCcUVKRPCxtm18cy6GPZ3H041mTqmdPu5V0SsxojYv/IWyv/mdYnVGODCditpFrFlzFSC3CWzEzCVu1+60uQQE2dwn+IJ4cBmLmbq2pzU9m7myG38zSoNa95Brs3wbqqkZXo/V7cMWmdVj1W9G1ap1/K1FnGEY5zS7mqo4xoNNMl7hEc84dk5d7qO7/Q/pU4hzznEt+NEH7Cui3k=</latexit>

plane compression wave
<latexit sha1_base64="9lUT66nxNsXQ4mct2tSe7Lk9J2Y="></latexit><latexit sha1_base64="iYsJ+Le1IEUWZpzB7Do/gQdEdkg="></latexit><latexit sha1_base64="iYsJ+Le1IEUWZpzB7Do/gQdEdkg="></latexit><latexit sha1_base64="EDcVsGm2QmQeTRGcQxCXr5ysDVc="></latexit>

<latexit sha1_base64="oUccV01I608sWgSMsHnfqt/3VsQ="></latexit>ub

<latexit sha1_base64="s72BZm+dhiBXuB4xPlSqtCZM1UI="></latexit>uu

<latexit sha1_base64="N4yvvP/hJLbSGpygD0Kb+vHHNmE="></latexit>

UP = Ub + ub
<latexit sha1_base64="m3L9HMvFPZmiLWv2DX8sAMH5PeQ="></latexit>

elongation S/S0

<latexit sha1_base64="zxSs3x6tlwY4gXAVIvfATd14xoI="></latexit>

impermeable wall

Unsteady compression waves 
launched ahead of the flame front 

by the acceleration of the tip  
when the elongation increases 

is an essential mechanism of DDT 
that is ignored by the self-similar solutions
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L(t)
<latexit sha1_base64="kA+/N1C7IKENsoXTv/vL4GPq3Xg="></latexit><latexit sha1_base64="UCrx309E/EPkKQG9N2gweqh1CJM="></latexit><latexit sha1_base64="UCrx309E/EPkKQG9N2gweqh1CJM="></latexit><latexit sha1_base64="qH4QBpJiKyISpYtEgxItmmwiKQU="></latexit>

dL(t)/dt > 0
<latexit sha1_base64="rOxycmjh0AzkBXe98UO8/Diupy4="></latexit><latexit sha1_base64="o6Pzumz1J35IuE7OSJSM60Z+95Q="></latexit><latexit sha1_base64="o6Pzumz1J35IuE7OSJSM60Z+95Q="></latexit><latexit sha1_base64="XIgO6nWJcWiZ2YEI7wKZL7Z5k0Q="></latexit>

flame elongation
<latexit sha1_base64="GUmyZLSuFpCW1AK/U2g+37Ujxn4="></latexit><latexit sha1_base64="5QYZdy8i6sNnNSAYKSMj1MUsFBw="></latexit><latexit sha1_base64="5QYZdy8i6sNnNSAYKSMj1MUsFBw="></latexit><latexit sha1_base64="8oweq6yBqT9G7SQZquJxNBmbZik="></latexit>

Uf (t)
<latexit sha1_base64="DAkClzziCdlAnMvz2DtHDvurmHE="></latexit><latexit sha1_base64="7GAjzG+Q/dkxGz0e0pb+TiR1HJ4="></latexit><latexit sha1_base64="7GAjzG+Q/dkxGz0e0pb+TiR1HJ4="></latexit><latexit sha1_base64="UQ3OypzSonzuCC0fNl56RefRpFc="></latexit>

� = 2(L/R) + 1
<latexit sha1_base64="pDmrzaBey7Dy8QbnMAjJrVFYH0I="></latexit><latexit sha1_base64="Zf7nISMwDMAa3wYGUA9UAKtJBkw="></latexit><latexit sha1_base64="Zf7nISMwDMAa3wYGUA9UAKtJBkw="></latexit><latexit sha1_base64="Wr/mukJnf1Tr95FFWfcpsjozRvE="></latexit>

�(t)
<latexit sha1_base64="w/oWFOH0lS5EgE2iem5AI7Jt2sU="></latexit><latexit sha1_base64="xD+JFOdoetTF7EUUjSyYuNCliTk="></latexit><latexit sha1_base64="xD+JFOdoetTF7EUUjSyYuNCliTk="></latexit><latexit sha1_base64="/6E2SYqlwP2od2VfwBqLjkbtt0g="></latexit>

unsteady compression waves ahead of the flame
<latexit sha1_base64="oChanTBm03vlt2lYM7+I/skDPw4="></latexit><latexit sha1_base64="c/HlRe2uBkzWsaxXbcsy+5S9TJA="></latexit><latexit sha1_base64="c/HlRe2uBkzWsaxXbcsy+5S9TJA="></latexit><latexit sha1_base64="jHrejvfyHGTe3eq/dRoCqQz7VEU="></latexit>

producing the thermal feedback
<latexit sha1_base64="HSiftga/fFrSrbMdPFR+2r0U0e4="></latexit><latexit sha1_base64="vxQBKL2hIFz7M6MdP41p3fmsj7k="></latexit><latexit sha1_base64="vxQBKL2hIFz7M6MdP41p3fmsj7k="></latexit><latexit sha1_base64="13skV7dwZBzcIe308yxLDqoIzSs="></latexit>

burned gas
<latexit sha1_base64="Xr7VYxCpAb3/BNc4j5TYbuZlq18="></latexit><latexit sha1_base64="RS1n5cn39yslruQx9FP3eKWm3tU="></latexit><latexit sha1_base64="RS1n5cn39yslruQx9FP3eKWm3tU="></latexit><latexit sha1_base64="e7hrVHZZW8MNUaDySsuV5zW9YLE="></latexit>

tongues of unburned gas
<latexit sha1_base64="geP2/5UKypLIQymI7x0HCyE+Drw="></latexit><latexit sha1_base64="/m9Q9zSYEuZAfijx0jjynmH3iLA="></latexit><latexit sha1_base64="/m9Q9zSYEuZAfijx0jjynmH3iLA="></latexit><latexit sha1_base64="NajKyhwWFbVk243BUHj01fuDhgY="></latexit>

unburned gas
<latexit sha1_base64="3BTxGXmwsMmp7H3/0IfrrXhdBuY="></latexit><latexit sha1_base64="u0jJmKuTPB8uDpX+g4OWpy9CmhM="></latexit><latexit sha1_base64="u0jJmKuTPB8uDpX+g4OWpy9CmhM="></latexit><latexit sha1_base64="qf9kLNZR/lzxPW5IO2tju3P2vPc="></latexit>

back-flow
<latexit sha1_base64="oM3RKZXvRlUCUdGcha1jvLHbhbs="></latexit><latexit sha1_base64="mMEyDUtG0/zrTwmpC/mF7SDpnvE="></latexit><latexit sha1_base64="mMEyDUtG0/zrTwmpC/mF7SDpnvE="></latexit><latexit sha1_base64="QYqUzGfN1/Kivk5nzZ/SznT2VQo="></latexit>

UL<latexit sha1_base64="tNbxzPgEmxDKR4E61K3icFf4yX4="></latexit><latexit sha1_base64="lovE9HpXRdQuT+CO6Ep4Ew2Rzz4="></latexit><latexit sha1_base64="lovE9HpXRdQuT+CO6Ep4Ew2Rzz4="></latexit><latexit sha1_base64="Lgy3f3rUzmziuagC6+9XxQK9cUg="></latexit>

u = 0
<latexit sha1_base64="9Slp9Die7Mj+Ap+DbZLzzd9uj2U="></latexit><latexit sha1_base64="Dquv7Po/gt6EUQC0/1YW5WIjAw4="></latexit><latexit sha1_base64="Dquv7Po/gt6EUQC0/1YW5WIjAw4="></latexit><latexit sha1_base64="1SAh6G1T83Vgoc454f8D6pk903M=">AAACs3icjVHLSsNAFD2Nr1pfVZdugkVwVSaC1I1QcOOygn1ALTJJp+3QpBOSiVBKf8Gt/pQf4B/oX3hnTEEtohPInDn33MN9+HEoU83Ya8FZWV1b3yhulra2d3b3yvsHrVRlSSCagQpV0vF5KkI5EU0tdSg6cSJ45Iei7Y+vTLz9IJJUqsmtnsaiF/HhRA5kwLWhsktWui9XWJXZ4y4DLwcV5Kehyi+4Qx8KATJEEJhAEw7BkdLXhQeGmLgeZsQlhKSNC8xRotyMVIIUnNgx/Yf0mhFWpFGkn8PFCcUVKRPCxtm18cy6GPZ3H041mTqmdPu5V0SsxojYv/IWyv/mdYnVGODCditpFrFlzFSC3CWzEzCVu1+60uQQE2dwn+IJ4cBmLmbq2pzU9m7myG38zSoNa95Brs3wbqqkZXo/V7cMWmdVj1W9G1ap1/K1FnGEY5zS7mqo4xoNNMl7hEc84dk5d7qO7/Q/pU4hzznEt+NEH7Cui3k=</latexit>

plane compression wave
<latexit sha1_base64="9lUT66nxNsXQ4mct2tSe7Lk9J2Y="></latexit><latexit sha1_base64="iYsJ+Le1IEUWZpzB7Do/gQdEdkg="></latexit><latexit sha1_base64="iYsJ+Le1IEUWZpzB7Do/gQdEdkg="></latexit><latexit sha1_base64="EDcVsGm2QmQeTRGcQxCXr5ysDVc="></latexit>

<latexit sha1_base64="oUccV01I608sWgSMsHnfqt/3VsQ="></latexit>ub

<latexit sha1_base64="diPtqfP7aUebxl1Cuh0eCj32Y80="></latexit>

Uf

<latexit sha1_base64="lK4xjLzx/8HJBw87EPn8a1/5BEo="></latexit>uuf

<latexit sha1_base64="FXNg7+Q4pv8eUZG16pHAHOg5Keg="></latexit>

L

One-dimensional piston model beyond self similarity 
Clavin, P. (2022) Combust. Flame, 245, 112347 

no solution
<latexit sha1_base64="HT0HhAWFJAUoctjo2MOsQ+qt22g="></latexit><latexit sha1_base64="HT0HhAWFJAUoctjo2MOsQ+qt22g="></latexit><latexit sha1_base64="HT0HhAWFJAUoctjo2MOsQ+qt22g="></latexit><latexit sha1_base64="iy5wOOcSCl2A25ONjYG82Wq7nQk="></latexit>

ph
ys
ic
al
br
an
ch

<latexit sha1_base64="vbzKcm1ISuz25ZY95Aj2SDQosM8="></latexit><latexit sha1_base64="IlFqOI2dvolz5IEIqFUd+Fl8VR8="></latexit><latexit sha1_base64="IlFqOI2dvolz5IEIqFUd+Fl8VR8="></latexit><latexit sha1_base64="OrIbrMwUOPFnlgVch2Uic/yO9AI="></latexit>

non-physical branch

<latexit sha1_base64="kBVMgvKlaHT7P1S03Rpr4DBr7us="></latexit><latexit sha1_base64="+8bUs3lUQLPSCZ8iRa0zDRiaFbY="></latexit><latexit sha1_base64="+8bUs3lUQLPSCZ8iRa0zDRiaFbY="></latexit><latexit sha1_base64="69SNrIamBzIFnZGr+VYGuWzoj9U="></latexit>

turning-point
<latexit sha1_base64="FAj1JnH+7wmQHu9Q4I2TeS/dQ4M="></latexit><latexit sha1_base64="MvNLl5W9XbEpaxHjqLs4bIC0Lqc="></latexit><latexit sha1_base64="MvNLl5W9XbEpaxHjqLs4bIC0Lqc="></latexit><latexit sha1_base64="bISGKHCpQVGgE/C+8D2gYtboCyI="></latexit>

UL(Tu)
<latexit sha1_base64="mreSctAo7URR2xksxJ2uTpFkBSg="></latexit><latexit sha1_base64="Xwq+SpWC0zbnzmRTdqbGpUegkDc="></latexit><latexit sha1_base64="Xwq+SpWC0zbnzmRTdqbGpUegkDc="></latexit><latexit sha1_base64="KdbT4DAC0zuK/P+xGTGMJrJM+Ik="></latexit>

U⇤
L(Tu)

<latexit sha1_base64="vuR63ywkvK+2NCzGyqIG1Mdcj0Y="></latexit><latexit sha1_base64="e1dTJUSZ3Ib/CTMf7DHdpJSValY="></latexit><latexit sha1_base64="e1dTJUSZ3Ib/CTMf7DHdpJSValY="></latexit><latexit sha1_base64="foy8QmAfq1PLz1gxCSfIdHxHo5M="></latexit>

�
<latexit sha1_base64="MZoQncSkwGOrnOSsIFqoSV8gIWI="></latexit><latexit sha1_base64="MZoQncSkwGOrnOSsIFqoSV8gIWI="></latexit><latexit sha1_base64="MZoQncSkwGOrnOSsIFqoSV8gIWI="></latexit><latexit sha1_base64="uY51HDOHscrIPDJiZNSMz8nW6Jw="></latexit>

�⇤
<latexit sha1_base64="yiipn7dKeeMPKfqBmx+cgY3SuwQ="></latexit><latexit sha1_base64="yiipn7dKeeMPKfqBmx+cgY3SuwQ="></latexit><latexit sha1_base64="yiipn7dKeeMPKfqBmx+cgY3SuwQ="></latexit><latexit sha1_base64="8NjIcK261cl7966KlLv4inzKv9E="></latexit>critical point

<latexit sha1_base64="+s1+q5g65oUZilBT+bAvtDIIrQI="></latexit><latexit sha1_base64="6qZEIpW1KTKrLvj+TuoFjw7g5a8="></latexit><latexit sha1_base64="6qZEIpW1KTKrLvj+TuoFjw7g5a8="></latexit><latexit sha1_base64="7+1sK/B/UoG5dMrWr1wQ9+A3dso="></latexit>

Uf
<latexit sha1_base64="nZZqrH4sOlQz9cBiFfW4nIiymjI="></latexit><latexit sha1_base64="7MVl7/9g4mXamgpKDJqV3zCB5PU="></latexit><latexit sha1_base64="7MVl7/9g4mXamgpKDJqV3zCB5PU="></latexit><latexit sha1_base64="30WnoXLU15Avlc1YXpIVLuuoahc=">AAACs3icjVHLSsNAFD2Nr1pfVZdugkVwFRJBdFlw47KCaYVayiSdtkOTTEgmQin9Bbf6U36Af6B/4Z0xBbWITiBz5txzD/cRpJHIleu+VqyV1bX1jepmbWt7Z3evvn/QzmWRhdwPZSSzu4DlPBIJ95VQEb9LM87iIOKdYHKl450HnuVCJrdqmvJezEaJGIqQKU35/aHdrzdcxzXHXgZeCRooT0vWX3CPASRCFIjBkUARjsCQ09eFBxcpcT3MiMsICRPnmKNGuQWpOCkYsRP6j+g1IyxJI0k/h40TiktSZoS1s23ihXHR7O8+jGrSdUzpDkqvmFiFMbF/5S2U/83rEqswxKXpVtAsUsPoqYSlS2EmoCu3v3SlyCElTuMBxTPCoclczNQ2ObnpXc+RmfibUWpWv8NSW+BdV0nL9H6ubhm0zxzPdbwbt9F0yrVWcYRjnNLuLtDENVrwyXuMRzzh2Tq3ulZgDT6lVqXMOcS3Y8UfYUqLvg==</latexit>

U⇤
f

<latexit sha1_base64="3ItMQLW028HRLkCfcQOj7O/osDk="></latexit><latexit sha1_base64="Jsm5fyMjePVkgmCoKZQAgYFam7Q="></latexit><latexit sha1_base64="Jsm5fyMjePVkgmCoKZQAgYFam7Q="></latexit><latexit sha1_base64="O8GqJGx+3AkLEtIfuXfpzgdRvjc="></latexit>

Start the increase in elongation from an initial state in steady state 
constituted by a self-similar solution close to the turning point

<latexit sha1_base64="GTqkSNu9huR1qRQqd+gD56Msl4A="></latexit>

�(t) = �(0)[1 + t/te]

<latexit sha1_base64="xjoACovgAay1ILx6c++sJFJ0Lb8="></latexit>

u⇤
uf � uuf (0)

auf (0)
⌧ 1

The initial lead shock is assumed far ahead the flame

downstream running acoustic wavescompression waves <latexit sha1_base64="9QBNB0SLKMa4GPEGBDvwrKN25cY="></latexit>⇡<latexit sha1_base64="zDwpTUEc20KvK53Z8gUFyeCaJxA="></latexit>)

<latexit sha1_base64="QdsWBDx0MgqnF4/+CdrZkyoD/Ts="></latexit>

speed of the piston

<latexit sha1_base64="EbICGgreQ43QVZoZqqRZniGnLQo="></latexit>

semi-permeable piston

<latexit sha1_base64="oxyqzZkqimafPlz7k5PSysZli5M="></latexit>

flow velocity

<latexit sha1_base64="pvSwiJ+sH1paLv1QKzPbFAi5bjA="></latexit>

uuf (t)

<latexit sha1_base64="WD6eA8NWbvFn1YvCj0J9NRd0V9w="></latexit>

Uf (t)

<latexit sha1_base64="BS+pcv+AwPNwQKAuAJ+Zq36ROBk="></latexit>

Tuf (t)

<latexit sha1_base64="VynBaKTTGbowdO79PztzrbiNwBY="></latexit>

Uf = [2(L/R) + 1]Ub
<latexit sha1_base64="ZLeppXuW43s4pWaHqH2nilkKaTQ="></latexit>

UL = (Tu/Tb)Ub
<latexit sha1_base64="aHs9BKovvNmGoKJOoG+Pmo06O+M="></latexit>

uuf = Uf � UL

energetic mixture
<latexit sha1_base64="7cZJOYlV9jF+updbVnAv2crAxvw="></latexit>

Tu/Tb < 1/10, 2(L⇤/R) + 1 ⇡ 5
<latexit sha1_base64="vsbtxhYcfIeCJ/cT96/Qf43R9sc="></latexit>

uuf ⇡ Uf

the piston is quasi-impermeable near the turning point

downstream running plane compression wave

<latexit sha1_base64="T4b65bbrpTvTFKQUd2E88iBQrkI="></latexit>

= �(t)Ub(t)<latexit sha1_base64="NKRKQgiR0AXryqu3ZYOuAd/Pneg="></latexit>

Uf (t) = �(t)Ub(t)
<latexit sha1_base64="DGnm9YXKq/3LZ6eskuUkQiknZtw="></latexit>

�(t) ⌘ 2
L(t)

R
+ 1

<latexit sha1_base64="lr1TsEvJgsZrcli3IIdQHAbNSMU="></latexit>

d�

dt
> 0

flow of unburned gas
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downstream running acoustic wavescompression waves <latexit sha1_base64="9QBNB0SLKMa4GPEGBDvwrKN25cY="></latexit>⇡
<latexit sha1_base64="o156NTBFadNGTPIx7ZA6z8ZjFys="></latexit>

uuf (t)� uuf (0)

auf (0)
⌧ 1

<latexit sha1_base64="GBQJ6qBE6/vfIwmiiJcbkDxvij0="></latexit>

Tuf (t)

Tuf (0)
� 1 ⇡ (� � 1)


uuf (t)� uuf (0)

auf (0)

�
Riemann:

<latexit sha1_base64="c4vMjwLPZ7F8e0k20bx/k0TDzPY="></latexit>

�(t) = �(0)[1 + t/te]
<latexit sha1_base64="S3WvaxAp92p9AW+5OFYX67g+RcY="></latexit>

1/te ⌧ 1/⌧L flame structure in quasi-steady state 
<latexit sha1_base64="Ja+Rf5eXsM6sRCK3TM13UmC9hEU="></latexit>

Ub(t)

Ub(0)
= exp


1

2

E

kBTb(0)

✓
Tuf (t)� Tuf (0)

Tb(0)

◆�
Z FK:

Beyond self similarity 

Clavin, P. (2022) Combust. Flame, 245, 112347 

<latexit sha1_base64="QdsWBDx0MgqnF4/+CdrZkyoD/Ts="></latexit>

speed of the piston

<latexit sha1_base64="EbICGgreQ43QVZoZqqRZniGnLQo="></latexit>

semi-permeable piston

<latexit sha1_base64="oxyqzZkqimafPlz7k5PSysZli5M="></latexit>

flow velocity

<latexit sha1_base64="pvSwiJ+sH1paLv1QKzPbFAi5bjA="></latexit>

uuf (t)

<latexit sha1_base64="WD6eA8NWbvFn1YvCj0J9NRd0V9w="></latexit>

Uf (t)

<latexit sha1_base64="BS+pcv+AwPNwQKAuAJ+Zq36ROBk="></latexit>

Tuf (t)

<latexit sha1_base64="ClNXvWD3/A6mSb1ixGLEzsMzM5s="></latexit>

⇡ uuf (t) = �(t)Ub(t)

downstream running plane compression wave

<latexit sha1_base64="lr1TsEvJgsZrcli3IIdQHAbNSMU="></latexit>

d�

dt
> 0

flow of unburned gas

<latexit sha1_base64="JZ3WMu0qeEI0c/2b6Ep9eZxHXe8="></latexit>

uuf (t) = �(t)Ub(t) ) new turning point of the function  
<latexit sha1_base64="eA13o6NqSF1Z8WulU5Efuexhw4g="></latexit>

uuf (�)
at a critical elongation  

<latexit sha1_base64="acDjXY51Y9aMEfRZY7Msyaj+kHY="></latexit>

� = �⇤ <latexit sha1_base64="73RA3uYf1kK0sy2j9UmNH/wvclg="></latexit>

uuf = u⇤
uf

�
<latexit sha1_base64="dQ7CuKjQm4nQ0aduPZQZUDCKKNE="></latexit><latexit sha1_base64="66N5X5ahVfgZqUb2Oybyp9lgvs8="></latexit><latexit sha1_base64="66N5X5ahVfgZqUb2Oybyp9lgvs8="></latexit><latexit sha1_base64="YIT/h2oFRpO0BCdi6gf9q4+Lc98="></latexit>

�⇤
<latexit sha1_base64="MBUv1EL54SyfYxRFW+HnKYAj254="></latexit><latexit sha1_base64="iq323VOdN+JOzdqLxLqJJzJ3yvg="></latexit><latexit sha1_base64="iq323VOdN+JOzdqLxLqJJzJ3yvg="></latexit><latexit sha1_base64="rm9fFibFEHxYYdZLBOzoVFzkU7o="></latexit>

�(t)
<latexit sha1_base64="OeJHS9u+vBtvgdO5b37TnOP79Mg="></latexit><latexit sha1_base64="g0JC6Iu0YTICJRU6um7vZj31k/4="></latexit><latexit sha1_base64="g0JC6Iu0YTICJRU6um7vZj31k/4="></latexit><latexit sha1_base64="hLbo1je9hbvlznfn0a/93V+11Pk="></latexit>

�(0)
<latexit sha1_base64="GUz2DVoe6lqqY+zKV9hLc8USEc4="></latexit><latexit sha1_base64="t92lADHfw+KboDGJUmuFgNwjfM8="></latexit><latexit sha1_base64="t92lADHfw+KboDGJUmuFgNwjfM8="></latexit><latexit sha1_base64="1cp0m4smKTUghRg1ss/oWcoRNxM="></latexit>

u⇤
uf

<latexit sha1_base64="AxHRMo8LU/cMkP1J69kU1pT+6Eo="></latexit><latexit sha1_base64="qUAYlsw+5CTwq55tnAS1hVqmM3M="></latexit><latexit sha1_base64="qUAYlsw+5CTwq55tnAS1hVqmM3M="></latexit><latexit sha1_base64="3SgmtCz1r/AoInfMeQ44GDP0/TU="></latexit>

uuf
<latexit sha1_base64="uDanjaFWc4qOnnePA9UdPc9Jdz0="></latexit><latexit sha1_base64="Hey6AiaLesCQZg2fPOZExLIGMiM="></latexit><latexit sha1_base64="Hey6AiaLesCQZg2fPOZExLIGMiM="></latexit><latexit sha1_base64="MLINmLxW6wRQRDBwlUYO71fT5V8="></latexit>

uuf (t)
<latexit sha1_base64="LGm01BdU3gaS02YCFuVNK0JC7Ro="></latexit><latexit sha1_base64="49UrbjBo96YFkjgDffr2G94/Yfk="></latexit><latexit sha1_base64="49UrbjBo96YFkjgDffr2G94/Yfk="></latexit><latexit sha1_base64="CrCoWUYpWa4MhE8CNKNvvuq1TCc="></latexit>

uuf (0)
<latexit sha1_base64="KlYy9hTltCu4pgM1wF8ilsa5Pho="></latexit><latexit sha1_base64="ZkNqJugcKjX9ayW6SjZdOWGGBbw="></latexit><latexit sha1_base64="ZkNqJugcKjX9ayW6SjZdOWGGBbw="></latexit><latexit sha1_base64="QVKymH0A9y9zY1HgtwLeKdT8xig="></latexit>

,
<latexit sha1_base64="eaKDFU+TUrLNLsY1R3Z6wRGBVbI="></latexit>

�(t) <latexit sha1_base64="8HLHmZCmh8BdWHuaPr5NyA0ZkJA="></latexit>

t

there is no more dynamical solution after a finite time 
<latexit sha1_base64="SeMeUkZwlbYyum+xfExihkMCcQI="></latexit>

t > t⇤
<latexit sha1_base64="6oW8X3Reudzk8EJSk/BkkOoGcq4="></latexit>

� > �⇤ ,

<latexit sha1_base64="2+rcxLCOkCe1teCh3ww/jWCd/nU="></latexit>

�(t⇤) = �⇤ <latexit sha1_base64="BG0Qwt3TfMWRmkP58JgM/CZtLBY="></latexit>

uuf (t
⇤) = u⇤

uf

What happens when approaching
<latexit sha1_base64="ROdiVfb5IF4ohsjKocWMc3nDdck="></latexit>

�⇤?
Strong unsteady effects:  finite time singularity of the dynamical solution !

(as shown in the rest of the lecture)

Acceleration induced thermal feedback 
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strongly unsteady effects of the compression wave  develop when approaching the critical point

Dynamics close to the critical point when the flame and the burned gas are 
in steady state, retaining only unsteadiness in the unburned gas:

u(x, t)
<latexit sha1_base64="OHkcTaqSTWM/DfOAmcf/jLTZBtY="></latexit><latexit sha1_base64="ni17GoR/pYIRtbZdAi2keUR1aGQ="></latexit><latexit sha1_base64="ni17GoR/pYIRtbZdAi2keUR1aGQ="></latexit><latexit sha1_base64="RHD4tAfTWKqMD9n7Wyj5y1Bo+o8="></latexit>

T (x, t)
<latexit sha1_base64="RXp1mXu423g/rNs0yRjZ/y4zDe8="></latexit><latexit sha1_base64="nYyjyuUiLYhn7CfiyBOhReEdjLs="></latexit><latexit sha1_base64="nYyjyuUiLYhn7CfiyBOhReEdjLs="></latexit><latexit sha1_base64="bRP4w/R8WpJAtbRmTxqjJWR/I1U="></latexit>

a(0)
<latexit sha1_base64="6VgGepdPus4N0X1xON2K/gUtfng="></latexit><latexit sha1_base64="vwe7SFJGZES7CaKHP8uH35n1u6M="></latexit><latexit sha1_base64="vwe7SFJGZES7CaKHP8uH35n1u6M="></latexit><latexit sha1_base64="7Qlch4l3MSnl+fAy1cbFdry1JKw="></latexit>

a(0)t
<latexit sha1_base64="tJIOglpS0xW/tX7qbBHTbof5EA8="></latexit><latexit sha1_base64="jUrCRJMbR1/t+PcuHN3wik258bM="></latexit><latexit sha1_base64="jUrCRJMbR1/t+PcuHN3wik258bM="></latexit><latexit sha1_base64="BdHhIHcheMHPDFFngxnznMcTCsc="></latexit>

x
<latexit sha1_base64="zIR3FWDqTq4QrRnkifjZdCQZJrY="></latexit><latexit sha1_base64="RJpXoiB4ve3VJtpTKvrCl3utkIs="></latexit><latexit sha1_base64="RJpXoiB4ve3VJtpTKvrCl3utkIs="></latexit><latexit sha1_base64="qw5kL2BXrpu6A9A34gL6HfL6Tqw=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LLgxmUL9gG1lEk6rWOTTEgmYin9Arf6WX6Af6B/4Z0xBbWITiBz5txzD/fhxYFIleO8FqyV1bX1jeJmaWt7Z3evvH/QTmWW+Lzly0AmXY+lPBARbymhAt6NE85CL+Adb3Kp4517nqRCRtdqGvN+yMaRGAmfKaKaD4Nyxak65tjLwM1BBflpyPILbjCEhI8MITgiKMIBGFL6enDhICaujxlxCSFh4hxzlCg3IxUnBSN2Qv8xvWaEJWkk6eewcUJxScqEsHa2TTwzLpr93YdRTbqOKd1e7hUSq3BL7F95C+V/83rEKoxwYboVNIvYMHoqfu6SmQnoyu0vXSlyiInTeEjxhLBvMhcztU1OanrXc2Qm/maUmtVvP9dmeNdV0jLdn6tbBu1a1XWqbtOp1M/ytRZxhGOc0u7OUccVGmgZ70c84dmqWV1rYLFPqVXIcw7x7Vh3HzI1iuQ=</latexit>

flame = piston
<latexit sha1_base64="RzZF57e1OIY3f4r2sxdv6z17Gsg="></latexit><latexit sha1_base64="BWcVF6YAAi5YNswRtWE/P0+/ctI="></latexit><latexit sha1_base64="BWcVF6YAAi5YNswRtWE/P0+/ctI="></latexit><latexit sha1_base64="4104xUfNpR2z1I1nFiZtxV8mF14="></latexit>

leading edge
<latexit sha1_base64="KxGxnPrixNIUJqHX7CJ1lPG94Es="></latexit><latexit sha1_base64="3TfkyIMksHZRem4Ga90p1fRYcBA="></latexit><latexit sha1_base64="3TfkyIMksHZRem4Ga90p1fRYcBA="></latexit><latexit sha1_base64="I1AEsAGXij86fgjoLBWr4h+yKP4="></latexit>

uuf (t)
<latexit sha1_base64="uyw+L1kMMVtDppuzr/iKIjLx7Ks="></latexit><latexit sha1_base64="BFheQkl6UYeUp3XI4PIZXJg2dU8="></latexit><latexit sha1_base64="BFheQkl6UYeUp3XI4PIZXJg2dU8="></latexit><latexit sha1_base64="fz07nQ1tAgx8uS96kT6pMNzG2c0="></latexit>

uuf (0)
<latexit sha1_base64="nt+r5oEC+Y84QPsdW9AxgFRlK6M="></latexit><latexit sha1_base64="ShXNT5S5uIQ/NosX+Y5lKYeASUw="></latexit><latexit sha1_base64="ShXNT5S5uIQ/NosX+Y5lKYeASUw="></latexit><latexit sha1_base64="T3d2C+C29ol9Wt+cFndjxt7+aYw="></latexit>

uuf (t)
<latexit sha1_base64="2vMZNm/j4V4CjRyaxBK5LyHlSC0="></latexit><latexit sha1_base64="KoW6mnW5/pTlyOQUgbT9yueikCA="></latexit><latexit sha1_base64="KoW6mnW5/pTlyOQUgbT9yueikCA="></latexit><latexit sha1_base64="LaWouLr8rHBd/x+WUf8lfUhB7B0="></latexit>

Xf (t)
<latexit sha1_base64="YNPPUEzECP3VlcLcuCBK37Fj7mo="></latexit><latexit sha1_base64="h16Nwz05ELZzy5SaeUXekD9AEbg="></latexit><latexit sha1_base64="h16Nwz05ELZzy5SaeUXekD9AEbg="></latexit><latexit sha1_base64="pjxVc+SRbTDHpDPAVsVJRg+NAis="></latexit>

Tuf (t)
<latexit sha1_base64="Rz1bE0EOVLEqb/4r+SUgDgjL/6Y="></latexit><latexit sha1_base64="q5f1cBkCGIebbcxGh2Mfm3Ilg1o="></latexit><latexit sha1_base64="q5f1cBkCGIebbcxGh2Mfm3Ilg1o="></latexit><latexit sha1_base64="UqT3D4MlWQ0zHXK3ozOICnULLGQ="></latexit>

Tuf (0)
<latexit sha1_base64="WrWKtFudUU0Q2P0TJSJe5I9JmR4="></latexit><latexit sha1_base64="Ay8LZsJibqAd50hoMEgsLjGYgQs="></latexit><latexit sha1_base64="Ay8LZsJibqAd50hoMEgsLjGYgQs="></latexit><latexit sha1_base64="WgOZz6tLuLnXhXoYFH1u4N0gdyY="></latexit>

u(x, t)
<latexit sha1_base64="OHkcTaqSTWM/DfOAmcf/jLTZBtY="></latexit><latexit sha1_base64="ni17GoR/pYIRtbZdAi2keUR1aGQ="></latexit><latexit sha1_base64="ni17GoR/pYIRtbZdAi2keUR1aGQ="></latexit><latexit sha1_base64="RHD4tAfTWKqMD9n7Wyj5y1Bo+o8="></latexit>

T (x, t)
<latexit sha1_base64="RXp1mXu423g/rNs0yRjZ/y4zDe8="></latexit><latexit sha1_base64="nYyjyuUiLYhn7CfiyBOhReEdjLs="></latexit><latexit sha1_base64="nYyjyuUiLYhn7CfiyBOhReEdjLs="></latexit><latexit sha1_base64="bRP4w/R8WpJAtbRmTxqjJWR/I1U="></latexit>

a(0)
<latexit sha1_base64="6VgGepdPus4N0X1xON2K/gUtfng="></latexit><latexit sha1_base64="vwe7SFJGZES7CaKHP8uH35n1u6M="></latexit><latexit sha1_base64="vwe7SFJGZES7CaKHP8uH35n1u6M="></latexit><latexit sha1_base64="7Qlch4l3MSnl+fAy1cbFdry1JKw="></latexit>

a(0)t
<latexit sha1_base64="tJIOglpS0xW/tX7qbBHTbof5EA8="></latexit><latexit sha1_base64="jUrCRJMbR1/t+PcuHN3wik258bM="></latexit><latexit sha1_base64="jUrCRJMbR1/t+PcuHN3wik258bM="></latexit><latexit sha1_base64="BdHhIHcheMHPDFFngxnznMcTCsc="></latexit>

x
<latexit sha1_base64="zIR3FWDqTq4QrRnkifjZdCQZJrY="></latexit><latexit sha1_base64="RJpXoiB4ve3VJtpTKvrCl3utkIs="></latexit><latexit sha1_base64="RJpXoiB4ve3VJtpTKvrCl3utkIs="></latexit><latexit sha1_base64="qw5kL2BXrpu6A9A34gL6HfL6Tqw=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LLgxmUL9gG1lEk6rWOTTEgmYin9Arf6WX6Af6B/4Z0xBbWITiBz5txzD/fhxYFIleO8FqyV1bX1jeJmaWt7Z3evvH/QTmWW+Lzly0AmXY+lPBARbymhAt6NE85CL+Adb3Kp4517nqRCRtdqGvN+yMaRGAmfKaKaD4Nyxak65tjLwM1BBflpyPILbjCEhI8MITgiKMIBGFL6enDhICaujxlxCSFh4hxzlCg3IxUnBSN2Qv8xvWaEJWkk6eewcUJxScqEsHa2TTwzLpr93YdRTbqOKd1e7hUSq3BL7F95C+V/83rEKoxwYboVNIvYMHoqfu6SmQnoyu0vXSlyiInTeEjxhLBvMhcztU1OanrXc2Qm/maUmtVvP9dmeNdV0jLdn6tbBu1a1XWqbtOp1M/ytRZxhGOc0u7OUccVGmgZ70c84dmqWV1rYLFPqVXIcw7x7Vh3HzI1iuQ=</latexit>

flame = piston
<latexit sha1_base64="RzZF57e1OIY3f4r2sxdv6z17Gsg="></latexit><latexit sha1_base64="BWcVF6YAAi5YNswRtWE/P0+/ctI="></latexit><latexit sha1_base64="BWcVF6YAAi5YNswRtWE/P0+/ctI="></latexit><latexit sha1_base64="4104xUfNpR2z1I1nFiZtxV8mF14="></latexit>

leading edge
<latexit sha1_base64="KxGxnPrixNIUJqHX7CJ1lPG94Es="></latexit><latexit sha1_base64="3TfkyIMksHZRem4Ga90p1fRYcBA="></latexit><latexit sha1_base64="3TfkyIMksHZRem4Ga90p1fRYcBA="></latexit><latexit sha1_base64="I1AEsAGXij86fgjoLBWr4h+yKP4="></latexit>

<latexit sha1_base64="a74RVLuiuuyl1r7T/TDoZJrWnzE="></latexit>

u(x, t⇤)

<latexit sha1_base64="6XXoF38gDN2eO1153uDGyEArF/Q="></latexit>

t = t⇤

<latexit sha1_base64="Liw+8rFL8JuU7c1BNi8QggZlEZo="></latexit>

T ⇤
uf

<latexit sha1_base64="55nG1vTK16OXGCHm5H2KpM5vId0="></latexit>

u⇤
uf

<latexit sha1_base64="ZGCZIZMWE3qWIUM9uosakMXK1Wg="></latexit>

u⇤
uf/a(0) ⇡ [2�(� � 1)]�1

singularity of the flow gradient on the piston at t = t⇤
<latexit sha1_base64="znczTrb9mtwh+SiWBUQNgwjqAns="></latexit><latexit sha1_base64="znczTrb9mtwh+SiWBUQNgwjqAns="></latexit><latexit sha1_base64="znczTrb9mtwh+SiWBUQNgwjqAns="></latexit><latexit sha1_base64="znczTrb9mtwh+SiWBUQNgwjqAns="></latexit>

<latexit sha1_base64="q1a7o71LLkS7YUSO85ByMhqC+TQ="></latexit>

0 < t < t⇤

Clavin, P. (2022) Combust. Flame, 245, 112347 

<latexit sha1_base64="T9nEX9U7WxWxhsIAWLUf+AKwud4="></latexit>

1

u⇤
uf

@u

@x

���
x=Xf (t)

= � 1

2a(0)t⇤e

1p
(t⇤ � t)/t⇤e

ONSET OF A SHOCK IN THE FLAME STRUCTURE: DDT ? 

t� t⇤ ! 0� :
(U⇤

f � Uf )

U⇤
f

=

s
t⇤ � t

t⇤e
) t⇤e

U⇤
f

dUf

dt
=

r
t⇤e

t⇤ � t
,

<latexit sha1_base64="ZE4i9p0GstQlLigT+xbNEOnzYnY="></latexit><latexit sha1_base64="x6GjXvYxjn1ivPk8SEdsMJw8CTY="></latexit><latexit sha1_base64="x6GjXvYxjn1ivPk8SEdsMJw8CTY="></latexit><latexit sha1_base64="FyvM2npM++SjwawRuCQtFaV1G0M="></latexit>

<latexit sha1_base64="GTqkSNu9huR1qRQqd+gD56Msl4A="></latexit>

�(t) = �(0)[1 + t/te]
<latexit sha1_base64="5edcO5SVOL4hQ0uttiX6RhcoEos="></latexit>

t⇤e / te
reference timecritical time

critical velocity
elongation growth rate

lim
(t�t⇤)!0�

dUf

dt
= 1 8 t⇤e

<latexit sha1_base64="KeNUGJCQuCBHMJhhEewLhq8ITEU="></latexit><latexit sha1_base64="IqDtqdHBaog3MbjWNPSndW4tcms="></latexit><latexit sha1_base64="IqDtqdHBaog3MbjWNPSndW4tcms="></latexit><latexit sha1_base64="mJyHRqw/J3/mLSZXEqYSlXoWIu0="></latexit>

finite-time singularity of the flame acceleration

no solution
<latexit sha1_base64="HT0HhAWFJAUoctjo2MOsQ+qt22g="></latexit><latexit sha1_base64="HT0HhAWFJAUoctjo2MOsQ+qt22g="></latexit><latexit sha1_base64="HT0HhAWFJAUoctjo2MOsQ+qt22g="></latexit><latexit sha1_base64="iy5wOOcSCl2A25ONjYG82Wq7nQk="></latexit>

ph
ys
ic
al
br
an
ch

<latexit sha1_base64="vbzKcm1ISuz25ZY95Aj2SDQosM8="></latexit><latexit sha1_base64="IlFqOI2dvolz5IEIqFUd+Fl8VR8="></latexit><latexit sha1_base64="IlFqOI2dvolz5IEIqFUd+Fl8VR8="></latexit><latexit sha1_base64="OrIbrMwUOPFnlgVch2Uic/yO9AI="></latexit>

non-physical branch

<latexit sha1_base64="kBVMgvKlaHT7P1S03Rpr4DBr7us="></latexit><latexit sha1_base64="+8bUs3lUQLPSCZ8iRa0zDRiaFbY="></latexit><latexit sha1_base64="+8bUs3lUQLPSCZ8iRa0zDRiaFbY="></latexit><latexit sha1_base64="69SNrIamBzIFnZGr+VYGuWzoj9U="></latexit>

turning-point
<latexit sha1_base64="FAj1JnH+7wmQHu9Q4I2TeS/dQ4M="></latexit><latexit sha1_base64="MvNLl5W9XbEpaxHjqLs4bIC0Lqc="></latexit><latexit sha1_base64="MvNLl5W9XbEpaxHjqLs4bIC0Lqc="></latexit><latexit sha1_base64="bISGKHCpQVGgE/C+8D2gYtboCyI="></latexit>

UL(Tu)
<latexit sha1_base64="mreSctAo7URR2xksxJ2uTpFkBSg="></latexit><latexit sha1_base64="Xwq+SpWC0zbnzmRTdqbGpUegkDc="></latexit><latexit sha1_base64="Xwq+SpWC0zbnzmRTdqbGpUegkDc="></latexit><latexit sha1_base64="KdbT4DAC0zuK/P+xGTGMJrJM+Ik="></latexit>

U⇤
L(Tu)

<latexit sha1_base64="vuR63ywkvK+2NCzGyqIG1Mdcj0Y="></latexit><latexit sha1_base64="e1dTJUSZ3Ib/CTMf7DHdpJSValY="></latexit><latexit sha1_base64="e1dTJUSZ3Ib/CTMf7DHdpJSValY="></latexit><latexit sha1_base64="foy8QmAfq1PLz1gxCSfIdHxHo5M="></latexit>

�
<latexit sha1_base64="MZoQncSkwGOrnOSsIFqoSV8gIWI="></latexit><latexit sha1_base64="MZoQncSkwGOrnOSsIFqoSV8gIWI="></latexit><latexit sha1_base64="MZoQncSkwGOrnOSsIFqoSV8gIWI="></latexit><latexit sha1_base64="uY51HDOHscrIPDJiZNSMz8nW6Jw="></latexit>

�⇤
<latexit sha1_base64="yiipn7dKeeMPKfqBmx+cgY3SuwQ="></latexit><latexit sha1_base64="yiipn7dKeeMPKfqBmx+cgY3SuwQ="></latexit><latexit sha1_base64="yiipn7dKeeMPKfqBmx+cgY3SuwQ="></latexit><latexit sha1_base64="8NjIcK261cl7966KlLv4inzKv9E="></latexit>critical point

<latexit sha1_base64="+s1+q5g65oUZilBT+bAvtDIIrQI="></latexit><latexit sha1_base64="6qZEIpW1KTKrLvj+TuoFjw7g5a8="></latexit><latexit sha1_base64="6qZEIpW1KTKrLvj+TuoFjw7g5a8="></latexit><latexit sha1_base64="7+1sK/B/UoG5dMrWr1wQ9+A3dso="></latexit>

Uf
<latexit sha1_base64="nZZqrH4sOlQz9cBiFfW4nIiymjI="></latexit><latexit sha1_base64="7MVl7/9g4mXamgpKDJqV3zCB5PU="></latexit><latexit sha1_base64="7MVl7/9g4mXamgpKDJqV3zCB5PU="></latexit><latexit sha1_base64="30WnoXLU15Avlc1YXpIVLuuoahc=">AAACs3icjVHLSsNAFD2Nr1pfVZdugkVwFRJBdFlw47KCaYVayiSdtkOTTEgmQin9Bbf6U36Af6B/4Z0xBbWITiBz5txzD/cRpJHIleu+VqyV1bX1jepmbWt7Z3evvn/QzmWRhdwPZSSzu4DlPBIJ95VQEb9LM87iIOKdYHKl450HnuVCJrdqmvJezEaJGIqQKU35/aHdrzdcxzXHXgZeCRooT0vWX3CPASRCFIjBkUARjsCQ09eFBxcpcT3MiMsICRPnmKNGuQWpOCkYsRP6j+g1IyxJI0k/h40TiktSZoS1s23ihXHR7O8+jGrSdUzpDkqvmFiFMbF/5S2U/83rEqswxKXpVtAsUsPoqYSlS2EmoCu3v3SlyCElTuMBxTPCoclczNQ2ObnpXc+RmfibUWpWv8NSW+BdV0nL9H6ubhm0zxzPdbwbt9F0yrVWcYRjnNLuLtDENVrwyXuMRzzh2Tq3ulZgDT6lVqXMOcS3Y8UfYUqLvg==</latexit>

U⇤
f

<latexit sha1_base64="3ItMQLW028HRLkCfcQOj7O/osDk="></latexit><latexit sha1_base64="Jsm5fyMjePVkgmCoKZQAgYFam7Q="></latexit><latexit sha1_base64="Jsm5fyMjePVkgmCoKZQAgYFam7Q="></latexit><latexit sha1_base64="O8GqJGx+3AkLEtIfuXfpzgdRvjc="></latexit>

<latexit sha1_base64="MB9Zb8LFhkJfDZDhWZtxHTKw+1U="></latexit>

� � �⇤

�⇤ / �
(Uf � U⇤

f )
2

U⇤2
f

generic expression for 
<latexit sha1_base64="2mhAbsqasmUpOKkbGIUXnzIMx98="></latexit>

Uf ⇡ uuf
<latexit sha1_base64="T5gNQjWZzkHKn1ySzG2QzDjIDys="></latexit>

Uf (�) :

Clavin, P , Tofaili.H.  (2022) Combust. Flame, 232,  111522 

@u

@t
+

✓
� + 1

2
u+ a(0)

◆
@u

@x
= 0

<latexit sha1_base64="x2O42tmG62PwtK24/Cnqv9wSdCs="></latexit><latexit sha1_base64="EnqvENuXpOE7OMlHuRnjxOFmFjs="></latexit><latexit sha1_base64="EnqvENuXpOE7OMlHuRnjxOFmFjs="></latexit><latexit sha1_base64="y2/0EsnCpuobUnnnZzcPvcOzDH4="></latexit>

<latexit sha1_base64="9xBFKQ03V8IBWM3RneVVzmBgYb8="></latexit>

Uf (t)� Uf (0) ⌧ a(0)

<latexit sha1_base64="1wxhlyDVUodk8AJ7fdCxiUvXS+E="></latexit>

x = Xf (t) : u = Uf (t) = uuf (t)
<latexit sha1_base64="tsKO5Hdgit4msjfhV+nGIuVK0fM="></latexit>

dXf/dt = Uf (t)

What about the flow field ?
Riemann: Burgers equation

Clavin, P , Champion,.M.  (2023) Combust. Sci. Technol, 195, (15)   pp. 3663-3694

<latexit sha1_base64="lFgP053qknSjA7zfjL7W9qRoqkU="></latexit>

1� u(x, t)

u⇤
uf

/

s
(t⇤ � t)

t⇤e
+

1

P

(x�Xf (t))

a(0)t⇤e<latexit sha1_base64="LpowGcy5XoPTY3pjU4I8ncXCtFg="></latexit>

P ⌘ 1 + U⇤
f /a(0)
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Riemann invariant. Simple wave
<latexit sha1_base64="47rwEm6nx33Z1/9DU9VU8Z1fJJQ="></latexit>
@

@t
+ (u+ a)

@

@x

� 
u+

2a

� � 1

�
= 0

Details of the calculation:  Piston-driven flow field in a gas initially at uniform velocity
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neither the flame structure nor the burned gas flow are in quasi-steady state <latexit sha1_base64="HKo3VhGdh5/Skr1LGktwbr/+l0U="></latexit>)
Limitation of the analysis near the critical point : strong acceleration 

P. Clavin, J. Fluid Mech. (2023) vol. 974, A46
P. Clavin, C.R. Acad. Sci. Mécanique Paris (2023) vol. 351, p. 401-427

 Fully unsteady analysis  of the dynamics when approaching the critical point
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Formulation. Equations outside the reaction zone
(details of the calculation)
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reaction sheet

<latexit sha1_base64="X9YwEwkb5bcGgpLE0u1PKlaer8g="></latexit>

Tu(t) <latexit sha1_base64="J0EByXWXkCeiOFrB9ecDtgmu7nQ="></latexit>

Tu(0)

<latexit sha1_base64="A0/QzXaZ4DIFhyAfPF28ZnH5c2Q="></latexit>x
<latexit sha1_base64="ybzFiPbyJpBaCtnqQtjFdzIVI2E=">AAACrHicjVHLSsNAFD2Nr1pf1a2bYBFclaTiY6UFNy4r2AfUUibptB1MOiGZCKX0C9zqF7n2A/wD/QvvTFNQi+gNZM6ce+7h3jteFIhEOc5bzlpaXlldy68XNja3tneKhd1GItPY53VfBjJueSzhgRjxuhIq4K0o5iz0At707q90vvnA40TI0a0aR7wTssFI9IXPFFE3TrdYcsqOCXsRuBkoXb4cm6jJ4ivu0IOEjxQhOEZQhAMwJPS14cJBRFwHE+JiQsLkOaYoUG1KKk4KRuw9/Qd0mxCWpJGkn8LGIeUlKWPC2tk2+dS4aPZ3H0Y96T7GdHqZV0iswpDYv+rmyv/WtYlV6OPcTCtoF5Fh9Fb8zCU1G9Cd21+mUuQQEadxj/IxYd9Uzndqm5rEzK73yEz+3Sg1q+9+pk3xobukx3R/Pt0iaFTK7mn5pFS9wCzy2McBjujlzlDFNWqoG+dHPOHZqlgtqzsTWrmsYg/fwhp+Athmi/U=</latexit>

0

<latexit sha1_base64="Lp7JtIMaKA9nRGotrAs13KlZT+E="></latexit>

Tb(t)

<latexit sha1_base64="YYoyvgD31QOgjTWmLGShxYdcGFk="></latexit>

Tb(0)

<latexit sha1_base64="R0YJaVCozAO7nCo9ducdIrxxY5w="></latexit>

compression wave

<latexit sha1_base64="7Vpjv9B2B2vj+kypI40pjKf6VBY="></latexit>

isentropic

<latexit sha1_base64="CNNcOneJE2GIuXh8PVAJwnEu8rM="></latexit>

flame thickness

<latexit sha1_base64="iLoasTIm2vVJTy4KdvR2htKqRJU="></latexit>

outer flow
<latexit sha1_base64="1VpYk4zUSFnGo/wHamhwhLlwZI4="></latexit>

inner flow

<latexit sha1_base64="pgJJJGGGQCYPjpzkdIBxW93KdW0="></latexit>

back flow

<latexit sha1_base64="RrswTJcYaxDCfNldVCJ9oVEo9do="></latexit>

uu(t)

<latexit sha1_base64="siu1NCqiY45krqfjEnN8gDD928k="></latexit>

ub(t)

<latexit sha1_base64="7ZzeUdf828Nj3Jax4M01HXzQSQU="></latexit>

uu(0)

instantaneous back flow:
<latexit sha1_base64="pS72ZpyP+bbAcezDUr/biRZx19c="></latexit>

vb(⌧) = �(0)(1 + ✏⌧)e�[✓f (⌧)�1]/2

!<latexit sha1_base64="yqAJC1AsLhVLCLLVUdjbjj/sqkY="></latexit>

✓ 6= (T � Tb)/(Tb � Tu)

<latexit sha1_base64="AFC9L4E3rOr7/u4zxz/hgPt04xE="></latexit>

�@✓

@z

���
z=0+

= qe�(1�✓bf )/2 +O(1/�), q ⌘ Tb(0)� Tu(0)

Tb(0)

<latexit sha1_base64="TkBlaTBkwtCGUt7pePbhJlbhWAo="></latexit>
@✓

@z
+

1

Le

@ 

@z

�0+

0�
= O(1/�2), Le = 1

<latexit sha1_base64="uTgt1lpp5oBAzbG5F6cxHKXgJy4="></latexit>

⇢
Du

Dt
= �@p

@x
+

@

@x


µ
@u

@x

� <latexit sha1_base64="ZI2lXUaRQbWZdia3vK8o6+jkBmA="></latexit>
@v

@⌧
�m(⌧)

@v

@z
� @2v

@z2

�
= � 1

�

1

"

@⇡1

@z
<latexit sha1_base64="PvAwwdO6gpHGcznHzYWmOavz14U="></latexit>

Pr = 1momentum:
<latexit sha1_base64="+hTARCpHO56h53qhQIpso/M/u9U="></latexit>

⇡ ⌘ p

pf (0)
= 1 + "⇡1("⇠, ⌧)

<latexit sha1_base64="BrE74dt3JGArLJi2bXBAlrdqK4A="></latexit>

" ⌧ ✏ ⌧ 1, (� � 1)�"�(0) = O(1), ⇡ = 1 + "⇡1("z, ⌧)

multiple scale 

<latexit sha1_base64="kQJC0sZIkdGjDllAlZ5aaYvN61s="></latexit>

� ⌘ E/kBTb(0) ! 1ZFK linit 
pressure uniform inside the flame structure
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Mass weighted coordinate

mass + energy
<latexit sha1_base64="CVlfncaan1IWJO3yPYXZEi20B+w="></latexit>

@v

@z
=

@
2
✓

@z2
+O(")

integration across the preheated zone:

<latexit sha1_base64="G4jm1vyeXYWsacHQ6OeV5NnCjVI="></latexit>

z = O(1) : lim
z!1

@✓

@z
= O(1/�),

Z 1

0+

@v

@z
dz = vu� vb = �@✓

@z

���
z=0+

+O(")

<latexit sha1_base64="GlM7qBDTxPCwpv1JfNY4Xc3BuPY="></latexit>

� ! 1, (1� ✓bf ) = O(1/�), ✓bf ⌘ ✓|z=0;

Elimination of the unsteady term
to leading order



<latexit sha1_base64="bsMpA2lrBKimdwNzvyRz9pyMQkA="></latexit>

⇡ = 1 + "⇡1("z, ⌧)
<latexit sha1_base64="0cSRx6VdtqhiyIStVgS+2I/AFC0="></latexit>

z = O(1) and " ! 0the pressure is quasi uniform inside the  flame
<latexit sha1_base64="mRNsgnRsnNSYJvAjCxmr6HUCA3k="></latexit>

1 + "⇡1f (⌧) = reduced pressure on the flame front
<latexit sha1_base64="TCGjdnc4u/4viq3koRXuekTSQ1c="></latexit>

⇡1f (⌧) ⌘ ⇡1|"z=0

Solution of the unsteady inner structure of the flame
<latexit sha1_base64="ip6ngJrqNpKAAmPgfH2uZXMDKlE="></latexit>

) ✓bf (⌧) as a functional of ⇡1f (⌧) ) equation for ⇡1f (⌧)

flow velocity jump across the preheated zone:
<latexit sha1_base64="X9yEnLJs0je+GnC5wVmb35wxZYQ="></latexit>

vuf � vbf = qe�(1�✓bf )/2
<latexit sha1_base64="kkAaY+Ieo/IZw2y6EVWTG9lR2kY="></latexit>

�@✓

@z

���
z=0+

= qe�(1�✓bf )/2

back flowjust ahead of the flame flame temperature on the reaction sheet

multiple scale problem

<latexit sha1_base64="CaFTc+YYgSWz4RZI7CQzlQoSBTk="></latexit>

O(1)
<latexit sha1_base64="BL01qUzTv8CcT1X3KEBQLMVnEvY="></latexit>

O(1/")

burnt gas
<latexit sha1_base64="rzdFH+4BB3GG/PzcukiOZTNDDXY="></latexit><latexit sha1_base64="ao2v0qrdf9ElRy+Vu4NlnvDoANU="></latexit><latexit sha1_base64="ao2v0qrdf9ElRy+Vu4NlnvDoANU="></latexit><latexit sha1_base64="QZAbraj++g1YpbLGYB/RbETeWK4="></latexit>

Flame structure<latexit sha1_base64="hXdoSxy8OH47LlUQra5E6KxrNdM="></latexit><latexit sha1_base64="hXdoSxy8OH47LlUQra5E6KxrNdM="></latexit><latexit sha1_base64="hXdoSxy8OH47LlUQra5E6KxrNdM="></latexit><latexit sha1_base64="jIX3oynYfr2k7A1DfsEcw8NOu6w="></latexit>

flame structure
<latexit sha1_base64="Q9mwSsKVQ3CBBJONfsreaaFXTA8="></latexit><latexit sha1_base64="K0cC2KN2NqvbHpkTJVKDBrnE64c="></latexit><latexit sha1_base64="K0cC2KN2NqvbHpkTJVKDBrnE64c="></latexit><latexit sha1_base64="Shq+TT62bYmFAXOQ1fnn6urDYfc="></latexit>

fresh mixture
<latexit sha1_base64="f9M5bQKjkyvTjyJBUq+eE6ehtPo="></latexit><latexit sha1_base64="Sa+6Jy4KUkDpfznCfkeekjDbBOc="></latexit><latexit sha1_base64="Sa+6Jy4KUkDpfznCfkeekjDbBOc="></latexit><latexit sha1_base64="xvokKo6mjL2x0UWauMkJAg+QJuo="></latexit>

<latexit sha1_base64="Q1lXbwq1x7X/oOHbAmuMfQ+G/Rc="></latexit>

reaction sheet

<latexit sha1_base64="ybzFiPbyJpBaCtnqQtjFdzIVI2E=">AAACrHicjVHLSsNAFD2Nr1pf1a2bYBFclaTiY6UFNy4r2AfUUibptB1MOiGZCKX0C9zqF7n2A/wD/QvvTFNQi+gNZM6ce+7h3jteFIhEOc5bzlpaXlldy68XNja3tneKhd1GItPY53VfBjJueSzhgRjxuhIq4K0o5iz0At707q90vvnA40TI0a0aR7wTssFI9IXPFFE3TrdYcsqOCXsRuBkoXb4cm6jJ4ivu0IOEjxQhOEZQhAMwJPS14cJBRFwHE+JiQsLkOaYoUG1KKk4KRuw9/Qd0mxCWpJGkn8LGIeUlKWPC2tk2+dS4aPZ3H0Y96T7GdHqZV0iswpDYv+rmyv/WtYlV6OPcTCtoF5Fh9Fb8zCU1G9Cd21+mUuQQEadxj/IxYd9Uzndqm5rEzK73yEz+3Sg1q+9+pk3xobukx3R/Pt0iaFTK7mn5pFS9wCzy2McBjujlzlDFNWqoG+dHPOHZqlgtqzsTWrmsYg/fwhp+Athmi/U=</latexit>

0

<latexit sha1_base64="R0YJaVCozAO7nCo9ducdIrxxY5w="></latexit>

compression wave

<latexit sha1_base64="7Vpjv9B2B2vj+kypI40pjKf6VBY="></latexit>

isentropic

<latexit sha1_base64="CNNcOneJE2GIuXh8PVAJwnEu8rM="></latexit>

flame thickness

<latexit sha1_base64="iLoasTIm2vVJTy4KdvR2htKqRJU="></latexit>

outer flow
<latexit sha1_base64="1VpYk4zUSFnGo/wHamhwhLlwZI4="></latexit>

inner flow

<latexit sha1_base64="pgJJJGGGQCYPjpzkdIBxW93KdW0="></latexit>

back flow

<latexit sha1_base64="aBcZWXKeK3ayybZjouDS3Aius0A="></latexit>

vbf (⌧)

<latexit sha1_base64="/os7lQPdzB+fjnHOeYOHhIwnELY="></latexit>

vuf (⌧)

<latexit sha1_base64="EwLof1gpBFbn/4QQ0sw65PXNmVA="></latexit>

vuf (0)

<latexit sha1_base64="Xsjj5XCIkGpkwZBRSKuushVezZg="></latexit>

✓b(⌧)

<latexit sha1_base64="2es7JW6QY9wYyc3ENPQzKA4PMTY="></latexit>

✓uf (⌧) <latexit sha1_base64="8GXcNpahNWmQ/2U+90PcvUFtbyc="></latexit>

✓uf (0)

<latexit sha1_base64="sEZhkLdRdWVH2cw+jSLXQt5Nm0g="></latexit>

✓b(0)

<latexit sha1_base64="WIxrndHnrGkzQvCvWrofZi1mqjo="></latexit>z

Near the turning point:
<latexit sha1_base64="a1vPW1ny+CdJdssq45UeaunSBZg="></latexit>

(⇣ � ⇣⇤)

⇣⇤
= � (#⇤ � #)2

2

Instantaneous back flow+Inner structure of the flame and burned gas flow in quasi-steady state
<latexit sha1_base64="jwr7pEVDD/wOIGpIBNoOb3Z9KBI="></latexit>

✓bf (⌧) = ✓uf + q, ✓bf � 1 = "(1� q)
� � 1

�
⇡1f +O("2),

<latexit sha1_base64="RttCTniK8e8k6tMWG8wBu2ZiSrw="></latexit>

m = e�[✓bf�1]/2

<latexit sha1_base64="UJ/vP50aDyLNGVg4GXADUcj0OJc="></latexit>

⇣⇤ =
exp [⇣ib�/

p
1� q � 1]

b�/
p
1� q

> ⇣i

<latexit sha1_base64="XM6Gy0Ufwu3HcreMM19YPwNKSZA="></latexit>

#⇤ = 1� b�p
1� q

⇣i

⇣⇤
<latexit sha1_base64="uJp3EskivroHNGkWZ+9Fmfwmqb4="></latexit><latexit sha1_base64="Gc7RKB4uQFEwK5rgCXdiY3LyRO0="></latexit><latexit sha1_base64="Gc7RKB4uQFEwK5rgCXdiY3LyRO0="></latexit><latexit sha1_base64="lTvNlHfGtfrpxyc8ZkGHK4F1i1Y="></latexit>

⇣i
<latexit sha1_base64="F3xAVR9XVGEksIjbbKkWnPIhYhA="></latexit><latexit sha1_base64="EBWcK9czDpSG9osTKHAb/j91cgw="></latexit><latexit sha1_base64="EBWcK9czDpSG9osTKHAb/j91cgw="></latexit><latexit sha1_base64="XIr85xbhYIfLNhFflLGqNJ2OHIA="></latexit>

#⇤
<latexit sha1_base64="I60L9ySHp/rKRdaZD8ZWJJnPtdg="></latexit><latexit sha1_base64="I60L9ySHp/rKRdaZD8ZWJJnPtdg="></latexit><latexit sha1_base64="I60L9ySHp/rKRdaZD8ZWJJnPtdg="></latexit><latexit sha1_base64="khl0wwh11YnNyyntRjnSdZVFQY0="></latexit>

#i
<latexit sha1_base64="sIuL+SmAOptN4uHVIg2yO3MzwJo="></latexit><latexit sha1_base64="PV8u0Rhkol5xCeTdDcgqkiALFSs="></latexit><latexit sha1_base64="PV8u0Rhkol5xCeTdDcgqkiALFSs="></latexit><latexit sha1_base64="gjCRNb2cFMJi/L10PksZPp0VLL0="></latexit>

#�(⇣)
<latexit sha1_base64="0AxQ+JVRkdDjqU62XGeIfvfBZpo="></latexit><latexit sha1_base64="0AxQ+JVRkdDjqU62XGeIfvfBZpo="></latexit><latexit sha1_base64="0AxQ+JVRkdDjqU62XGeIfvfBZpo="></latexit><latexit sha1_base64="ePkv6DaiCJuZdWvJHyVFATgl8sU="></latexit>

#+(⇣)
<latexit sha1_base64="rkuGtM9R34cxaNL83qFwf3zdwIw="></latexit><latexit sha1_base64="rkuGtM9R34cxaNL83qFwf3zdwIw="></latexit><latexit sha1_base64="rkuGtM9R34cxaNL83qFwf3zdwIw="></latexit><latexit sha1_base64="4zNcnbRMRI4/FcvK2bAyPgisRBw="></latexit>

<latexit sha1_base64="5+Zgicr/1E6oaX9xtD6wWn5Vcyk="></latexit>

#

<latexit sha1_base64="7ZnGPzzimD8HyqGL8iET/hIcyI8="></latexit>

⇣

. .OO

<latexit sha1_base64="/kq+19MiwklVDme1efd/uK4fOcE="></latexit>

#(⇣) ?

two roots :
<latexit sha1_base64="P6oTmMtW2GkXdarmBfUguAQZQ+Y="></latexit>

# = #�(⇣) < #⇤
<latexit sha1_base64="G+4WQeXNhRZI2i1m8WSDYTI/9lo="></latexit>

# = #+(⇣) > #⇤ nonphysical

reduced elongation reduced pressure

<latexit sha1_base64="cV4PjImLJxnqu2Oun7uXCQr24CI="></latexit>

⌧ = 0 : ⇣ = ⇣i ⌘ �(0) + q
initial condition

<latexit sha1_base64="J9i9/irAuNipVzUnIDqGODU+eTg="></latexit>

# ⌘ b⇡1f (⌧)

<latexit sha1_base64="Z3ORXaG0J7MmskeBy1ni6+KsMtk="></latexit>
⇣i +

p
1� q

�b
#

�
e�# = ⇣

<latexit sha1_base64="Ryg0urAj6n5zLFHam8mqtsaqEbc="></latexit>

⇣ ⌘ �(0)(1 + ✏⌧) + q

energetic mixtures

<latexit sha1_base64="4pXP7ybEY08E330ysJxtGWnG42c="></latexit>

" ⇡ 2.3⇥ 10�2,

<latexit sha1_base64="GaT2DzIrWYvO9Af844G3dwQJO2g="></latexit>

⇣ < ⇣⇤

<latexit sha1_base64="JuxiOvajeJ6iYqVD3mmFIx3Img0="></latexit>

, # = #i = 0

<latexit sha1_base64="2l1GFP6IDb9J89fTPRvg0c3QpZI="></latexit>

� ⇡ 8,
<latexit sha1_base64="BEue6NRKml+nh2IuoV2ngQWW3/s="></latexit>

q ⇡ 0.9 )
<latexit sha1_base64="GZaa8xBjzrsSZJixhMZPD2u1p1c="></latexit>

b�p
1� q

⇡ 10�2

<latexit sha1_base64="shb1KFJzoBSIqZ5c6H+3LHcS8qU="></latexit>

#⇤ ⇡ 1

Similar transcendental algebraic equation for       as when the flame considered as a discontinuity

<latexit sha1_base64="nLOR9C6Go0mugq0aX4nlH3rVXOQ="></latexit>

b ⌘ (�"/2)(1� q)(� � 1)/� = O(1)

<latexit sha1_base64="bHmcOde+ItvSBxRHjVYB+C65ZcQ="></latexit>

�(0) + q + (
p
1� q/�)⇡1f = [�(0)(1 + ✏⌧) + q] exp(b⇡1f )

<latexit sha1_base64="ZnV6k0lUauAXxZ5LhczrEfok6Eg="></latexit>⇡1f
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Instantaneous back flow:
<latexit sha1_base64="YxWtrpGRU+1NBfDjJ8jr3y1AIpU="></latexit>

vbf (⌧) = �(⌧)m(⌧) = �(0)[1 + ✏⌧ ]e�[✓bf (⌧)�1]/2

<latexit sha1_base64="/5xak0NPcV2poeIVu69byOeMFXw="></latexit>

�(0) + q +

p
1� q

�
⇡1f (⌧)� �(0)[1 + ✏⌧ ]e�[✓bf (⌧)�1]/2 = qe�[✓bf (⌧)�1]/2

<latexit sha1_base64="nCmt2PctBUajCfrgQ+zjGnW78cA="></latexit>

⇡1f (⌧)
<latexit sha1_base64="sxBuI7HgrXtgHln8+ZdkQ1sabWk="></latexit>

✓bf (⌧)
<latexit sha1_base64="8ZE/U+KqXkR/cWVgfAwjSiBBezQ="></latexit>⌧in terms of and

<latexit sha1_base64="tXqNzXW529qV5RXBQzga5guKRRo="></latexit>

vuf (⌧) = vuf (0) +

p
1� q

�
⇡1f (⌧), vuf (0) = �(0) + q

<latexit sha1_base64="km2UdwENVdpGFWt8EeIb98TF7AI="></latexit>

✓uf (⌧) = (1� q)


1 + "

� � 1

�
⇡1f (⌧)

�

matching the inner flame structure with the compression wave ahead of the flame + Riemann:

 Unsteady compression wave 
 ahead of the flame :

Riemann solution



Delayed back flow model
unsteady effects of the burned gas flow

<latexit sha1_base64="+Qxb2kOXlW2EorZ4cE3fn4kN2bQ="></latexit>

ub(x, t)
on the tube axis

burned gas flow quasi-orthogonal to the wall

equivalent volume source  on the tube axis

<latexit sha1_base64="Nkd1fLysStHhm532ocGM1REyqEI="></latexit>

@u

@x
⇡ 2

R
Ubw(x, t)

<latexit sha1_base64="tD0ZdQHIclAlsEMK7DXJRbj3rH0="></latexit>

ubf (t) ⌘ ub(x = Xf (t), t) =
2

R

Z Xf

Xf�L
Ubw

�
x, t��t(Xf � x)

�
dx

delay of transmission
<latexit sha1_base64="FReWW857j25VlSJxWch3ZxXS43Q="></latexit>

x ! Xf

burned gas
<latexit sha1_base64="Xr7VYxCpAb3/BNc4j5TYbuZlq18="></latexit><latexit sha1_base64="RS1n5cn39yslruQx9FP3eKWm3tU="></latexit><latexit sha1_base64="RS1n5cn39yslruQx9FP3eKWm3tU="></latexit><latexit sha1_base64="e7hrVHZZW8MNUaDySsuV5zW9YLE="></latexit>

tongues of unburned gas
<latexit sha1_base64="geP2/5UKypLIQymI7x0HCyE+Drw="></latexit><latexit sha1_base64="/m9Q9zSYEuZAfijx0jjynmH3iLA="></latexit><latexit sha1_base64="/m9Q9zSYEuZAfijx0jjynmH3iLA="></latexit><latexit sha1_base64="NajKyhwWFbVk243BUHj01fuDhgY="></latexit>

unburned gas
<latexit sha1_base64="3BTxGXmwsMmp7H3/0IfrrXhdBuY="></latexit><latexit sha1_base64="u0jJmKuTPB8uDpX+g4OWpy9CmhM="></latexit><latexit sha1_base64="u0jJmKuTPB8uDpX+g4OWpy9CmhM="></latexit><latexit sha1_base64="qf9kLNZR/lzxPW5IO2tju3P2vPc="></latexit>

back-flow
<latexit sha1_base64="oM3RKZXvRlUCUdGcha1jvLHbhbs="></latexit><latexit sha1_base64="mMEyDUtG0/zrTwmpC/mF7SDpnvE="></latexit><latexit sha1_base64="mMEyDUtG0/zrTwmpC/mF7SDpnvE="></latexit><latexit sha1_base64="QYqUzGfN1/Kivk5nzZ/SznT2VQo="></latexit>

UL<latexit sha1_base64="tNbxzPgEmxDKR4E61K3icFf4yX4="></latexit><latexit sha1_base64="lovE9HpXRdQuT+CO6Ep4Ew2Rzz4="></latexit><latexit sha1_base64="lovE9HpXRdQuT+CO6Ep4Ew2Rzz4="></latexit><latexit sha1_base64="Lgy3f3rUzmziuagC6+9XxQK9cUg="></latexit>

u = 0
<latexit sha1_base64="9Slp9Die7Mj+Ap+DbZLzzd9uj2U=">AAACs3icjVHLSsNAFD2Nr1pfVZdugkVwVSaC1I1YcOOygm2FWiRJp+3QpBOSi VBKf8Gt7v0OP8EPcOdS/8I70xTUInoDmTPnnnu4c68XBSJRjL3mrIXFpeWV/GphbX1jc6u4vdNIZBr7vO7LQMbXnpvwQAx5XQkV8Oso5m7oBbzpDc51vnnH40TI4ZUaRbwdur2h6ArfVZpKT1nhtlhiZWbCngdOBkpnz9HTG4CaLL7gBh1I+EgRgmMIRTiAi4S+FhwwRMS1MSYuJiRMnmOCAtWmpOKkcIkd0L9HtzFhSRpJ+glsHFBekjImrJ1tk0+Ni2Z/93GpJ93HiE4v8wqJVegT+1fdTPnfuhaxCl2cmNcKmkVkGD0VP3NJzQR05/aXVylyiIjTuEP5mLBvKmcztU1NYt6u5+ia/LtRalbf/Uyb4kN3Sct0fq5uHjSOyg4rO5esVK1gGnnsYR+HtLsKqrhADXXy7uMeD3i0jq2W5VmdqdTKZTW7+BZW+Anxno5o</latexit><latexit sha1_base64="Dquv7Po/gt6EUQC0/1YW5WIjAw4=">AAACs3icjVHLSsNAFD2NrxpfVZdugkVwVRJB6qZYcOOygn1AFZmk0zY06cRkI pTSX3Cre7/DT3At/oH+hXemKahF9AYyZ84993DnXjcK/ETa9lvOWFhcWl7Jr5pr6xubW4XtnUYi0tjjdU8EIm65LOGBP+R16cuAt6KYs9ANeNMdnKl8847HiS+Gl3IU8euQ9YZ+1/eYVFRasc2bQtEu2TqseeBkoHj6HD29mpXbmii84AodCHhIEYJjCEk4AENCXxsObETEXWNMXEzI13mOCUyqTUnFScGIHdC/R7cxYUEaQfoJLBxQXpAyJqycLZ1PtYtif/dh1JPqY0Snm3mFxEr0if2rbqb8b12bWIkuTvRrfZpFpBk1FS9zSfUEVOfWl1dJcoiIU7hD+ZiwpytnM7V0TaLfrubIdP5dKxWr7l6mTfGhuqRlOj9XNw8aRyXHLjkXdrFaxjTy2MM+Dml3ZVRxjhrq5N3HPR7waBwbbcM1OlOpkctqdvEtjPATY8WPFw==</latexit><latexit sha1_base64="Dquv7Po/gt6EUQC0/1YW5WIjAw4=">AAACs3icjVHLSsNAFD2NrxpfVZdugkVwVRJB6qZYcOOygn1AFZmk0zY06cRkI pTSX3Cre7/DT3At/oH+hXemKahF9AYyZ84993DnXjcK/ETa9lvOWFhcWl7Jr5pr6xubW4XtnUYi0tjjdU8EIm65LOGBP+R16cuAt6KYs9ANeNMdnKl8847HiS+Gl3IU8euQ9YZ+1/eYVFRasc2bQtEu2TqseeBkoHj6HD29mpXbmii84AodCHhIEYJjCEk4AENCXxsObETEXWNMXEzI13mOCUyqTUnFScGIHdC/R7cxYUEaQfoJLBxQXpAyJqycLZ1PtYtif/dh1JPqY0Snm3mFxEr0if2rbqb8b12bWIkuTvRrfZpFpBk1FS9zSfUEVOfWl1dJcoiIU7hD+ZiwpytnM7V0TaLfrubIdP5dKxWr7l6mTfGhuqRlOj9XNw8aRyXHLjkXdrFaxjTy2MM+Dml3ZVRxjhrq5N3HPR7waBwbbcM1OlOpkctqdvEtjPATY8WPFw==</latexit><latexit sha1_base64="1SAh6G1T83Vgoc454f8D6pk903M=">AAACs3icjVHLSsNAFD2Nr1pfVZdugkVwVSaC1I1QcOOygn1ALTJJp+3QpBOSi VBKf8Gt/pQf4B/oX3hnTEEtohPInDn33MN9+HEoU83Ya8FZWV1b3yhulra2d3b3yvsHrVRlSSCagQpV0vF5KkI5EU0tdSg6cSJ45Iei7Y+vTLz9IJJUqsmtnsaiF/HhRA5kwLWhsktWui9XWJXZ4y4DLwcV5Kehyi+4Qx8KATJEEJhAEw7BkdLXhQeGmLgeZsQlhKSNC8xRotyMVIIUnNgx/Yf0mhFWpFGkn8PFCcUVKRPCxtm18cy6GPZ3H041mTqmdPu5V0SsxojYv/IWyv/mdYnVGODCditpFrFlzFSC3CWzEzCVu1+60uQQE2dwn+IJ4cBmLmbq2pzU9m7myG38zSoNa95Brs3wbqqkZXo/V7cMWmdVj1W9G1ap1/K1FnGEY5zS7mqo4xoNNMl7hEc84dk5d7qO7/Q/pU4hzznEt+NEH7Cui3k=</latexit>

plane compression wave
<latexit sha1_base64="9lUT66nxNsXQ4mct2tSe7Lk9J2Y="></latexit><latexit sha1_base64="iYsJ+Le1IEUWZpzB7Do/gQdEdkg="></latexit><latexit sha1_base64="iYsJ+Le1IEUWZpzB7Do/gQdEdkg="></latexit><latexit sha1_base64="EDcVsGm2QmQeTRGcQxCXr5ysDVc="></latexit>

<latexit sha1_base64="tQVVQMeM49GptgCcVta/6fZPXUs="></latexit>

quasi-steady inner structure

<latexit sha1_base64="u4vG4OIUwb2YoxVOOOrttJjiWIA="></latexit>

L

<latexit sha1_base64="kLj56UfQRljX2JTKzfDCHyh8UWk="></latexit>

Uf = Ub + ubf = UL + uuf

<latexit sha1_base64="keTKA34xCVlTVkUkAH2hOSWG7lA="></latexit>ubf

<latexit sha1_base64="DGoDPTA7vYYoRInTs+IsgWzWsII="></latexit>uuf

<latexit sha1_base64="m3+qzrHK+2wXg7a5tXiKyPA1fgU="></latexit>x
<latexit sha1_base64="nWN4Ydpl23+22TsmlX1UvsJ5RFI="></latexit>

Xf
<latexit sha1_base64="jw1MXv/TAGvH9lauFkrWprGc8/w="></latexit>

Xf � L
<latexit sha1_base64="hfFeVHQ/XIUe7fNT4AG4VmY6QKk=">AAACrHicjVHLSsNAFD2Nr1pf1a2bYBFchaTiY2fBjcsK9gG1lCSdtkOTTEgmQin9Arf6JX6HH+Af6F94Z5qCWkRvIHPm3HMP997x4oCn0rbfCsbK6tr6RnGztLW9s7tXLu03U5ElPmv4IhBJ23NTFvCINSSXAWvHCXNDL2Atb3yt8q0HlqRcRHdyErNu6A4jPuC+K4m6tXvlim3ZOsxl4OSgcvVyqqMuyq+4Rx8CPjKEYIggCQdwkdLXgQMbMXFdTIlLCHGdZ5ihRLUZqRgpXGLH9B/SbUpYkEaQfgYTx5QXpEwIK2dT5zPtotjffVzqSfUxodPLvUJiJUbE/lW3UP63rkOsxACXelpOu4g1o7bi5y6Z3oDq3PwylSSHmDiF+5RPCPu6crFTU9ekena1R1fn37VSseru59oMH6pLekzn59Mtg2bVcs6ts0rNwjyKOMQRTujlLlDDDepoaOdHPOHZqBptozcXGoW84gDfwhh9ArHGi9U=</latexit>

0

flow velocity jump across the preheated zone:
<latexit sha1_base64="X9yEnLJs0je+GnC5wVmb35wxZYQ="></latexit>

vuf � vbf = qe�(1�✓bf )/2
<latexit sha1_base64="kkAaY+Ieo/IZw2y6EVWTG9lR2kY="></latexit>

�@✓

@z

���
z=0+

= qe�(1�✓bf )/2

back flowjust ahead of the flame flame temperature on the reaction sheet
<latexit sha1_base64="GKxqepbh5PdZmSLChd35rzVesnw="></latexit>

vuf = �(0) + q +
�p

1� q/�
�
⇡1f (⌧)

<latexit sha1_base64="gDUIsmh5CyvUQmalodKJsxCVPHc="></latexit>

vbf (t) ⇡ �(⌧)m(⌧)

multiple scale 

<latexit sha1_base64="CaFTc+YYgSWz4RZI7CQzlQoSBTk="></latexit>

O(1)
<latexit sha1_base64="BL01qUzTv8CcT1X3KEBQLMVnEvY="></latexit>

O(1/")

burnt gas
<latexit sha1_base64="rzdFH+4BB3GG/PzcukiOZTNDDXY="></latexit><latexit sha1_base64="ao2v0qrdf9ElRy+Vu4NlnvDoANU="></latexit><latexit sha1_base64="ao2v0qrdf9ElRy+Vu4NlnvDoANU="></latexit><latexit sha1_base64="QZAbraj++g1YpbLGYB/RbETeWK4="></latexit>

Flame structure<latexit sha1_base64="hXdoSxy8OH47LlUQra5E6KxrNdM="></latexit><latexit sha1_base64="hXdoSxy8OH47LlUQra5E6KxrNdM="></latexit><latexit sha1_base64="hXdoSxy8OH47LlUQra5E6KxrNdM="></latexit><latexit sha1_base64="jIX3oynYfr2k7A1DfsEcw8NOu6w="></latexit>

flame structure
<latexit sha1_base64="Q9mwSsKVQ3CBBJONfsreaaFXTA8="></latexit><latexit sha1_base64="K0cC2KN2NqvbHpkTJVKDBrnE64c="></latexit><latexit sha1_base64="K0cC2KN2NqvbHpkTJVKDBrnE64c="></latexit><latexit sha1_base64="Shq+TT62bYmFAXOQ1fnn6urDYfc="></latexit>

fresh mixture
<latexit sha1_base64="f9M5bQKjkyvTjyJBUq+eE6ehtPo="></latexit><latexit sha1_base64="Sa+6Jy4KUkDpfznCfkeekjDbBOc="></latexit><latexit sha1_base64="Sa+6Jy4KUkDpfznCfkeekjDbBOc="></latexit><latexit sha1_base64="xvokKo6mjL2x0UWauMkJAg+QJuo="></latexit>

<latexit sha1_base64="Q1lXbwq1x7X/oOHbAmuMfQ+G/Rc="></latexit>

reaction sheet

<latexit sha1_base64="ybzFiPbyJpBaCtnqQtjFdzIVI2E=">AAACrHicjVHLSsNAFD2Nr1pf1a2bYBFclaTiY6UFNy4r2AfUUibptB1MOiGZCKX0C9zqF7n2A/wD/QvvTFNQi+gNZM6ce+7h3jteFIhEOc5bzlpaXlldy68XNja3tneKhd1GItPY53VfBjJueSzhgRjxuhIq4K0o5iz0At707q90vvnA40TI0a0aR7wTssFI9IXPFFE3TrdYcsqOCXsRuBkoXb4cm6jJ4ivu0IOEjxQhOEZQhAMwJPS14cJBRFwHE+JiQsLkOaYoUG1KKk4KRuw9/Qd0mxCWpJGkn8LGIeUlKWPC2tk2+dS4aPZ3H0Y96T7GdHqZV0iswpDYv+rmyv/WtYlV6OPcTCtoF5Fh9Fb8zCU1G9Cd21+mUuQQEadxj/IxYd9Uzndqm5rEzK73yEz+3Sg1q+9+pk3xobukx3R/Pt0iaFTK7mn5pFS9wCzy2McBjujlzlDFNWqoG+dHPOHZqlgtqzsTWrmsYg/fwhp+Athmi/U=</latexit>

0

<latexit sha1_base64="R0YJaVCozAO7nCo9ducdIrxxY5w="></latexit>

compression wave

<latexit sha1_base64="7Vpjv9B2B2vj+kypI40pjKf6VBY="></latexit>

isentropic

<latexit sha1_base64="CNNcOneJE2GIuXh8PVAJwnEu8rM="></latexit>

flame thickness

<latexit sha1_base64="iLoasTIm2vVJTy4KdvR2htKqRJU="></latexit>

outer flow
<latexit sha1_base64="1VpYk4zUSFnGo/wHamhwhLlwZI4="></latexit>

inner flow

<latexit sha1_base64="pgJJJGGGQCYPjpzkdIBxW93KdW0="></latexit>

back flow

<latexit sha1_base64="aBcZWXKeK3ayybZjouDS3Aius0A="></latexit>

vbf (⌧)

<latexit sha1_base64="/os7lQPdzB+fjnHOeYOHhIwnELY="></latexit>

vuf (⌧)

<latexit sha1_base64="EwLof1gpBFbn/4QQ0sw65PXNmVA="></latexit>

vuf (0)

<latexit sha1_base64="Xsjj5XCIkGpkwZBRSKuushVezZg="></latexit>

✓b(⌧)

<latexit sha1_base64="2es7JW6QY9wYyc3ENPQzKA4PMTY="></latexit>

✓uf (⌧) <latexit sha1_base64="8GXcNpahNWmQ/2U+90PcvUFtbyc="></latexit>

✓uf (0)

<latexit sha1_base64="sEZhkLdRdWVH2cw+jSLXQt5Nm0g="></latexit>

✓b(0)

<latexit sha1_base64="WIxrndHnrGkzQvCvWrofZi1mqjo="></latexit>z

<latexit sha1_base64="Vu3YKLWJB2XjkemOGGR9+8PBI+M="></latexit>Z Xf

Xf�x
�t(Xf � x) dx = L2/2ab ( �t(Xf � x) ⇡ (Xf � x)/ab

slow evolution:
<latexit sha1_base64="bfWT7j9Vy7sSM+CSg8Sn7Kvf+i0="></latexit>

ubf (t) ⇡
2L(t)

R


Ub(t)��tw

dUb

dt

�
, �tw ⌘ L

2a
Taylor expansion

<latexit sha1_base64="EegN8G8XDYaX3930Q4jl07mOiu8="></latexit>

�⌧w ⌘ �tw
⌧L(0)

=
�tw

dL(0)/Ub(0)
⌘ "

L

2dL(0)<latexit sha1_base64="DfJ4LOSPPsHeBy6J9HrQiULxV0s="></latexit>

�tw
1

Ub

dUb

dt
⌧ 1

<latexit sha1_base64="gQ/X5zO+VU4iY/Xl+Ft2rDKG6Rg="></latexit>

�(⌧) = �(0)[1 + ✏ ⌧ ]

inner structure of the flame in steady state
<latexit sha1_base64="fq7PILQUs84uPAWs2UtW3qXmBLg="></latexit>

m = e�[✓bf�1]/2
<latexit sha1_base64="Mf5STHz4QcdZrcdVPooQv/jfMwk="></latexit>

instantaneous back flow
�

<latexit sha1_base64="kinTkEoPklSLBpr7BV6LkZwmTRc="></latexit>

�[✓bf � 1]/2 = b⇡1f

<latexit sha1_base64="JHat8oPKRcEIe79Jy9sBFsOCdzM="></latexit>

vbf ⇡ �(⌧)


m(⌧)��⌧w

dm

d⌧

�
, m(⌧) = eb⇡1f (⌧) (

<latexit sha1_base64="qASL1eH4MaQ9lW+aR49cd3K87M8="></latexit>�
vbf 6= �(⌧)m(⌧)

Non autonomous differential equation (nonlinear) of first order for the pressure on the flame
<latexit sha1_base64="tVKwy/oTBLKp+mcIyo+RZ/ms0Yc="></latexit>

�(0) + q +

p
1� q

�
⇡1f � eb⇡1f


q + �(0)(1 + ⌧1)� ✏�(0)�⌧w b

d⇡1f

d⌧1

�
= 0

<latexit sha1_base64="1v4ZKPiHGm1dxaVU63yc0Jf9ie8="></latexit>

⇡1f (⌧1)

<latexit sha1_base64="jbXlkTCg7tJnpB5lMaQgbQajRgI="></latexit>

vbf ⇡ �(0) [1 + ✏⌧ ] eb⇡1f


1��⌧w b

d⇡1f

d⌧

�
,

<latexit sha1_base64="Qk75cae1S7bihPpWQSw4n2dybZ8="></latexit>

⇡1f (⌧1), ⌧1 ⌘ ✏⌧ ) vbf ⇡ �(0)eb⇡1f


(1 + ⌧1)� ✏�⌧w b

d⇡1f

d⌧1

�
valid up to order <latexit sha1_base64="Te7EPEizs5aP/bYi+bdLPULCWHk="></latexit>✏

<latexit sha1_base64="AHYnFmBY8hxFbMLzkEpPfn/pyho="></latexit>

" ⌧ ✏ ⌧ 1
<latexit sha1_base64="CfkgYNuxSr3EwPyuYo9SprrEt5M="></latexit>

�⌧w = O(1)
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Unsteady effects of the burned gas flow on the tube axis

keeping the inner structure of the flame in steady state

Non autonomous differential equation (nonlinear) of first order for the pressure on the flame
<latexit sha1_base64="tVKwy/oTBLKp+mcIyo+RZ/ms0Yc="></latexit>

�(0) + q +

p
1� q

�
⇡1f � eb⇡1f


q + �(0)(1 + ⌧1)� ✏�(0)�⌧w b

d⇡1f

d⌧1

�
= 0

<latexit sha1_base64="1v4ZKPiHGm1dxaVU63yc0Jf9ie8="></latexit>

⇡1f (⌧1)

The inner structure of the flame is blown up in finite time by the divergence of the pressure;
the slower the elongation growth, the close to the critical time is the blow off.

<latexit sha1_base64="qfbZG09kFZnpfMI+v3S3C2EJRuA="></latexit>⌧1 ⌘ ✏⌧

<latexit sha1_base64="VC5nM5vmzbYh29MmlTbn6v7+Ch4="></latexit>

(⇣ � ⇣⇤)

⇣⇤
+

(#⇤ � #)2

2
= ✏̃w

d#

d⇣
, where ✏̃w ⌘ ✏

�(0)2

⇣⇤
�⌧w

Dynamics near near the turning point (saddle node bifurcation): 

steady state eq. unsteady effect

ζ = S + q

ζ∗

ζi

ϑ = bπuϑ
∗ϑi

ϑ
−
(ζ) ϑ+(ζ)

ϑ(ζ)
ζc

reduced elongation

reduced pressure
Typical equation of the catastrophe theory ! The unsteady solution diverges at finite time 

just above the critical time 

see details in  
the next slide

<latexit sha1_base64="Z3ORXaG0J7MmskeBy1ni6+KsMtk="></latexit>
⇣i +

p
1� q

�b
#

�
e�# = ⇣

elongation pressure on the flame

<latexit sha1_base64="cV4PjImLJxnqu2Oun7uXCQr24CI="></latexit>

⌧ = 0 : ⇣ = ⇣i ⌘ �(0) + q
initial condition

<latexit sha1_base64="uuJH+VLZC4R8z7A5g8jefsue6XE="></latexit>

⇣ ⌘ �(0)(1 + ⌧1) + q
<latexit sha1_base64="6UT6UiuEmNYu3bP2IfgKxZdPImM="></latexit>

# ⌘ b⇡1f (⌧1)

<latexit sha1_base64="+1Tk9yb2xbI+eGu+MeLt+7DfMPw="></latexit>

#(⇣) ?

time<latexit sha1_base64="GFXgSMC3Twg0qYgaw+b5MfIzV/g="></latexit>,

steady state eq. small unsteady term

<latexit sha1_base64="0lcCpkE3GW/9g4miGmcYmypd7ns="></latexit>

⇣ �

⇣i +

p
1� q

�b
#

�
exp (�#) =

⇥
✏�(0)2�⌧w

⇤ d#
d⇣

variables of order unity

Small unsteady terms have a drastic effect: they make the solution diverging few time after the critical time at which the
critical solution is finite in steady state !

<latexit sha1_base64="1k9q5hS7Zprv0IahHST2428/1RU="></latexit>

lim
⇣!⇣c

[(#� #⇤)/#⇤] = 1, ✏ ⌧ 1 : (⇣c � ⇣⇤)/⇣⇤ / (✏̃w/⇣
⇤)2/3

<latexit sha1_base64="j0p2l0DGH1hwl7SJCkSrPDOnBN0="></latexit>

(1/22/3)(⇣⇤/✏̃w)
1/3(#� #⇤) ! y, (1/21/3)(⇣⇤/✏̃w)

2/3(⇣ � ⇣⇤)/⇣⇤ ! t

Generic equation of the dynamical saddle-node bifurcation
<latexit sha1_base64="476LUAc8gpdWIjLkaaeSwHmKRF0="></latexit>

dy(t)

dt
= t + y 2

<latexit sha1_base64="kbARXXIeX0ae+h682hsbrho9YHQ="></latexit>

lim
t!tc

y(t) =
1

tc � t
� tc

3
(tc � t) + ... where tc ⇡ 2.338...,

<latexit sha1_base64="7Q+c2miyGUMvPISdJY0qpMT61H0="></latexit>

|y(0)| ⌧ 1
see  the reference in 

Peters et al. (2012) Phys. Rev. E 86, 026207
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burned gas
<latexit sha1_base64="Xr7VYxCpAb3/BNc4j5TYbuZlq18="></latexit><latexit sha1_base64="RS1n5cn39yslruQx9FP3eKWm3tU="></latexit><latexit sha1_base64="RS1n5cn39yslruQx9FP3eKWm3tU="></latexit><latexit sha1_base64="e7hrVHZZW8MNUaDySsuV5zW9YLE="></latexit>

tongues of unburned gas
<latexit sha1_base64="geP2/5UKypLIQymI7x0HCyE+Drw="></latexit><latexit sha1_base64="/m9Q9zSYEuZAfijx0jjynmH3iLA="></latexit><latexit sha1_base64="/m9Q9zSYEuZAfijx0jjynmH3iLA="></latexit><latexit sha1_base64="NajKyhwWFbVk243BUHj01fuDhgY="></latexit>

unburned gas
<latexit sha1_base64="3BTxGXmwsMmp7H3/0IfrrXhdBuY="></latexit><latexit sha1_base64="u0jJmKuTPB8uDpX+g4OWpy9CmhM="></latexit><latexit sha1_base64="u0jJmKuTPB8uDpX+g4OWpy9CmhM="></latexit><latexit sha1_base64="qf9kLNZR/lzxPW5IO2tju3P2vPc="></latexit>

back-flow
<latexit sha1_base64="oM3RKZXvRlUCUdGcha1jvLHbhbs="></latexit><latexit sha1_base64="mMEyDUtG0/zrTwmpC/mF7SDpnvE="></latexit><latexit sha1_base64="mMEyDUtG0/zrTwmpC/mF7SDpnvE="></latexit><latexit sha1_base64="QYqUzGfN1/Kivk5nzZ/SznT2VQo="></latexit>

UL<latexit sha1_base64="tNbxzPgEmxDKR4E61K3icFf4yX4="></latexit><latexit sha1_base64="lovE9HpXRdQuT+CO6Ep4Ew2Rzz4="></latexit><latexit sha1_base64="lovE9HpXRdQuT+CO6Ep4Ew2Rzz4="></latexit><latexit sha1_base64="Lgy3f3rUzmziuagC6+9XxQK9cUg="></latexit>

u = 0
<latexit sha1_base64="9Slp9Die7Mj+Ap+DbZLzzd9uj2U="></latexit><latexit sha1_base64="Dquv7Po/gt6EUQC0/1YW5WIjAw4="></latexit><latexit sha1_base64="Dquv7Po/gt6EUQC0/1YW5WIjAw4="></latexit><latexit sha1_base64="1SAh6G1T83Vgoc454f8D6pk903M=">AAACs3icjVHLSsNAFD2Nr1pfVZdugkVwVSaC1I1QcOOygn1ALTJJp+3QpBOSiVBKf8Gt/pQf4B/oX3hnTEEtohPInDn33MN9+HEoU83Ya8FZWV1b3yhulra2d3b3yvsHrVRlSSCagQpV0vF5KkI5EU0tdSg6cSJ45Iei7Y+vTLz9IJJUqsmtnsaiF/HhRA5kwLWhsktWui9XWJXZ4y4DLwcV5Kehyi+4Qx8KATJEEJhAEw7BkdLXhQeGmLgeZsQlhKSNC8xRotyMVIIUnNgx/Yf0mhFWpFGkn8PFCcUVKRPCxtm18cy6GPZ3H041mTqmdPu5V0SsxojYv/IWyv/mdYnVGODCditpFrFlzFSC3CWzEzCVu1+60uQQE2dwn+IJ4cBmLmbq2pzU9m7myG38zSoNa95Brs3wbqqkZXo/V7cMWmdVj1W9G1ap1/K1FnGEY5zS7mqo4xoNNMl7hEc84dk5d7qO7/Q/pU4hzznEt+NEH7Cui3k=</latexit>

plane compression wave
<latexit sha1_base64="9lUT66nxNsXQ4mct2tSe7Lk9J2Y="></latexit><latexit sha1_base64="iYsJ+Le1IEUWZpzB7Do/gQdEdkg="></latexit><latexit sha1_base64="iYsJ+Le1IEUWZpzB7Do/gQdEdkg="></latexit><latexit sha1_base64="EDcVsGm2QmQeTRGcQxCXr5ysDVc="></latexit>

<latexit sha1_base64="tQVVQMeM49GptgCcVta/6fZPXUs="></latexit>

quasi-steady inner structure

<latexit sha1_base64="u4vG4OIUwb2YoxVOOOrttJjiWIA="></latexit>

L

<latexit sha1_base64="kLj56UfQRljX2JTKzfDCHyh8UWk="></latexit>

Uf = Ub + ubf = UL + uuf

<latexit sha1_base64="keTKA34xCVlTVkUkAH2hOSWG7lA="></latexit>ubf

<latexit sha1_base64="DGoDPTA7vYYoRInTs+IsgWzWsII="></latexit>uuf

<latexit sha1_base64="m3+qzrHK+2wXg7a5tXiKyPA1fgU="></latexit>x
<latexit sha1_base64="nWN4Ydpl23+22TsmlX1UvsJ5RFI="></latexit>

Xf
<latexit sha1_base64="jw1MXv/TAGvH9lauFkrWprGc8/w="></latexit>

Xf � L
<latexit sha1_base64="hfFeVHQ/XIUe7fNT4AG4VmY6QKk=">AAACrHicjVHLSsNAFD2Nr1pf1a2bYBFchaTiY2fBjcsK9gG1lCSdtkOTTEgmQin9Arf6JX6HH+Af6F94Z5qCWkRvIHPm3HMP997x4oCn0rbfCsbK6tr6RnGztLW9s7tXLu03U5ElPmv4IhBJ23NTFvCINSSXAWvHCXNDL2Atb3yt8q0HlqRcRHdyErNu6A4jPuC+K4m6tXvlim3ZOsxl4OSgcvVyqqMuyq+4Rx8CPjKEYIggCQdwkdLXgQMbMXFdTIlLCHGdZ5ihRLUZqRgpXGLH9B/SbUpYkEaQfgYTx5QXpEwIK2dT5zPtotjffVzqSfUxodPLvUJiJUbE/lW3UP63rkOsxACXelpOu4g1o7bi5y6Z3oDq3PwylSSHmDiF+5RPCPu6crFTU9ekena1R1fn37VSseru59oMH6pLekzn59Mtg2bVcs6ts0rNwjyKOMQRTujlLlDDDepoaOdHPOHZqBptozcXGoW84gDfwhh9ArHGi9U=</latexit>

0

Limitation of the asymptotic analysis
<latexit sha1_base64="GXqYPqWxj17Xlt7ZL8OgVZvpPnI="></latexit>
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<latexit sha1_base64="yHtjFa4McdBdacgdH/WRFTBnsGE="></latexit>

✏̃w ⌘ ✏
�(0)2

⇣⇤
�⌧w

<latexit sha1_base64="Ye3EWRLB+ee2M5wm8RrNze/g5rQ="></latexit>

�tw
tL

=
"

2

L

dL

<latexit sha1_base64="8uhII6xTcx+i5gngmNqD/GNqn24="></latexit>

�⌧w =

<latexit sha1_base64="zcFeVTOXw1F3EaC3rTEDh65HSrw="></latexit>

✏̃w = ✏"
�(0)2

⇣⇤
L

2dL

-1) Planar geometry near the tip ? 

<latexit sha1_base64="otr8Rt3oAPLGjruuNsKY69zj4wg="></latexit>

✏ ⌘ tL(0)

te
,

�(⌧)

�(0)
= 1 + ✏⌧, " ⌘ Ub(0)

au(0)
Mach numberelongation rate elongation

smaller than the compressible effect 
<latexit sha1_base64="+UrwqU7n2d4vllGabfVRkKtCle0="></latexit>

= O(") ? ) (dL/r)
2 ⌧ "

small modification of the flame structure  by the curvature

<latexit sha1_base64="TLwftzAzbDMvN/YEJamMjyvWKEA="></latexit>

DT /r
2 ⇡ ULdL/r

2 ⌧ 1/tL ⇡ UL/dL ) (dL/r)
2 ⌧ 1

<latexit sha1_base64="U+YBa9HQjYIb5ILTrMiuMF6Z4j0="></latexit>

✏UL/a ⌧ dL/r (
Moreover the time for an homogeneous pressure across the tube radius should be short enough

<latexit sha1_base64="LqkDcaV4veZz8zDVlO9YTh1GTlY="></latexit>

r/a ⌧ te ⌘ tL/✏

shorter than the evolution timeThese conditions are satisfied in the distinguished limit

Planar geometry near the tip is OK 

well verified in experiments !
<latexit sha1_base64="+a1xhcHaa5EQy8jM5RwdTOcGFFM="></latexit>

" ⌧ ✏ ⌧ 1, "(r/dL) = O(1)

<latexit sha1_base64="CDJ4DuyTkfZkXPekMvgm1LtEE0I="></latexit>

✏ " ⌧ dL/r ⌧
p
" (
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Details of the calculation
<latexit sha1_base64="0lcCpkE3GW/9g4miGmcYmypd7ns="></latexit>
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p
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�b
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�
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⇥
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⇤ d#
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ζ = S + q

ζ∗

ζi

ϑ = bπuϑ
∗ϑi

ϑ
−
(ζ) ϑ+(ζ)

ϑ(ζ)
ζc

reduced elongation

reduced pressure
<latexit sha1_base64="Q8zgxJIeesHdpXly7plA/MHWB0I="></latexit>

dZ

d#

���
#=#⇤

= 0

Turning point = max of <latexit sha1_base64="M9RWg9DcexnmpNvWuqQfPfPTS6I="></latexit>

Z(#)

<latexit sha1_base64="5h/rUKlbuoCdtnoUYKtJ0zMt4Pg="></latexit>

d2Z

d#2
= �

p
1� q

�b
�

✓
⇣i +

p
1� q

�b
#

◆�
exp (�#)�

p
1� q

�b
exp (�#)

<latexit sha1_base64="05+FqhHif1Jbu98B1NYmEzLJ11I="></latexit>

d2Z

d#2

���
#=#⇤

= �
p
1� q

�b
exp (�#⇤) = �⇣⇤

<latexit sha1_base64="+d7eTMeqV2twlFMue2YzV0Y7yeE="></latexit>p
1� q

�b
exp (�#⇤)�


⇣i +

p
1� q

�b
#⇤

�
exp (�#⇤) = 0

<latexit sha1_base64="n2iswdFTTErN4Kr53lQnAksbPlM="></latexit>p
1� q

�b
(1� #⇤) = ⇣i

<latexit sha1_base64="XjVZqulHCmTvDlcitTmKFkhKlmI="></latexit>
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
⇣i +

p
1� q

�b
#⇤

�
exp (�#⇤) =

p
1� q

�b
exp (�#⇤)

<latexit sha1_base64="3KIOMtBj2IBpBROwwL4bLs/m9ho="></latexit>

⇣ � Z(#) = �(0)2�⌧w
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
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p
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�b
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�
exp (�#),

Expansion around the turning point 
<latexit sha1_base64="W3vcc8znEFLOSuhTyUWEopkpd08="></latexit>

Z(#)� Z⇤ ⇡ �1

2
⇣⇤(#� #⇤)2 + ...

<latexit sha1_base64="0lcCpkE3GW/9g4miGmcYmypd7ns="></latexit>
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
⇣i +

p
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�
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⇥
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⇤ d#
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<latexit sha1_base64="g8n41w+Bal6L55cIA6Nt3n+fzo0="></latexit>)
<latexit sha1_base64="ukjvOatOt1I6N5dOS9Gt8SxQR+E="></latexit>

✏̃w
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Unsteady inner structure of the flame
 Taking into account of the unsteadiness of the inner structure of the flame coupled to the unsteady external flows

<latexit sha1_base64="15yLjkRy0ib3AvSLdg/kJwb7xoQ="></latexit>

L/dL > e�2b⇡⇤
1f /" ) ↵ > 0leads to results that are qualitatively similar to the previous ones  provided <latexit sha1_base64="3w1TFelU/x9UgXFOeXfcaWHjMdw="></latexit>

↵ > 0
<latexit sha1_base64="kji1vSCpEhkQ+DTC92iGaYNCDVM="></latexit>

✏̃w
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d⇣
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(#⇤ � #)2

2
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<latexit sha1_base64="kji1vSCpEhkQ+DTC92iGaYNCDVM="></latexit>

✏̃w
d#

d⇣
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2
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ζ = S + q

ζ∗

ζi

ϑ = bπuϑ
∗ϑi

ϑ
−
(ζ) ϑ+(ζ)

ϑ(ζ)
ζc

<latexit sha1_base64="4xf2G001eGPlCipE2tKpX4D1d0c="></latexit>

⇣ 6 ⇣⇤ :
(#⇤ � #)2

2
=
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2steady state = parabola

GENERIC FORM OF A DYNAMICAL SADDLE-NODE BIFURCATION:
RICCATI EQUATION

steady state = parabola
<latexit sha1_base64="NWusD+A8Cxq5xQL/SmOFELFk//4="></latexit>

Y
2
= �⌧ . .OO

<latexit sha1_base64="Uy/hAD7kOxiI1OTutkqfOjKJC3A="></latexit>

Y

<latexit sha1_base64="/ytQB1EZxg4GFm0ibMTXDeWkH5k="></latexit>

Y �(⌧)
<latexit sha1_base64="6CM2EMZD8+9H4NKKbA1d1Iuw+lQ="></latexit>

Y +(⌧)

<latexit sha1_base64="4MTl7CCtQZuJuInfbN6pkuhauT4="></latexit>⌧

<latexit sha1_base64="eaZhH3RVMtHT4aXbrMX7mJOouGg="></latexit>

0
<latexit sha1_base64="eaZhH3RVMtHT4aXbrMX7mJOouGg="></latexit>

0

<latexit sha1_base64="Thb82saWMVCzrpyLJrzKmeu1z9I="></latexit>

dY

d⌧
= ⌧ + Y 2

<latexit sha1_base64="gOqkCErqqUsh2IE1e9t3FnCfEf4="></latexit>

⌧ 6 0 :

<latexit sha1_base64="4MTl7CCtQZuJuInfbN6pkuhauT4="></latexit>⌧

<latexit sha1_base64="sPVqARM36jPjqsWPXcJL3iAy1sM="></latexit>

Y

<latexit sha1_base64="Qxbe9VSvMaObXjcCRTxMc44YV2c="></latexit>⌧c

unsteady solution :  finite time (spontaneous) singularity
the solution has simple poles around which it takes the form of a Laurent series : 

<latexit sha1_base64="1Zslu/Rd+b9w8z+zcjTOsS2dkP8="></latexit>

⌧c > 0 : lim
⌧�⌧c=0�

Y = 1, ⌧ 6 ⌧c : Y = � 1

⌧ � ⌧c
+
X

n

an(⌧ � ⌧c)
n

<latexit sha1_base64="osAoWVKycAtg0e5JM6TmqklTEqc="></latexit>

dY

d⌧
⇡ Y 2dominant term near the singularity is solution to <latexit sha1_base64="9qpjnxjTG82aEuD4H8vE4B2RiAY="></latexit>⌧ = ⌧c

initial condition :  
<latexit sha1_base64="7yExQdXF7W85nkKsjY29CRZcsfc="></latexit>

⌧ ! �1; Y ! �
p
⌧ from above  then  

<latexit sha1_base64="ZelUEJA8NrXt7OpjfWH4IPY71KE="></latexit>

⌧c = 2.238
<latexit sha1_base64="QR1pvJTjxLqMyXOmh1Th/ObX4SQ="></latexit>

a1 = �1/3



burned gas
<latexit sha1_base64="Xr7VYxCpAb3/BNc4j5TYbuZlq18="></latexit><latexit sha1_base64="RS1n5cn39yslruQx9FP3eKWm3tU="></latexit><latexit sha1_base64="RS1n5cn39yslruQx9FP3eKWm3tU="></latexit><latexit sha1_base64="e7hrVHZZW8MNUaDySsuV5zW9YLE="></latexit>

tongues of unburned gas
<latexit sha1_base64="geP2/5UKypLIQymI7x0HCyE+Drw="></latexit><latexit sha1_base64="/m9Q9zSYEuZAfijx0jjynmH3iLA="></latexit><latexit sha1_base64="/m9Q9zSYEuZAfijx0jjynmH3iLA="></latexit><latexit sha1_base64="NajKyhwWFbVk243BUHj01fuDhgY="></latexit>

unburned gas
<latexit sha1_base64="3BTxGXmwsMmp7H3/0IfrrXhdBuY="></latexit><latexit sha1_base64="u0jJmKuTPB8uDpX+g4OWpy9CmhM="></latexit><latexit sha1_base64="u0jJmKuTPB8uDpX+g4OWpy9CmhM="></latexit><latexit sha1_base64="qf9kLNZR/lzxPW5IO2tju3P2vPc="></latexit>

back-flow
<latexit sha1_base64="oM3RKZXvRlUCUdGcha1jvLHbhbs="></latexit><latexit sha1_base64="mMEyDUtG0/zrTwmpC/mF7SDpnvE="></latexit><latexit sha1_base64="mMEyDUtG0/zrTwmpC/mF7SDpnvE="></latexit><latexit sha1_base64="QYqUzGfN1/Kivk5nzZ/SznT2VQo="></latexit>

UL<latexit sha1_base64="tNbxzPgEmxDKR4E61K3icFf4yX4="></latexit><latexit sha1_base64="lovE9HpXRdQuT+CO6Ep4Ew2Rzz4="></latexit><latexit sha1_base64="lovE9HpXRdQuT+CO6Ep4Ew2Rzz4="></latexit><latexit sha1_base64="Lgy3f3rUzmziuagC6+9XxQK9cUg="></latexit>

u = 0
<latexit sha1_base64="9Slp9Die7Mj+Ap+DbZLzzd9uj2U="></latexit><latexit sha1_base64="Dquv7Po/gt6EUQC0/1YW5WIjAw4="></latexit><latexit sha1_base64="Dquv7Po/gt6EUQC0/1YW5WIjAw4="></latexit><latexit sha1_base64="1SAh6G1T83Vgoc454f8D6pk903M=">AAACs3icjVHLSsNAFD2Nr1pfVZdugkVwVSaC1I1QcOOygn1ALTJJp+3QpBOSiVBKf8Gt/pQf4B/oX3hnTEEtohPInDn33MN9+HEoU83Ya8FZWV1b3yhulra2d3b3yvsHrVRlSSCagQpV0vF5KkI5EU0tdSg6cSJ45Iei7Y+vTLz9IJJUqsmtnsaiF/HhRA5kwLWhsktWui9XWJXZ4y4DLwcV5Kehyi+4Qx8KATJEEJhAEw7BkdLXhQeGmLgeZsQlhKSNC8xRotyMVIIUnNgx/Yf0mhFWpFGkn8PFCcUVKRPCxtm18cy6GPZ3H041mTqmdPu5V0SsxojYv/IWyv/mdYnVGODCditpFrFlzFSC3CWzEzCVu1+60uQQE2dwn+IJ4cBmLmbq2pzU9m7myG38zSoNa95Brs3wbqqkZXo/V7cMWmdVj1W9G1ap1/K1FnGEY5zS7mqo4xoNNMl7hEc84dk5d7qO7/Q/pU4hzznEt+NEH7Cui3k=</latexit>

plane compression wave
<latexit sha1_base64="9lUT66nxNsXQ4mct2tSe7Lk9J2Y="></latexit><latexit sha1_base64="iYsJ+Le1IEUWZpzB7Do/gQdEdkg="></latexit><latexit sha1_base64="iYsJ+Le1IEUWZpzB7Do/gQdEdkg="></latexit><latexit sha1_base64="EDcVsGm2QmQeTRGcQxCXr5ysDVc="></latexit>

<latexit sha1_base64="tQVVQMeM49GptgCcVta/6fZPXUs="></latexit>

quasi-steady inner structure

<latexit sha1_base64="u4vG4OIUwb2YoxVOOOrttJjiWIA="></latexit>

L

<latexit sha1_base64="kLj56UfQRljX2JTKzfDCHyh8UWk="></latexit>

Uf = Ub + ubf = UL + uuf

<latexit sha1_base64="keTKA34xCVlTVkUkAH2hOSWG7lA="></latexit>ubf

<latexit sha1_base64="DGoDPTA7vYYoRInTs+IsgWzWsII="></latexit>uuf

<latexit sha1_base64="m3+qzrHK+2wXg7a5tXiKyPA1fgU="></latexit>x
<latexit sha1_base64="nWN4Ydpl23+22TsmlX1UvsJ5RFI="></latexit>

Xf
<latexit sha1_base64="jw1MXv/TAGvH9lauFkrWprGc8/w="></latexit>

Xf � L
<latexit sha1_base64="hfFeVHQ/XIUe7fNT4AG4VmY6QKk=">AAACrHicjVHLSsNAFD2Nr1pf1a2bYBFchaTiY2fBjcsK9gG1lCSdtkOTTEgmQin9Arf6JX6HH+Af6F94Z5qCWkRvIHPm3HMP997x4oCn0rbfCsbK6tr6RnGztLW9s7tXLu03U5ElPmv4IhBJ23NTFvCINSSXAWvHCXNDL2Atb3yt8q0HlqRcRHdyErNu6A4jPuC+K4m6tXvlim3ZOsxl4OSgcvVyqqMuyq+4Rx8CPjKEYIggCQdwkdLXgQMbMXFdTIlLCHGdZ5ihRLUZqRgpXGLH9B/SbUpYkEaQfgYTx5QXpEwIK2dT5zPtotjffVzqSfUxodPLvUJiJUbE/lW3UP63rkOsxACXelpOu4g1o7bi5y6Z3oDq3PwylSSHmDiF+5RPCPu6crFTU9ekena1R1fn37VSseru59oMH6pLekzn59Mtg2bVcs6ts0rNwjyKOMQRTujlLlDDDepoaOdHPOHZqBptozcXGoW84gDfwhh9ArHGi9U=</latexit>

0

Limitation of the asymptotic analysis
<latexit sha1_base64="GXqYPqWxj17Xlt7ZL8OgVZvpPnI="></latexit>
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<latexit sha1_base64="yHtjFa4McdBdacgdH/WRFTBnsGE="></latexit>
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<latexit sha1_base64="Ye3EWRLB+ee2M5wm8RrNze/g5rQ="></latexit>
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<latexit sha1_base64="8uhII6xTcx+i5gngmNqD/GNqn24="></latexit>

�⌧w =

<latexit sha1_base64="zcFeVTOXw1F3EaC3rTEDh65HSrw="></latexit>
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⇣⇤
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2dL

ζ = S + q

ζ∗
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∗ϑi

ϑ
−
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reduced elongation

reduced pressure
-2) Is the physical branch (black solid line) of the quasi-steady solutions stable ? 

Look for solution in the form 
<latexit sha1_base64="ZOuKild9kwUN+86AXMMkY8F3yqg="></latexit>

h(⇠, ⌧) = es⌧ h̃(⇠)

Boundary conditions 
<latexit sha1_base64="+zK+SPkuF2+Cb0zWUKASLiCojRI="></latexit>

z ! ±1 : initial conditions <latexit sha1_base64="2XJHTEu2GkSwg6QYkbPcuA2mm4A="></latexit>
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Consider the system of constitutive equations 

Linearize around a quasi-steady state solution for a fixed 
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Re(s) > 0 : linear instability !IfClavin & al. JFM (1990) 216, pp.299-322
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-2) Is the physical branch stable ? 
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reduced pressure

Limitation of the asymptotic analysis

1st step: linear response to a pressure fluctuation 
Clavin & al. JFM (1990) 216, pp.299-322
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 2nd step: instability mechanism for the instantaneous back-flow 
Clavin C.R.Acad.Sci(2023) 351, pp.401-427
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 3rd step: stabilisation by the delayed back-flow 
Clavin JFM 2023) 974, A46

The physical branch of the quasi-steady solutions is stable if 
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this is not a very restrictive constraint; remember
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Limitation of the asymptotic analysis
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-3) Slow dynamics of the flame structure on the tip (leading edge) ?  

Validity of the assumption of slow evolution for  
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The assumption is not valid in the final stage of the runaway: strong flame acceleration just
 above the critical velocity ! However a finite time singularity is not doubtful.  
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Conclusion of the back-flow induced DDT

In this scenario, the sudden pressure and temperature run-away corresponds to a catastrophic process described by the  finite 
time singularity of the approximated solution of the equations controlling the flame structure coupled to the compressible 

external flows. In terms of the catastrophe theory, the transition corresponds to a dynamical saddle-node bifurcation.

The physical mechanism is a nonlinear thermal loop between the downstream running compression waves in the external flow 
of unburned gas and the flame acting like a semi-transparent piston whose velocity increases linearly with the time with a 

coefficient of proportionality which is a strongly increasing function of the gas temperature, delayed by the unsteadiness of 
the back flow in the burned gas issued from the lateral flames of the elongated front.

 In the back-flow induced DDT scenario  of an elongated flame increasing slowly, the transition to detonation occurs on the 
tip few time after the critical length is reached ( the latter corresponding to the quasi-steady solution neglecting the 

unsteadiness processes inside the inner flame structure and also in the burned gas flow). 
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<latexit sha1_base64="tQVVQMeM49GptgCcVta/6fZPXUs="></latexit>

quasi-steady inner structure

<latexit sha1_base64="u4vG4OIUwb2YoxVOOOrttJjiWIA="></latexit>

L

<latexit sha1_base64="kLj56UfQRljX2JTKzfDCHyh8UWk="></latexit>

Uf = Ub + ubf = UL + uuf

<latexit sha1_base64="keTKA34xCVlTVkUkAH2hOSWG7lA="></latexit>ubf

<latexit sha1_base64="DGoDPTA7vYYoRInTs+IsgWzWsII="></latexit>uuf

<latexit sha1_base64="m3+qzrHK+2wXg7a5tXiKyPA1fgU="></latexit>x
<latexit sha1_base64="nWN4Ydpl23+22TsmlX1UvsJ5RFI="></latexit>

Xf
<latexit sha1_base64="jw1MXv/TAGvH9lauFkrWprGc8/w="></latexit>

Xf � L
<latexit sha1_base64="hfFeVHQ/XIUe7fNT4AG4VmY6QKk=">AAACrHicjVHLSsNAFD2Nr1pf1a2bYBFchaTiY2fBjcsK9gG1lCSdtkOTTEgmQin9Arf6JX6HH+Af6F94Z5qCWkRvIHPm3HMP997x4oCn0rbfCsbK6tr6RnGztLW9s7tXLu03U5ElPmv4IhBJ23NTFvCINSSXAWvHCXNDL2Atb3yt8q0HlqRcRHdyErNu6A4jPuC+K4m6tXvlim3ZOsxl4OSgcvVyqqMuyq+4Rx8CPjKEYIggCQdwkdLXgQMbMXFdTIlLCHGdZ5ihRLUZqRgpXGLH9B/SbUpYkEaQfgYTx5QXpEwIK2dT5zPtotjffVzqSfUxodPLvUJiJUbE/lW3UP63rkOsxACXelpOu4g1o7bi5y6Z3oDq3PwylSSHmDiF+5RPCPu6crFTU9ekena1R1fn37VSseru59oMH6pLekzn59Mtg2bVcs6ts0rNwjyKOMQRTujlLlDDDepoaOdHPOHZqBptozcXGoW84gDfwhh9ArHGi9U=</latexit>

0

elongation

pressure

CJ

30

<latexit sha1_base64="ko5TD8oq5WzzFNKYLGXR6KM2cZI="></latexit>

Vb

<latexit sha1_base64="61QDPA5wAT5hFpmhkP1bXhro3Aw="></latexit>� reduced elongation  

reduced laminar flame velocity
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Figure 4.16: Flame propagating velocity to initial sound speed ratio as a function of the elongation

laminar flame velocity
taken at the CJ condition

Flame structure<latexit sha1_base64="hXdoSxy8OH47LlUQra5E6KxrNdM="></latexit><latexit sha1_base64="hXdoSxy8OH47LlUQra5E6KxrNdM="></latexit><latexit sha1_base64="hXdoSxy8OH47LlUQra5E6KxrNdM="></latexit><latexit sha1_base64="jIX3oynYfr2k7A1DfsEcw8NOu6w="></latexit>

flame structure
<latexit sha1_base64="Q9mwSsKVQ3CBBJONfsreaaFXTA8="></latexit><latexit sha1_base64="K0cC2KN2NqvbHpkTJVKDBrnE64c="></latexit><latexit sha1_base64="K0cC2KN2NqvbHpkTJVKDBrnE64c="></latexit><latexit sha1_base64="Shq+TT62bYmFAXOQ1fnn6urDYfc="></latexit>

fresh mixture
<latexit sha1_base64="f9M5bQKjkyvTjyJBUq+eE6ehtPo="></latexit><latexit sha1_base64="Sa+6Jy4KUkDpfznCfkeekjDbBOc="></latexit><latexit sha1_base64="Sa+6Jy4KUkDpfznCfkeekjDbBOc="></latexit><latexit sha1_base64="xvokKo6mjL2x0UWauMkJAg+QJuo="></latexit>

<latexit sha1_base64="R0YJaVCozAO7nCo9ducdIrxxY5w="></latexit>

compression wave

<latexit sha1_base64="7Vpjv9B2B2vj+kypI40pjKf6VBY="></latexit>

isentropic

<latexit sha1_base64="CNNcOneJE2GIuXh8PVAJwnEu8rM="></latexit>

flame thickness

<latexit sha1_base64="1VpYk4zUSFnGo/wHamhwhLlwZI4="></latexit>

inner flow

<latexit sha1_base64="pgJJJGGGQCYPjpzkdIBxW93KdW0="></latexit>

back flow

<latexit sha1_base64="aBcZWXKeK3ayybZjouDS3Aius0A="></latexit>

vbf (⌧)

<latexit sha1_base64="/os7lQPdzB+fjnHOeYOHhIwnELY="></latexit>

vuf (⌧)

<latexit sha1_base64="EwLof1gpBFbn/4QQ0sw65PXNmVA="></latexit>

vuf (0)

<latexit sha1_base64="Xsjj5XCIkGpkwZBRSKuushVezZg="></latexit>

✓b(⌧)

<latexit sha1_base64="2es7JW6QY9wYyc3ENPQzKA4PMTY="></latexit>

✓uf (⌧)

<latexit sha1_base64="WIxrndHnrGkzQvCvWrofZi1mqjo="></latexit>z

<latexit sha1_base64="9jSpWG3gKnMjbgC0orSgHDTNPc4="></latexit> re
ac
ti
on

ra
te

<latexit sha1_base64="ybzFiPbyJpBaCtnqQtjFdzIVI2E=">AAACrHicjVHLSsNAFD2Nr1pf1a2bYBFclaTiY6UFNy4r2AfUUibptB1MOiGZCKX0C9zqF7n2A/wD/QvvTFNQi+gNZM6ce+7h3jteFIhEOc5bzlpaXlldy68XNja3tneKhd1GItPY53VfBjJueSzhgRjxuhIq4K0o5iz0At707q90vvnA40TI0a0aR7wTssFI9IXPFFE3TrdYcsqOCXsRuBkoXb4cm6jJ4ivu0IOEjxQhOEZQhAMwJPS14cJBRFwHE+JiQsLkOaYoUG1KKk4KRuw9/Qd0mxCWpJGkn8LGIeUlKWPC2tk2+dS4aPZ3H0Y96T7GdHqZV0iswpDYv+rmyv/WtYlV6OPcTCtoF5Fh9Fb8zCU1G9Cd21+mUuQQEadxj/IxYd9Uzndqm5rEzK73yEz+3Sg1q+9+pk3xobukx3R/Pt0iaFTK7mn5pFS9wCzy2McBjujlzlDFNWqoG+dHPOHZqlgtqzsTWrmsYg/fwhp+Athmi/U=</latexit>

0

<latexit sha1_base64="9abuo+W4KE+6cNS4PY6i2fcWVks="></latexit>

semi permeable piston attached
<latexit sha1_base64="B8UkOc8B0AoU1K8SC3J5yBdUvFY="></latexit>

to the end of the reaction zone

<latexit sha1_base64="4TpQM9gT0J3S6T5wehWILukzX+E="></latexit>

Vf = vbf + Vb

<latexit sha1_base64="4TpQM9gT0J3S6T5wehWILukzX+E="></latexit>

Vf = vbf + Vb
<latexit sha1_base64="Vo6V9HNQ3DRS49p+3esBbgMN180="></latexit>

vbf = �(t)Vb

<latexit sha1_base64="ko5TD8oq5WzzFNKYLGXR6KM2cZI="></latexit>

Vb

or reduced pressure and flame temperature

Numerics: 
R. Hernandez-Sanchez., B. Denet (2024) Combust. Flame, 270 113775

<latexit sha1_base64="ljfjFX4hIwOrcdyIC9K3+o2ExhM="></latexit>

to the end of the reaction zone

<latexit sha1_base64="vP+DmAbwic8SoHMbTyu0fwqfkAM="></latexit>

semi permeable piston attached



The mechanism of back-flow induced DDT  can be extended to unconfined cellular flames and/or to turbulent flames 
in the wrinkled regime. 

Burned gas
<latexit sha1_base64="iBDyc1fQfhvC8gvvuplLaZP0/Wk="></latexit><latexit sha1_base64="9UFhvG0pDFQuy5f6Ap/7Brjk2Ks="></latexit><latexit sha1_base64="9UFhvG0pDFQuy5f6Ap/7Brjk2Ks="></latexit><latexit sha1_base64="5hLAov2RT/j/em/dc1QRSlvH+9g="></latexit>

Unburned gas
<latexit sha1_base64="XNVp8501bHXsQ6OQaHrseqUBaIQ="></latexit><latexit sha1_base64="+TrQhvMr+0ybsunoVA4GuGfDins="></latexit><latexit sha1_base64="+TrQhvMr+0ybsunoVA4GuGfDins="></latexit><latexit sha1_base64="LxtkrtCvGaMf1vupuWnN2KPY4fY="></latexit>

back flow
<latexit sha1_base64="ZTJY6iHJKyI+sizwx4OYx9duka4="></latexit><latexit sha1_base64="SJaqwrxxN6u1jUvHfXg2Q7BYtmQ="></latexit><latexit sha1_base64="SJaqwrxxN6u1jUvHfXg2Q7BYtmQ="></latexit><latexit sha1_base64="P0+rhDt7KSwlOGH6Mt8FF7y6i20="></latexit>

back flow
<latexit sha1_base64="ZTJY6iHJKyI+sizwx4OYx9duka4="></latexit><latexit sha1_base64="SJaqwrxxN6u1jUvHfXg2Q7BYtmQ="></latexit><latexit sha1_base64="SJaqwrxxN6u1jUvHfXg2Q7BYtmQ="></latexit><latexit sha1_base64="P0+rhDt7KSwlOGH6Mt8FF7y6i20="></latexit>

back flow
<latexit sha1_base64="ZTJY6iHJKyI+sizwx4OYx9duka4="></latexit><latexit sha1_base64="SJaqwrxxN6u1jUvHfXg2Q7BYtmQ="></latexit><latexit sha1_base64="SJaqwrxxN6u1jUvHfXg2Q7BYtmQ="></latexit><latexit sha1_base64="P0+rhDt7KSwlOGH6Mt8FF7y6i20="></latexit>

engulfed tongue
<latexit sha1_base64="/Acr5exLv4Vy9OcKJpScrCcSTaY="></latexit><latexit sha1_base64="d5atLKo9LHVpJPkJe43G3MOf4IQ="></latexit><latexit sha1_base64="d5atLKo9LHVpJPkJe43G3MOf4IQ="></latexit><latexit sha1_base64="HbiE3+ZxC/jqOvWzXTI8aQQnUq0="></latexit>

engulfed tongue
<latexit sha1_base64="/Acr5exLv4Vy9OcKJpScrCcSTaY="></latexit><latexit sha1_base64="d5atLKo9LHVpJPkJe43G3MOf4IQ="></latexit><latexit sha1_base64="d5atLKo9LHVpJPkJe43G3MOf4IQ="></latexit><latexit sha1_base64="HbiE3+ZxC/jqOvWzXTI8aQQnUq0="></latexit>

The velocity of a laminar flame element can approach the sound speed in the laboratory frame only 
if it is convected by a fast flow, the flame velocity relative to the flow being always markedly subsonic !
The flame on the tip is convected by the back flow which  is proportional to the laminar flame speed times 

a factor between 5 and 10, resulting from the increase in surface area of the wrinkled lame front

p/po
<latexit sha1_base64="uxRbhSDDVpU7r60JMFgYHxh39Ag="></latexit><latexit sha1_base64="0iGE77ZvpN9OhLSHzBpzBuhl3z4="></latexit><latexit sha1_base64="0iGE77ZvpN9OhLSHzBpzBuhl3z4="></latexit><latexit sha1_base64="rpoB13QDuO+WSM32UWx6O5MGPfM="></latexit>

⇢o/⇢
<latexit sha1_base64="5gblZH2oUebvyMHb8KF0KUdi6lo="></latexit><latexit sha1_base64="Y1ji6nc934q1Ir5+Y97LqWzPFbI="></latexit><latexit sha1_base64="Y1ji6nc934q1Ir5+Y97LqWzPFbI="></latexit><latexit sha1_base64="8jEAQxieqLRE4gKOV85OMGV0I3k="></latexit>

pb/po
<latexit sha1_base64="esqGpY83il4OkSNXgadTG/IOD3s="></latexit><latexit sha1_base64="LLRpOELK8gjH/+0wsAsvQkHUTPE="></latexit><latexit sha1_base64="LLRpOELK8gjH/+0wsAsvQkHUTPE="></latexit><latexit sha1_base64="zXSXnIYitxO8H1diNwJyT+45uT8="></latexit>

⇢o/⇢b
<latexit sha1_base64="IXuDIJeerDzCXm5udIZb5oOOwOA="></latexit><latexit sha1_base64="kpJEU1uoJMSJWqpEa1kLUKvutTA="></latexit><latexit sha1_base64="kpJEU1uoJMSJWqpEa1kLUKvutTA="></latexit><latexit sha1_base64="hzhOTsAhmh7wvF4y2mc/vEnVjdE="></latexit>

⇢o/⇢b
<latexit sha1_base64="aHQhKPn4QMn+j9Yk0si9UAVpt60="></latexit><latexit sha1_base64="/7c0HVwm75f8Firl71S6sGlJAZ8="></latexit><latexit sha1_base64="/7c0HVwm75f8Firl71S6sGlJAZ8="></latexit><latexit sha1_base64="XdM7g1OHgahIIB+TCzk/Pzxk72U="></latexit>

pb/po
<latexit sha1_base64="sYSsXPOyQyw7cEMsRfAFVbbjZYM="></latexit><latexit sha1_base64="2nDf1P7o8jynzhkw44SnzGH69cw="></latexit><latexit sha1_base64="2nDf1P7o8jynzhkw44SnzGH69cw="></latexit><latexit sha1_base64="LZuDxLzAmonAx4oVWpo3GPL5lhc="></latexit>

1
<latexit sha1_base64="g1i9Gv5G5dEJ1x2qJuCRdAQqlk0="></latexit><latexit sha1_base64="yraERDksW1+IfQyGO+cRJ+OV9cU="></latexit><latexit sha1_base64="yraERDksW1+IfQyGO+cRJ+OV9cU="></latexit><latexit sha1_base64="mU91OBWaWcZQJxywxYSk+Riity0=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwVZJuLK4Kbly2YB9QS5mk0zo2yYRkIpTSL3Crn+UH+Af6F94ZU1CL6AQyZ84993AfXhyIVDnOa8FaW9/Y3Cpul3Z29/YPyodHnVRmic/bvgxk0vNYygMR8bYSKuC9OOEs9ALe9aZXOt594EkqZHSjZjEfhGwSibHwmSKq5Q7LFafqmGOvAjcHFeSnKcsvuMUIEj4yhOCIoAgHYEjp68OFg5i4AebEJYSEiXMsUKLcjFScFIzYKf0n9JoTlqSRpF/AxhnFJSkTwtrZNvHMuGj2dx9GNek6ZnR7uVdIrMIdsX/lLZX/zesTqzBG3XQraBaxYfRU/NwlMxPQldtfulLkEBOn8YjiCWHfZC5napuc1PSu58hM/M0oNavffq7N8K6rpGW6P1e3Cjq1qutU3ZZTaVzmay3iBKc4p91doIFrNNE23o94wrNVs3rW0GKfUquQ5xzj27HuPwCQ4Iqj</latexit>

1
<latexit sha1_base64="g1i9Gv5G5dEJ1x2qJuCRdAQqlk0="></latexit><latexit sha1_base64="yraERDksW1+IfQyGO+cRJ+OV9cU="></latexit><latexit sha1_base64="yraERDksW1+IfQyGO+cRJ+OV9cU="></latexit><latexit sha1_base64="mU91OBWaWcZQJxywxYSk+Riity0=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwVZJuLK4Kbly2YB9QS5mk0zo2yYRkIpTSL3Crn+UH+Af6F94ZU1CL6AQyZ84993AfXhyIVDnOa8FaW9/Y3Cpul3Z29/YPyodHnVRmic/bvgxk0vNYygMR8bYSKuC9OOEs9ALe9aZXOt594EkqZHSjZjEfhGwSibHwmSKq5Q7LFafqmGOvAjcHFeSnKcsvuMUIEj4yhOCIoAgHYEjp68OFg5i4AebEJYSEiXMsUKLcjFScFIzYKf0n9JoTlqSRpF/AxhnFJSkTwtrZNvHMuGj2dx9GNek6ZnR7uVdIrMIdsX/lLZX/zesTqzBG3XQraBaxYfRU/NwlMxPQldtfulLkEBOn8YjiCWHfZC5napuc1PSu58hM/M0oNavffq7N8K6rpGW6P1e3Cjq1qutU3ZZTaVzmay3iBKc4p91doIFrNNE23o94wrNVs3rW0GKfUquQ5xzj27HuPwCQ4Iqj</latexit>

subsonic
<latexit sha1_base64="VdQ2mOqdNOYkcgoUzgSskR41GoM="></latexit><latexit sha1_base64="plIShMQ5OGFohg2Si2e8EddzK/4="></latexit><latexit sha1_base64="plIShMQ5OGFohg2Si2e8EddzK/4="></latexit><latexit sha1_base64="9g3C4AWw8mIBwgKzvyfvCbbDYIo="></latexit>

su
p
er
so
n
ic

<latexit sha1_base64="hBe8uYgLjsDeoP0OK+pugyf25/c="></latexit><latexit sha1_base64="IHtYYeA84yzYiTkwU7gv9GGq5sc="></latexit><latexit sha1_base64="IHtYYeA84yzYiTkwU7gv9GGq5sc="></latexit><latexit sha1_base64="0AFvCl09pWYH+0vwZRl71FH2jW4="></latexit>

. flame
<latexit sha1_base64="Qf3KgnpfV2PPoek2+Lmg/NFpVE0="></latexit>

CJ

This back-flow induced DDT mechanism has nothing to do with the unstable CJ flame regime mentioned in the past,  
see the book of J.H.S. Lee, Cambridge (2008).

 Numerical simulation of turbulent flame

Hytovick et al. (2023) Phys. Fluids 35 046112
Poludnenko et al. (2019) Science 366, 7365
Poldunenko et al. (2011) PRL 107, 054501
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Burned gas
<latexit sha1_base64="iBDyc1fQfhvC8gvvuplLaZP0/Wk="></latexit><latexit sha1_base64="9UFhvG0pDFQuy5f6Ap/7Brjk2Ks="></latexit><latexit sha1_base64="9UFhvG0pDFQuy5f6Ap/7Brjk2Ks="></latexit><latexit sha1_base64="5hLAov2RT/j/em/dc1QRSlvH+9g="></latexit>

Unburned gas
<latexit sha1_base64="XNVp8501bHXsQ6OQaHrseqUBaIQ="></latexit><latexit sha1_base64="+TrQhvMr+0ybsunoVA4GuGfDins="></latexit><latexit sha1_base64="+TrQhvMr+0ybsunoVA4GuGfDins="></latexit><latexit sha1_base64="LxtkrtCvGaMf1vupuWnN2KPY4fY="></latexit>

back flow
<latexit sha1_base64="ZTJY6iHJKyI+sizwx4OYx9duka4="></latexit><latexit sha1_base64="SJaqwrxxN6u1jUvHfXg2Q7BYtmQ="></latexit><latexit sha1_base64="SJaqwrxxN6u1jUvHfXg2Q7BYtmQ="></latexit><latexit sha1_base64="P0+rhDt7KSwlOGH6Mt8FF7y6i20="></latexit>

back flow
<latexit sha1_base64="ZTJY6iHJKyI+sizwx4OYx9duka4="></latexit><latexit sha1_base64="SJaqwrxxN6u1jUvHfXg2Q7BYtmQ="></latexit><latexit sha1_base64="SJaqwrxxN6u1jUvHfXg2Q7BYtmQ="></latexit><latexit sha1_base64="P0+rhDt7KSwlOGH6Mt8FF7y6i20="></latexit>

back flow
<latexit sha1_base64="ZTJY6iHJKyI+sizwx4OYx9duka4="></latexit><latexit sha1_base64="SJaqwrxxN6u1jUvHfXg2Q7BYtmQ="></latexit><latexit sha1_base64="SJaqwrxxN6u1jUvHfXg2Q7BYtmQ="></latexit><latexit sha1_base64="P0+rhDt7KSwlOGH6Mt8FF7y6i20="></latexit>

engulfed tongue
<latexit sha1_base64="/Acr5exLv4Vy9OcKJpScrCcSTaY="></latexit><latexit sha1_base64="d5atLKo9LHVpJPkJe43G3MOf4IQ="></latexit><latexit sha1_base64="d5atLKo9LHVpJPkJe43G3MOf4IQ="></latexit><latexit sha1_base64="HbiE3+ZxC/jqOvWzXTI8aQQnUq0="></latexit>

engulfed tongue
<latexit sha1_base64="/Acr5exLv4Vy9OcKJpScrCcSTaY="></latexit><latexit sha1_base64="d5atLKo9LHVpJPkJe43G3MOf4IQ="></latexit><latexit sha1_base64="d5atLKo9LHVpJPkJe43G3MOf4IQ="></latexit><latexit sha1_base64="HbiE3+ZxC/jqOvWzXTI8aQQnUq0="></latexit>

Multi-dimensional mechanisms of transition

DDT initiation in the boundary  ? 

lead shock
<latexit sha1_base64="bY/S7l750zQB4729yqIpq6RY7o8="></latexit><latexit sha1_base64="hXcBa2wcJOSZcIiRstLFkMYFVg4="></latexit><latexit sha1_base64="hXcBa2wcJOSZcIiRstLFkMYFVg4="></latexit><latexit sha1_base64="rASvcbGYglXgzrPyIEnhbyFUZYU="></latexit>

0 < u < a
<latexit sha1_base64="NqzBKbu9wbxySow1iaEYZEAYQt8="></latexit><latexit sha1_base64="ylbBN4yqYQv+QUdgaa8ti11brw0="></latexit><latexit sha1_base64="ylbBN4yqYQv+QUdgaa8ti11brw0="></latexit><latexit sha1_base64="z5I9yjcHQu915CpxPZG9JqheTNM="></latexit>

u = 0
<latexit sha1_base64="rcpUDwU+5kJ/96YESK2j0PMgc/o="></latexit><latexit sha1_base64="rcpUDwU+5kJ/96YESK2j0PMgc/o="></latexit><latexit sha1_base64="rcpUDwU+5kJ/96YESK2j0PMgc/o="></latexit><latexit sha1_base64="sq8vtQE4IQQPfJBrwqJXHUvFL+g="></latexit>

D > a
<latexit sha1_base64="SMQ1P7yxN0+/U0DMlyqCJtytqgw="></latexit><latexit sha1_base64="JqfPOsoHltkWBqPdnmkb87Exih4="></latexit><latexit sha1_base64="JqfPOsoHltkWBqPdnmkb87Exih4="></latexit><latexit sha1_base64="rJtMJWE5zcGc1hGR50ZYVdk+Occ="></latexit>

u = 0
<latexit sha1_base64="rcpUDwU+5kJ/96YESK2j0PMgc/o="></latexit><latexit sha1_base64="rcpUDwU+5kJ/96YESK2j0PMgc/o="></latexit><latexit sha1_base64="rcpUDwU+5kJ/96YESK2j0PMgc/o="></latexit><latexit sha1_base64="sq8vtQE4IQQPfJBrwqJXHUvFL+g="></latexit>

h
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zone of thermal gradient

Urtiew & Oppenheim  (1966) ,  Ballossier et al.  (2023), Dexter-Brown & Jayachandran (2024)
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Also, the Zel’dovich’s gradient mechanism cannot  be excluded in the boundary layer 

Dissipation in the boundary layer promotes an earlier transition to detonation  
by an increase in temperature larger than in the bulk 

viscous dissipation:  
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The longitudinal velocity of the apex   and can approach the speed of sound   
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↵ ⌧ 1On the trailing edge ?

On the trailing edge ?

No back-flow!..Collision of two flame fronts with a sharp angle  
 Numerics:   S. Taileb et al. (2023). Cambridge Physics of Fluids DOI: 10.1063/5.0156876

More works remain to be performed on these topics 
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Numerics in submillimetre channels:     R.W. Houin et al.  (2016) Combust Theor. Model. 20 (6), 1068-1087
Dimensional analysis:     P. Clavin, G. Searby (2016) Cambridge Univ. Press  p.p. 259-261
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) T > Tc : The Zel’dovich’s gradient mechanism is possible 

zone of thermal gradient
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x�(t)� = 0

D heat releaseinduction

oscillations

oscillations

induction

reference frame of the unperturbed detonation

Galloping detonation = oscillatory instability : oscillation of the velocity of the lead shock

DNS: Ficket Woods 1966
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Relative distance

D = 3100 m/s, T   = 2027 KN
D = 3000 m/s, T   = 1925 KN
D = 2900 m/s, T   = 1825 KN

XII-1) One-dimensional physical mechanisms
Detonation = inner shock followed by an exothermal reaction zone
Inner structure = uniform induction zone + zone of heat release

motion of the heat release zone produces a piston like e�ect

feedback loop the unstable character depends on the phase shift

lind(TN )

�D = ��̇t �= 0� �TN � �lind

Instability mechanism

acoustic waves

entropy wave

Two di�erent coupling mechanisms:

�
acoustic waves
entropy wave

P.Clavin XII

quasi-isobaric flow, the delay by the acoustic waves is negligible

transonic flow, the entropy wave is negligible

Strongly overdriven regimes for (� � 1)� 1 :

CJ regime for qm/cpTu � 1 and (� � 1)� 1 :

Two limiting cases

Lehr 1972

3

lind(TN )
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Reactive Euler equations in 1-D geometry
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1-D Euler (compressible) eqs. generalized acoustic eqs.

entropy equation

(�p = ±�a�u)
(useful form for the following)

x�(t)� = 0

D heat releaseinduction

oscillations

oscillations

induction
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Relative distance

D = 3100 m/s, T   = 2027 KN
D = 3000 m/s, T   = 1925 KN
D = 2900 m/s, T   = 1825 KN

feedback
loop

shock wave heat release

direct
influence

downstream running acoustic wave
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Galloping detonation = pulsating instability of the 1-D solution

x�(t)� = 0

D heat releaseinduction

oscillations

oscillations
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Relative distance

D = 3100 m/s, T   = 2027 KN
D = 3000 m/s, T   = 1925 KN
D = 2900 m/s, T   = 1825 KN

velocity of the shock oscillates
reaction rate oscillates

D(t) = D � �̇t,

P.Clavin XII
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Reduced mass weighted distance from the shock (useful for unsteady 1-D problems)
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instantaneous shock position reaction time at the Neumann state of the unperturbed solutionx = �(t)

Reduced equations
<latexit sha1_base64="78bi8p/6MNoZb4LJY2RZizH0WNw="></latexit><latexit sha1_base64="xhmuM8yEQl9Q87m2rqZHCDkf+jQ="></latexit><latexit sha1_base64="xhmuM8yEQl9Q87m2rqZHCDkf+jQ="></latexit><latexit sha1_base64="pk+Nkv+7R24EF4BSYZQEld1MYDY="></latexit>

tN

�
�

�t
+ u

�

�x

�
=

�

�t
+m(t)

�

�x
, where m(t) �

�
�(x, t)[u(x, t)� �̇t]

�uD

�

x=�(t)

= 1� �̇t

D
,

�
u|x=0(t)� �̇t = uN (t)

�N (t)uN (t) = �u(D � �̇t)

�

�x
=

�

�u

1
DtN

�

�x

�̇t � d�/dt

reduced mass flux across the lead shock

mass conservation

referential frame of the moving shock

<latexit sha1_base64="MWXy705hgGkAy65PQrKYShvbBYo="></latexit>

D � ↵̇(t)
<latexit sha1_base64="7uMn39FxXRR2Ap1dNpDCabJT34k="></latexit>

uN (t) = u(t)� ↵̇(t)

<latexit sha1_base64="FR2FJVTVDyMI5QSPPOjTZNR7zkQ="></latexit>⇢u
<latexit sha1_base64="FiSV4GHroSMUnYg7ytWUWWV+wHM="></latexit>

⇢N (t)

lead shock oscillates
<latexit sha1_base64="fPulZleJBhe1htB8W+bihjnNFZw="></latexit>

x = ↵(t), ↵̇(t) ⌘ d↵/dt
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D
Dt

�
�u

�

�
=

�

�x

�
u

D

�
� D

Dt

�
�N

�

�
=

�

�x

�
u

uN

�
,

D
Dt

�
u

D

�
= � �

�x

�
p

�uD
2

�
, p = (cp � cv)�T,

1
T

DT

Dt
� (� � 1)

�

1
p

Dp

Dt
=

qm

cpT
ẇ,

D�

Dt
= ẇ,

D
Dt
� �

�t
+ m(t)

�

�x

m(t) = 1� �̇t

D
, m(t) unknow

P.Clavin XII

�̇t/D = 1�m(t)

uN/D = �u/�N � �2, pN/pu �M
2
u = O(1/�2), aN/D � �, (aN/au)2 � [2 + (� � 1)M2

u]/2 = O(1)

Analytical solutions are obtained in limiting cases

Mu � 1, (� � 1)� 1 � M
2
N �

� � 1
2

+
1

M
2
u

� 1

Strong shock in the Newtonian approximation

Distinguished limit: M
2
u � 1, (� � 1)M2

u = O(1)

�2 �M
2
N � 1, M

2
u = O(1/�2), (� � 1) = O(�2)

small parameter

�u� �NuN = 0
dp

dx
+ �u

du

dx
= 0

�
�

� (p/pN � 1) = ��2 (u/uN � 1) ,�and a2
N/� = pN/�N Quasi-isobaric approximation of the shocked gas

adiabatic compression
<latexit sha1_base64="NTzsj3LCcoiwG+d0mQdeDmNvsh4="></latexit><latexit sha1_base64="zUsxINSB02BSWq3jqZOvLpptOIw="></latexit><latexit sha1_base64="zUsxINSB02BSWq3jqZOvLpptOIw="></latexit><latexit sha1_base64="8SsBOsglW0aexxbpMLichNcHv1U="></latexit>

�
overdriven regimes: u = ub

CJ regime: p� pb = �bab(u� ub) i.e. outgoing acoustic waves (radiation condition)
Burnt gas x�� :

Boundary conditions
Neumann state x = 0 : � = �N (t), p = pN (t), T = TN (t)

expressed in terms of m(t) by the RH conditions
�N (t)(u� �̇t) = �uDm(t) � = 0

uN

D =
�u

�N
=

(� � 1)M2
u + 2

(� + 1)M2
u

,
pN

pu
=

2�M2
u � (� � 1)
(� + 1)

,

TN

Tu
=

�
2�M2

u � (� � 1)
��

(� � 1)M2
u + 2

�

(� + 1)2M2
u

, M2
N =

(� � 1)M2
u + 2

2�M2
u � (� � 1)

.

<latexit sha1_base64="SlMr7Hmf5rS0NgAOIhNeMcrFH/I="></latexit>

Mu = [1�m(t)]Mu
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Lecture 12 : Galloping detonations

12-1. Physical mechanisms
Instability mechanism
Two limiting cases

Constitutive equations
12-2. General formulation

12-3. Strongly overdriven regimes in the limit (� � 1)� 1

12-4. CJ detonations for small heat release

Strong shock in the Newtonian approximation

Distinguished limit
Integral-di�erential equation for the dynamics
Oscillatory instability

Reactive Euler equations in 1-D geometry
Near CJ regimes for small heat release. Transonic reacting flows
Slow time scale
Asymptotic model for CJ or near CJ regimes
Results for simplified chemical kinetics
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 Strongly overdriven detonations in the limit (� � 1)� 1

�2 �M
2
N � 1, M

2
u = O(1/�2), (� � 1) = O(�2)

qN � qm/cpTN = O(1) � strongly overdriven regime
where Q � � + 1

2
qm

cpTu
MuCJ =

�
Q+

�
Q+ 1

TN/Tu = O(1) �MuCJ = O(1)�Mu �MuCJ

Distinguished limit
P. Clavin and L. He  (1996) J. Fluid Mech., 306, 353-378

x = 0 : � = 0, T = TN (t)

TN/Tu � [(� � 1)M2
u + 2]/2 where M2

u = M
2
u(1� �̇t/D)2

The solution yields T(x,t) and  (x,t) in terms of m(t) = 1� ↵̇t/D
<latexit sha1_base64="cg9RzlSzkphud1Ni4mrP/ofmp8A="></latexit><latexit sha1_base64="IxEuPe4w7e2SFGE0laFYjjHIABY="></latexit><latexit sha1_base64="IxEuPe4w7e2SFGE0laFYjjHIABY="></latexit><latexit sha1_base64="gDM9B6ZxwBj39kYKo0UIDHfMsEM="></latexit>

1
T

DT

Dt
� (� � 1)

�

1
p

Dp

Dt
=

qm

cpT
ẇ,

�p/p = O(�2)

�
��

��

�
���

���

�T

�t
+ m(t)

�T

�x
=

qm

cp
ẇ(�, T ),

��

�t
+ m(t)

��

�x
= ẇ(�, T )

�

Negligible adiabatic compression
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T (x, t) = T (�N (t� x), x) , �(x, t) = Y (�N (t� x), x) , ẇ = �(�N (t� x), x)

Unsteady solution (retarded functions)

(TN � TN )/TN = O(1/�N ) � �N (t) � �N (TN (t)� TN )/TN = O(1), ẇ� ẇ = O(1)

�
���

���

dT

dx
=

qm

cp
ẇ(�, T ),

d�

dx
= ẇ(�, T )

x = 0 : T = TN , � = 0,

Steady state solutions

T = T (�N , x), � = Y(�N , x), �(�N , x) � ẇ(T ,Y)

R
ea

ct
io

n 
ra

te
  (

R
ea

lti
ve

 u
ni

ts
)

Relative distance

D = 3100 m/s, T   = 2027 KN
D = 3000 m/s, T   = 1925 KN
D = 2900 m/s, T   = 1825 KN

TN = cst. �= TN

⇥N ⌘ �N (TN � TN )/TN
<latexit sha1_base64="oL/Z7sVvtrn/sCUxty7MV0t9o1k="></latexit><latexit sha1_base64="9QIi9jGlTPqGzsKESrqbHkZ/kp8="></latexit><latexit sha1_base64="9QIi9jGlTPqGzsKESrqbHkZ/kp8="></latexit><latexit sha1_base64="+ph9f7MUF6juJjQ/kbRtnPZWVMY="></latexit>

Distinguished limit �N = O(1/�2)(� � 1)�N = O(1) �

�
���

���

�T

�t
+

�T

�x
=

qm

cp
ẇ(�, T ),

��

�t
+

��

�x
= ẇ(�, T )

m(t) = 1� �̇t/D, �̇t/D = O(1/�N )� x = 0 : T = TN (t), � = 0,
D

Dt
⇡ @

@t
+

@

@x
<latexit sha1_base64="LuLF3uCgkmAb7kliZjGwbgXrxfo="></latexit><latexit sha1_base64="MhFcHhsE3HTJO6WmwJNTuolVDao="></latexit><latexit sha1_base64="MhFcHhsE3HTJO6WmwJNTuolVDao="></latexit><latexit sha1_base64="/ZPeRif1mv0rbJDzwIiF/MBlJhg="></latexit>

�N ⌘

T

ẇ

@ẇ

@T

�

T=TN
<latexit sha1_base64="dit7y0oSVohLCC7hxLryTJxpTAI="></latexit><latexit sha1_base64="zcE/Ed+KCWKRkMzvZ7NuMyuwRxg="></latexit><latexit sha1_base64="zcE/Ed+KCWKRkMzvZ7NuMyuwRxg="></latexit><latexit sha1_base64="HVBdZKfmb7XwjleZIRKxFwcuR5k="></latexit>
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(Clavin He 1996)

� �

0
�(�N , x)dx = 1

Nonlinear integral-equation
<latexit sha1_base64="ubSC9w4KGsrxD+akQx6aQrg3CtE="></latexit><latexit sha1_base64="G6DE08Oa3NgqcDh9+FqY6LUkYZM="></latexit><latexit sha1_base64="G6DE08Oa3NgqcDh9+FqY6LUkYZM="></latexit><latexit sha1_base64="8TUjYOG4BNmemioWpSguVKJppEE="></latexit>

b
�1 = �N (� � 1)

qm

cpTN
= O(1)

<latexit sha1_base64="N0RNiLh5EXvrxQ59ZMrn1oi2yI0="></latexit><latexit sha1_base64="zc8FuO48H/eRBLSWw8e5n5nV6uU="></latexit><latexit sha1_base64="zc8FuO48H/eRBLSWw8e5n5nV6uU="></latexit><latexit sha1_base64="qHRheBayLl5dRfNDpXRfMzIOM28="></latexit>

1 + b�N (t) =
� �

0
�(�N (t� x), x)dx,

Distinguished limit �N = O(1/�2)(� � 1)�N = O(1) �

@

@t
+m(t)

@

@x

�
⇡


@

@t
+

@

@x

�

<latexit sha1_base64="AhEHXcvN0VliJ15jMiIfC1gH1fg="></latexit><latexit sha1_base64="bGHE9UOwepEhYMHVWKZSXEWFX94="></latexit><latexit sha1_base64="bGHE9UOwepEhYMHVWKZSXEWFX94="></latexit><latexit sha1_base64="SM6lk/PLPBzgDzFMrI0jX1uiqjQ="></latexit>

m(t) = 1 +O(1/�N )
<latexit sha1_base64="bZBTUoJi5DfeMk2eKC6v35dU6oA="></latexit><latexit sha1_base64="9Kd2WPk7xKB1DDdtrCL/ZcNYpFg="></latexit><latexit sha1_base64="9Kd2WPk7xKB1DDdtrCL/ZcNYpFg="></latexit><latexit sha1_base64="x23eeIho2/JQsClRrwmJ8HaWHx0="></latexit>

TN

Tu
=

�
2�M2

u � (� � 1)
��

(� � 1)M2
u + 2

�

(� + 1)2M2
u

M2
u = M

2
u(1� �̇t/D)2

�
��

��
� (TN (t)� TN )/TN � �(� � 1)�̇t/uN � 1,

�̇t

uN
= � �N (t)

�N (� � 1)�

Rankine-Hugoniot
<latexit sha1_base64="UJ435xfW7BRcKM/6MQyGT8LbbRE="></latexit><latexit sha1_base64="wuGp9BdQh1CG+MGnLUx69GqQiI0="></latexit><latexit sha1_base64="wuGp9BdQh1CG+MGnLUx69GqQiI0="></latexit><latexit sha1_base64="nbGsv8AC7RHv5iHHAa4w+rgX8Vg="></latexit> uN

uN
⇡ 1 +

↵̇t

uN
<latexit sha1_base64="+8DaEOEF3oVp2w8J99+EfsEV51g="></latexit><latexit sha1_base64="FJbOzonp4BgNT+UcP7Pf9bNg2mY="></latexit><latexit sha1_base64="FJbOzonp4BgNT+UcP7Pf9bNg2mY="></latexit><latexit sha1_base64="NGXyBXjnh0Mw/wfqFMWWRfa9bT0="></latexit>


@

@t
+

@

@x

�
T

TN
⇡


@

@t
+

@

@x

�
⇢N
⇢

=
@

@x

✓
u

uN

◆

<latexit sha1_base64="YigkVKDAy2MExuAV7hzMrOm9dbo="></latexit><latexit sha1_base64="PmlLSkHsQHqlyY/I2C2ybQBbbBs="></latexit><latexit sha1_base64="PmlLSkHsQHqlyY/I2C2ybQBbbBs="></latexit><latexit sha1_base64="GhlXyAXtlwdjJNJsaQIRMW2kcBA="></latexit>

Quasi-isobaric approximation in the shocked gas + Continuity
<latexit sha1_base64="ueTsydYRay0miltLqbeOn3HTTGk="></latexit><latexit sha1_base64="lm1OKmXo9g5IKuzyfHzFMfwaVKk="></latexit><latexit sha1_base64="lm1OKmXo9g5IKuzyfHzFMfwaVKk="></latexit><latexit sha1_base64="vuvm7gaH9SnrSVfAY2n/WR6rTTU="></latexit>


@

@t
+

@

@x

�
T

TN
=

qm
cpTN

ẇ
<latexit sha1_base64="x2JSubXrAT9+as1UzF4fATCheYw="></latexit><latexit sha1_base64="kOkfi0C+l58SwcjxSB3/S3ZaykY="></latexit><latexit sha1_base64="kOkfi0C+l58SwcjxSB3/S3ZaykY="></latexit><latexit sha1_base64="fYrnFPKf3zAzFDmJEZCdZlqFbh8="></latexit>

ub

uN
� uN

uN
=

qm
cpTN

Z 1

0
ẇ(x, t)dx

<latexit sha1_base64="7Ejnzxdrw+1m6b7I1zJPYapnRcU="></latexit><latexit sha1_base64="7yH7wQMXR+7EBNuBQ1+K1ZiF4/Q="></latexit><latexit sha1_base64="7yH7wQMXR+7EBNuBQ1+K1ZiF4/Q="></latexit><latexit sha1_base64="eh+ymBhD7CZgcw6kGygbZcmjUXI="></latexit>

Energy
<latexit sha1_base64="/Lmt9g26yBFwXo2fHvcWX14xCsM="></latexit><latexit sha1_base64="TPfSNKpJvMlhBmQVPRhwMKEpyVI="></latexit><latexit sha1_base64="TPfSNKpJvMlhBmQVPRhwMKEpyVI="></latexit><latexit sha1_base64="QlQke5dKt6Ml8YTydtS4SwDZ1os="></latexit>

ẇ = �(�N (t� x), x)



strongly overdriven detonations in the Newtonian limit

+ energy eq. for T heat release per unit mass progress variable
�

�

�t
+ u

�

�r

� �
lnT � (� � 1)

�
ln p

�
=

qm

cpT

ẇ(T, Y )
tr

ẇ : non-dimensional reaction rate

�
�

�t
+ u

�

�r

�
Y =

ẇ(T, Y )
tr

chemical kinetics

1
�

��

�t
+

�u

�x
= 0

mass
�T � cst.

x � 1
tr�uD

� x

�(t)
�dx t � t

tr

�(�N (t� x), x)
�N (t) =

�(TN (t)� TN )
TN

�

integral equation for �N (t)

1 + b�N (t) =
� �

0
�(�N (t� x), x)dx, b�1 � �N (� � 1)

qm

cpTN

+

Rankine-Hugoniot at x = 0 : x�� : boundednessD(t)�D
D

� �N (t)

conservation of mass and boundary conditions

quasi-isobaric approximation in the shocked gases

unsteady / steady distribution of the rate of heat release

R
ea

ct
io

n 
ra

te
  (

R
ea

lti
ve

 u
ni

ts
)

Relative distance

D = 3100 m/s, T   = 2027 KN
D = 3000 m/s, T   = 1925 KN
D = 2900 m/s, T   = 1825 KN

steady state

�(�N , x)



strongly overdriven detonations in the Newtonian limit
quasi-isobaric approximation in the shocked gas

promote the instabilityhigh thermal sensitivity, �N
and/or

sti�ness of the distribution of heat release �(�N , x)

b =
� �

0
��N (x)e��xdx

� = ŝ + i�̂
�N (t) � e�t

Linearization. Normal mode analysis

��
N (x) � d[x�(x)]/dx

 
w 'θ

ξ
x

�̂ = O(1)� � = O(tN )
frequence of oscillation

of order of the transit time

Dimensionless
linear growth rate

.
. ..

.
..

. ..
.
.

b < b

Dimensionless 
frequency

ŝ

�̂

Poincaré-Andronov (Hopf) bifurcation

x�(t)� = 0

D heat releaseinduction

oscillations

oscillations

induction

R
ea

ct
io

n 
ra

te
  (

R
ea

lti
ve

 u
ni

ts
)

Relative distance

D = 3100 m/s, T   = 2027 KN
D = 3000 m/s, T   = 1925 KN
D = 2900 m/s, T   = 1825 KN

feedback
loop

shock wave heat release

direct
influence

quasi-instantaneous acoustic

entropy wave

1 + b�N (t) =
� �

0
�(�N (t� x), x)dx, b�1 � �N (� � 1)

qm

cpTN

OK with DNS
nonlinear e�ects: stochasticity + dynamical quenching

intermittency

Integral equation
for the reduced temperature

�(�N , x) � e�N �(e�N x)�(�N , x) � e�N �(e�N x), l/l = e��N

� �

0
�(�N , x)dx = 1

ArrheniusArrhenius law (1 step)
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Reactive Euler equations in 1-D geometry

1
�p

Dp

Dt
+�.u =

qm

cpT

ẇ
tN

� ± ( )

1
a�
�

( ) �
1
�

D�

Dt
= ��.u, �

Du
Dt

= ��p, p = (cp � cv)�T,

D�

Dt
=

ẇ
tN

,
1
T

DT

Dt
� (� � 1)

�

1
p

Dp

Dt
=

qm

cpT

ẇ
tN

,

D/Dt � �/�t + u.�

1
�p

D±p

Dt
± 1

a

D±u

Dt
=

qm

cpT

ẇ
tN

D±/Dt � �/�t± (a± u)�/�xa2 = �p/� 1-D :

1
�p

�
�

�t
+ (u±a)

�

�x

�
p±1

a

�
�

�t
+ (u±a)

�

�x

�
u =

qm

cpT

ẇ
tN

D
Dt
� �

�t
+ u

�

�x

ẇ(�, T )

1-D Euler (compressible) eqs. generalized acoustic eqs.

entropy equation

(�p = ±�a�u)
(useful form for the following)

overdriven regime near CJ: f = O(1)

M
2
u � 1 + 2�

�
f M

2
u �M2

uCJ
� 2�(

�
f � 1)

Small heat release approximation

Q� 1

small parameter: �2 � Q� 1 M2
uCJ

� 1 + 2�

(transonic regimes)

! � in p.9 �= � in p.5

MuCJ =
�
Q+

�
Q+ 1 Q � (� + 1)

2
qm

cpTu

CJ and overdriven regimes

CJ regime: f = 1, overdriven regime: f > 1

f �

�
Mu �M

�1
u

�2

4Q

Near CJ regimes for small heat release. Transonic reacting flows

CJ detonations for small heat release
P. Clavin and F.A. Williams  (2002) Combust. Theor. Model., 6, 127-129
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! crossover temperature : Tu < T � < TN

Distinguished limit (� � 1) = O(�) � (T � TN )/TN = O(�2)

qN � qm/cpTN = O(�2) f = O(1)

separation of scale: �coll/tN � (Mu � 1)� e�E/kBTN � �

1
�p

�
�

�t
+ (u± a)

�

�x

�
p± 1

a

�
�

�t
+ (u± a)

�

�x

�
u =

qm

cpT

ẇ
tNthe variation of a is negligible in

1� ŭ = O(�) �̆ = O(�)�̆ = O(�2)anticipating a/au = 1 + O(�2)

�
�

�t
+ (1 + ŭ)

�

�x

�
(�̆ + ŭ) = �2ẇ,

�
�

�t
� (1� ŭ)

�

�x

�
(�̆ � ŭ) = �2ẇ,

�
�

�t
+ ŭ

�

�x

�
[�̆ � (� � 1)�̆] = �2ẇ

�
�

�t
+ ŭ

�

�x

�
� = ẇ,

Non-dimensional equations t � t

tN
, x � x

autN
, ŭ � u

au
, �̆ � 1

�
ln

�
p

pu

�
, �̆ � (T � T̂u)

T̂u

Rankine-Hugoniot conditions
TN

Tu
� 1 + (� � 1)(M2

u � 1),
pN

pu
� �N

�u
� 1 + (M2

u � 1), � = 0

(M2
u � 1)� 1

see p.6 lecture X

Steady state (M2
u � 1) � (1�M

2
N ) � 2�

�
f

T � TN

Tu
� �2� � (� � 1)�

�
f [1�

�
1� (�/f)],

(� + 1)
2�

(p� pu)
pu

=
(� + 1)

2
M

2
u
(D � u)
D

� �
�

fMu[1 +
�

1� (�/f)],

heat release compressible e�ect

(1�M
2
b) � 2�

�
f � 1
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Period of oscillation = O(tN/�)Scaling

non dimensional time of order unity � � t

tN/�
= � t � t � t/tN

non dimensional variable of order unity µ, �, � : ŭ � u

au
= 1 + �µ, �̆ � 1

�
ln

�
p̂

p̂u

�
= ��, �̆ � (T � T̂u)

Tu
= �2�

instantaneous position of the lead shock wave � non dimensional positiona � �(�)/(autN )x = �(� t/tN )

reference frame of the moving shock :

x � x/(autN )

� � �t, � � x� a(�),
�

�x
=

�

��
,

�

�t
= �

�
�

��
� ȧ�

�

��

�

! u and µ are flow velocities in the lab frame

Arrhenius law : ẇ(�, �) = (1� �)e�e(���N ) with �e �
E

kBTN
�2 = O(1)

�(� + µ)
��

= 0
�(� � h� � �)

��
= 0,

��

��
= ẇ

�
�

��
+ (µ� ȧ� )

�

��

�
(� � µ) = ẇ,

ȧ� � da(�)/d�
h � (� � 1)/� = O(1)

�
�

�t
+ (1 + ŭ)

�

�x

�
(�̆ + ŭ) = �2ẇ,

�
�

�t
+ ŭ

�

�x

�
[�̆ � (� � 1)�̆] = �2ẇ

�
�

�t
� (1� ŭ)

�

�x

�
(�̆ � ŭ) = �2ẇ,

�
�

�t
+ ŭ

�

�x

�
� = ẇ,

�

Slow time scale
M2

u � 1 = O(�)� transonic flow: u/a = 1 + O(�)

1
�p

�
�

�t
+ (u + a)

�

�x

�
p +

1
a

�
�

�t
+ (u + a)

�

�x

�
u =

qm

cpT

ẇ
tN x�(t)� = 0

D heat releaseinduction

oscillations

oscillations

induction

x�(t)� = 0

D heat releaseinduction

oscillations

oscillations

induction

acoustic waves

entropy wave

lind � atN

time scale of the downward propagating acoustic wave : lind/a = tN

1
�p

�
�

�t
+ (u� a)

�

�x

�
p� 1

a

�
�

�t
+ (u� a)

�

�x

�
u =

qm

cpT

ẇ
tN

time scale of the upward propagating acoustic wave : lind/(a� u) � tN/�

longest delay in the feed back loop � tN/�

downstream
<latexit sha1_base64="99MJaQuFNaUP2xSPtG+CQdqDdXY="></latexit><latexit sha1_base64="xi3IiYN57u7RO94n5HknEsH/APs="></latexit><latexit sha1_base64="xi3IiYN57u7RO94n5HknEsH/APs="></latexit><latexit sha1_base64="qs395RGcxBAcp+cWKivEcm70SnU="></latexit>

upstream
<latexit sha1_base64="FbzRuBzrtrpcT2KXd0e49x2EwR8="></latexit><latexit sha1_base64="6hKJAzEtl/fWpjh5LAZeap2aoTo="></latexit><latexit sha1_base64="6hKJAzEtl/fWpjh5LAZeap2aoTo="></latexit><latexit sha1_base64="/BJodLfUFCWyrO4V8ytGmMmdMOg="></latexit>
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�(� + µ)
��

= 0
�(� � h� � �)

��
= 0,

��

��
= ẇ

�
�

��
+ (µ� ȧ� )

�

��

�
(� � µ) = ẇ, ȧ� � da(�)/d�

Mu = (D � �̇t)/au = Mu � � ȧ�

x�(t)� = 0

D heat releaseinduction

oscillations

oscillations

induction

�N � h�N = 0
� = 0 : � � �N = 2h(

�
f � ȧ� ), � � �N = 2(

�
f � ȧ� )

h � (� � 1)/� = O(1) f � overdrive factor

µN + �N =
�

f

µ + � =
�

f � = h
�

f � hµ + �

� = 0 : µ � µN = �
�

f + 2ȧ� and � = 0,

��

��
= ẇ(�, �)

The problem is reduced to solve two equations for µ and �

� = 0 : µ = �
�

f + 2 ȧ� and � = 0,

�
�

��
+ (µ� ȧ� )

�

��

�
µ = � ẇ

2
,

(Clavin Williams 2002)

Boundary condition in the burnt gas

� �� : � = 1, µ = µb = �
�

f � 1

yields an integral equation for ȧ� (�)

TN

Tu
� 1 + (� � 1)(M2

u � 1),

pN

pu
� �N

�u
� 1 + (M2

u � 1)
(Mu � 1) � �

�
f

M2
u � 1 � 2(Mu � 1)� 2� ȧ�

Boundary conditions at the Neumann state

�u(D � �̇t) = �N (u|x=� � �̇t)
! u and µ are flow velocities in the lab frame

�2 � qm/cpTu � 1, (� � 1) = O(�), E/kBTN = O(1/�2)
Asymptotic model for CJ or near CJ regimes
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��

��
= ẇ(�, �)

� �� : � = 1, µ = µb = �
�

f � 1� = 0 : µ = �
�

f + 2 ȧ� and � = 0,

�
�

��
+ (µ� ȧ� )

�

��

�
µ = � ẇ

2
,

� = h
�

f � hµ + �

Nonlinear equation for a transonic reacting flow

Result for simplified chemical kinetics

Simplification: The reaction rate depends only on TN (t)

The stability analysis is similar to that of strongly overdriven regimes !

R
ea

ct
io

n 
ra

te
  (

R
ea

lti
ve

 u
ni

ts
)

Relative distance

D = 3100 m/s, T   = 2027 KN
D = 3000 m/s, T   = 1925 KN
D = 2900 m/s, T   = 1825 KN

ẇ(� = 1) = 0

Similar integral equation but with a delay controlled by the upstream running acoustic wave

�(�) =
� �

0

d�

|µ(�)|

ȧ� (�) =
� �

0

�
1

4
�

f
��N (�) + G(�)

�
ȧ� (� ��(�))d�

Reduced propagation velocity of the shock front
<latexit sha1_base64="emUX+ZHUpTqywEycRZvc4de8Smo="></latexit><latexit sha1_base64="czMXvQthMzWFztveyYrVC5fjEwE="></latexit><latexit sha1_base64="czMXvQthMzWFztveyYrVC5fjEwE="></latexit><latexit sha1_base64="g0urdZAQDh9TnaVyJilzTQC6++g="></latexit>

Instability due to thermal sensitivity Stabilizing term due to residual compressible e�ects



Strongly overdriven detonation in the Newtonian limit ( P.C. & L. He 1996)

dominant mechanism: entropy wave
quasi-isobaric flow

( P.C. & F.A. Williams 2002)

dominant mechanism: acoustic wave
transonic flow

CJ (or near CJ) conditions close to the instability threshold

x�(t)� = 0

D heat releaseinduction

oscillations

oscillations

induction

R
ea

ct
io

n 
ra

te
  (

R
ea

lti
ve

 u
ni

ts
)

Relative distance

D = 3100 m/s, T   = 2027 KN
D = 3000 m/s, T   = 1925 KN
D = 2900 m/s, T   = 1825 KN

feedback
loop

shock wave heat release

direct
influence

entropy wave

acoustic waves

entropy wave
downstream running acoustic wave

upstream running acoustic wave

Galloping detonations are due to a phase shift in the loop between the lead shock and
the heat release, controlled by the entropy wave and the upstream running acoustic wave

GENERAL CONCLUSION
<latexit sha1_base64="LZyLtNi989T5VepzeLr5nEW5jq8="></latexit><latexit sha1_base64="J1KQH4nOySvHBoda8S8Vpqpzisc="></latexit><latexit sha1_base64="J1KQH4nOySvHBoda8S8Vpqpzisc="></latexit><latexit sha1_base64="O/4TUOeSafjOFWacWoqLo7EEybw="></latexit>

Comparison with DNS
<latexit sha1_base64="Q8FgO6RIpT3NBYflcNP7YEWr0jU="></latexit><latexit sha1_base64="qe3dd5s6Aeant4Wq95aLxhhEI+A="></latexit><latexit sha1_base64="qe3dd5s6Aeant4Wq95aLxhhEI+A="></latexit><latexit sha1_base64="ufxCYiMbSjfVPSRuZgSENlVqAHw="></latexit>

Tofaili, Lodato, Vervisch and Clavin Combustion and Flame (2021)
<latexit sha1_base64="BVDn5IymV5i4JIc++43Umgwc/ak="></latexit><latexit sha1_base64="uqYBDhVE+B2tLAJL75/zTXCJF30="></latexit><latexit sha1_base64="uqYBDhVE+B2tLAJL75/zTXCJF30="></latexit><latexit sha1_base64="Yc4VUPKx1RKwvVGCNsGo7+i4yPk="></latexit>

Vol. 232 111535
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Lecture 13 :

13-1. Acoustic waves and entropy-vorticity wave

Stability analysis of shock waves

13-2. Analyses

Linearized Euler equations
Linearized flow field

Dispersion relation for general materials

Classification of normal modes

Spontaneous emission of sound and instability

Stability of reacting shocks

Stability of shocks in ideal gases



 Acoustic waves and entropy-vorticity wave
P.Clavin XIII
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Flow velocity uN is su�ciently large � the di�usive fluxes are negligible:

Ds/Dt = 0 , @s/@t+ u.rs = 0
<latexit sha1_base64="1E8tFNpYKG7Un5JT7z2KtXef0rE="></latexit><latexit sha1_base64="bXxDlSoFjEvrM3h6XoyzAdUOrKU="></latexit><latexit sha1_base64="bXxDlSoFjEvrM3h6XoyzAdUOrKU="></latexit><latexit sha1_base64="zpCTYMKYuWrcUHptP6SXjR4JhhM="></latexit>

compressed gas:
<latexit sha1_base64="6rYkSJRXgPATwiIAVsLkaIVqw+0="></latexit><latexit sha1_base64="xn5s5n+LrMp5aw478kMLlwbSzrM="></latexit><latexit sha1_base64="xn5s5n+LrMp5aw478kMLlwbSzrM="></latexit><latexit sha1_base64="P2IynJmpHZjlsNX485NqPPjuLc4="></latexit>

no entropy production in the compressed gas
<latexit sha1_base64="DHjTTyaBcAE6Kb0NuFYIHh0LwxM="></latexit><latexit sha1_base64="vTHQCIY1+jIpdsiy6L0yficggKk="></latexit><latexit sha1_base64="vTHQCIY1+jIpdsiy6L0yficggKk="></latexit><latexit sha1_base64="XhEMZWSpJ1sTHYayFEHVT+TFHlc="></latexit>

� �s(r, t) �= 0

The entropy of shocked gas is modified at the Neumann state of a wrinkled shock

entropy production inside the shock thickness: entropy jump !
<latexit sha1_base64="d9FUpNMlcdLnDQItPqfDasy+vV8="></latexit><latexit sha1_base64="AIWR41Izis4nLDKD1ZDCg1kAYas="></latexit><latexit sha1_base64="AIWR41Izis4nLDKD1ZDCg1kAYas="></latexit><latexit sha1_base64="CRrz7ky46Gr57UHK5AFt4dBmiq8="></latexit>

Shock wave � hydrodynamic discontinuity + Rankine-Hugoniot conditions
thickness ⇡ mean free path

<latexit sha1_base64="0UAikKuEHSRfwkR6vdLpTPHLJQA="></latexit><latexit sha1_base64="Ex26JDntZBY5DYdYoSC4UfpX2So="></latexit><latexit sha1_base64="Ex26JDntZBY5DYdYoSC4UfpX2So="></latexit><latexit sha1_base64="wMMDdcCZkGXEC1vIlIOhq9NYjp0="></latexit>

D > au � the upstream flow in a wrinkled shock is not perturbed
supersonic wave

<latexit sha1_base64="ebJ9KHpuo3aYD/mlxkccTdN9pnw="></latexit><latexit sha1_base64="dMgx2xfk4rmyBEBbWQrbiIWWf8M="></latexit><latexit sha1_base64="dMgx2xfk4rmyBEBbWQrbiIWWf8M="></latexit><latexit sha1_base64="8Z+IPZ41uUz+gUazgZDvyM4ge0g="></latexit>

The flow of shocked gas in a planar wave is uniform

in the frame of the unperturbed planar shock

D > au uN < aN

initial fluid

(pu, ρu) (pN , ρN )

shocked fluid, Neumann state
M = D/a

Mu > 1 MN < 1

x = 0
x



the pressure fluctuations are fully propagated by acoustic waves in the shocked gas moving at constant velocity uN

Wave equation for the pressure (d’Alembert equation)

eliminating �� � 1
�Na2

N

D
Dt

�p +
�

�x
�u +

�

�y
�w = 0

eliminating �u and �w � D2

Dt2
�p� a2

N

�
�2

�x2
+

�2

�y2

�
�p = 0

P.Clavin XIII
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Linearized Euler equations

x

y

�u
�w

(written in 2-D for simplicity. Extension to 2-D is straightforward)
u = uN + �u, w = �w, � = �N + ��, p = pN + �p

1
�N

D
Dt

�� +
�

�x
�u +

�

�y
�w = 0,

�N
D
Dt

�u = � �

�x
�p, �N

D
Dt

�w = � �

�y
�p,

D
Dt

�s = 0 � D
Dt

�p = a2
N

D
Dt

��,

D/Dt = �/�t + uN�/�x

�p/��|s=cst � a

Compressed gas
<latexit sha1_base64="sw1hb3l8HHRTE9NaRV+E++Qefk0="></latexit><latexit sha1_base64="ujHbTEL27DSU1R2i3Cmxb9yPUX0="></latexit><latexit sha1_base64="ujHbTEL27DSU1R2i3Cmxb9yPUX0="></latexit><latexit sha1_base64="IUTc6HjKweC62OxMd/gGeONZ1Bo="></latexit>

isentropic: no entropy production but propagation of entropy from the shock
<latexit sha1_base64="vGch4LtikvcKLoEPpgm6qYQb7+g="></latexit><latexit sha1_base64="8hr0HVe+u9zl0zcSN9c8VwEVjMo="></latexit><latexit sha1_base64="8hr0HVe+u9zl0zcSN9c8VwEVjMo="></latexit><latexit sha1_base64="OfmqWZda+U/AWMaQN7nPEFlQrz8="></latexit>

Fresh mixture

x = α(t, y)

x

y

Shocked gas

entropy-vorticity wave
<latexit sha1_base64="0imYryQx0VsKtHLqBbk4igNXTYw="></latexit><latexit sha1_base64="oUVYdWdXs0SPZkz8pTJd7oJ0CEA="></latexit><latexit sha1_base64="oUVYdWdXs0SPZkz8pTJd7oJ0CEA="></latexit><latexit sha1_base64="BqEUOeOSCqutF5k4T731N/6fmwg="></latexit>



P.Clavin XIII Linearized flow field

Flow splitting
�p = �p(a), �u = �u(a) + �u(i)

�w = �w(a) + �w(i)
acoustic wave + vorticity wave

the pressure fluctuations are fully propagated by acoustic waves in the shocked gas moving at constant velocity uN

⇢N


@

@t
+ uN .r

�
u(a) = �rp

<latexit sha1_base64="rqrfo+XoUpMlWJHyMP5WQCwVDNk="></latexit><latexit sha1_base64="N9KTsanmLYV+eB7TE2TTqQRMn6M="></latexit><latexit sha1_base64="N9KTsanmLYV+eB7TE2TTqQRMn6M="></latexit><latexit sha1_base64="B+5PSbmlWplySFkd2DAUNy9bdUA="></latexit>

Wave equation for the pressure (d’Alembert equation)

eliminating �� � 1
�Na2

N

D
Dt

�p +
�

�x
�u +

�

�y
�w = 0

eliminating �u and �w � D2

Dt2
�p� a2

N

�
�2

�x2
+

�2

�y2

�
�p = 0

(a)
<latexit sha1_base64="4hAg9aIhbrjSUta0UkxpEJ7uyKM="></latexit><latexit sha1_base64="fPfPnYESWSXeZ+qcoeIwgEZHC7k="></latexit><latexit sha1_base64="fPfPnYESWSXeZ+qcoeIwgEZHC7k="></latexit><latexit sha1_base64="UlUjWyPkoNPGH98QXjKPsnHDcdM=">AAACsnicjVHLSsNAFD3GV62vqks3wSLUTUhE0GXBjcuK9oG1yGQ6raFJJiQToZR+glv9Kj/AP9C/8M6YglpEJ5A5c+65h/vwkzDIlOu+LliLS8srq6W18vrG5tZ2ZWe3lck85aLJZSjTjs8yEQaxaKpAhaKTpIJFfija/uhcx9sPIs0CGV+rcSJ6ERvGwSDgTBF1VWNHd5Wq67jm2PPAK0AVxWnIygtu0YcER44IAjEU4RAMGX1deHCRENfDhLiUUGDiAlOUKTcnlSAFI3ZE/yG9JoQlaSTpp7BxSHFJypSwdrZNPDcumv3dh1FNuo4x3X7hFRGrcE/sX3kz5X/zusQqDHBmug1oFolh9FR44ZKbCejK7S9dKXJIiNO4T/GUMDeZs5naJiczves5MhN/M0rN6jcvtDnedZW0TO/n6uZB69jxXMe7dKt1p1hrCfs4QI12d4o6LtBAk7yHeMQTnq0T68ZiFv+UWgtFzh6+HSv8AAG5iyw=</latexit>

(a)
<latexit sha1_base64="4hAg9aIhbrjSUta0UkxpEJ7uyKM="></latexit><latexit sha1_base64="fPfPnYESWSXeZ+qcoeIwgEZHC7k="></latexit><latexit sha1_base64="fPfPnYESWSXeZ+qcoeIwgEZHC7k="></latexit><latexit sha1_base64="UlUjWyPkoNPGH98QXjKPsnHDcdM=">AAACsnicjVHLSsNAFD3GV62vqks3wSLUTUhE0GXBjcuK9oG1yGQ6raFJJiQToZR+glv9Kj/AP9C/8M6YglpEJ5A5c+65h/vwkzDIlOu+LliLS8srq6W18vrG5tZ2ZWe3lck85aLJZSjTjs8yEQaxaKpAhaKTpIJFfija/uhcx9sPIs0CGV+rcSJ6ERvGwSDgTBF1VWNHd5Wq67jm2PPAK0AVxWnIygtu0YcER44IAjEU4RAMGX1deHCRENfDhLiUUGDiAlOUKTcnlSAFI3ZE/yG9JoQlaSTpp7BxSHFJypSwdrZNPDcumv3dh1FNuo4x3X7hFRGrcE/sX3kz5X/zusQqDHBmug1oFolh9FR44ZKbCejK7S9dKXJIiNO4T/GUMDeZs5naJiczves5MhN/M0rN6jcvtDnedZW0TO/n6uZB69jxXMe7dKt1p1hrCfs4QI12d4o6LtBAk7yHeMQTnq0T68ZiFv+UWgtFzh6+HSv8AAG5iyw=</latexit>

�u(i)(y, t� x/uN )

�w(i)(y, t� x/uN )�� ��w(i)

�t
+ uN

��w(i)

�x
= 0

��u(i)

�t
+ uN

��u(i)

�x
= 0D�u(i)/Dt = 0

D�w(i)/Dt = 0

D
Dt

=
�

�t
+ uN

�

�x

Entropy-vorticity wave (isobaric)
<latexit sha1_base64="z8afaD9ZXVGUs1TpWBALh4TbY4w="></latexit><latexit sha1_base64="z8afaD9ZXVGUs1TpWBALh4TbY4w="></latexit><latexit sha1_base64="z8afaD9ZXVGUs1TpWBALh4TbY4w="></latexit><latexit sha1_base64="sx9VCQPWqCtNoHKOdjjmtOqWzq0="></latexit>

�

�x
�u(i) +

�

�y
�w(i) = 0 � �

�t
�u(i) = uN

�

�y
�w(i)1

�Na2
N

D
Dt

�p +
�

�x
�u +

�

�y
�w = 0 �

(i)
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(i)
<latexit sha1_base64="2iGIdjy1T3vB6yUZoZD5/8D3AZ0="></latexit><latexit sha1_base64="VjU429I0j1+C5gvgDEeiLWReCOM="></latexit><latexit sha1_base64="VjU429I0j1+C5gvgDEeiLWReCOM="></latexit><latexit sha1_base64="TpBqo0ElZbxeXTfmwgcbKhgLi1c=">AAACsnicjVHLSsNAFD3GV62vqks3wSLUTUhE0GXBjcuK9oG1yCSd1qFJJiQToZR+glv9Kj/AP9C/8M6YglpEJ5A5c+65h/vwk1BkynVfF6zFpeWV1dJaeX1jc2u7srPbymSeBrwZyFCmHZ9lPBQxbyqhQt5JUs4iP+Rtf3Su4+0HnmZCxtdqnPBexIaxGIiAKaKuauLorlJ1Hdccex54BaiiOA1ZecEt+pAIkCMCRwxFOARDRl8XHlwkxPUwIS4lJEycY4oy5eak4qRgxI7oP6TXhLAkjST9FDYOKS5JmRLWzraJ58ZFs7/7MKpJ1zGm2y+8ImIV7on9K2+m/G9el1iFAc5Mt4JmkRhGTyUoXHIzAV25/aUrRQ4JcRr3KZ4SDkzmbKa2yclM73qOzMTfjFKz+h0U2hzvukpapvdzdfOgdex4ruNdutW6U6y1hH0coEa7O0UdF2igSd5DPOIJz9aJdWMxK/iUWgtFzh6+HSv8ABQhizQ=</latexit>
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Linearized flow field

D2

Dt2
�p� a2

N

�
�2

�x2
+

�2

�y2

�
�p = 0 wave eq.�(� + il±uN )2 + a2

N (l2± + k2) = 0l±(�, k)

2nd-order algebraic eq.

i
l±
|k| =

MNS ±
�

1 + S2

�
1�M

2
N

with S � �

aN |k|
1�

1�M
2
N

,
No length-scale other than |k|�1

in the problem

Normal-mode analysis

Fresh mixture

x = α(t, y)

x

y

Shocked gas

ũ(i) =
�
ũN +

il±uN

� + il±uN

p̃N

�NuN

�
e��x/uN ,

w̃(i) =
�
w̃N +

ikuN

� + il±uN

p̃N

�NuN

�
e��x/uN ,

�u(i)(y, t� x/uN )

�w(i)(y, t� x/uN )�

RH conditions

Rankine-Hugoniot conditions
<latexit sha1_base64="uGm8rdqsxEDRRiwP6gquHcqDIso="></latexit><latexit sha1_base64="27YpXXSlDLmer95zwynELb/1ZQo="></latexit><latexit sha1_base64="27YpXXSlDLmer95zwynELb/1ZQo="></latexit><latexit sha1_base64="VstUosFxTvcD4gXtEFjxPlecCwg="></latexit>

ũ(a) = � il±uN

� + il±uN

p̃N

�NuN
eil±x,

w̃(a) = � ikuN

� + il±uN

p̃N

�NuN
eil±x,

�N
D
Dt

�u = � �

�x
�p,

�N
D
Dt

�w = � �

�y
�p,

� x = 0 : �p = �pN (y, t) = p̃Neiky+�t

�p = p̃N exp (il±x + iky + �t)

k � Re
� � Z �(k) ?

<latexit sha1_base64="OwH3qIrOuOmfUp44zRXPEisfYVI="></latexit>

p̃(x) = p̃Neil±x

<latexit sha1_base64="uaBygP1CiWFURpAgsCsLMvRgqJ0="></latexit>

�p(x, y, t) = p̃(x)eiky+�t<latexit sha1_base64="hG7ph7nhlLc/4WpeZ34kC792cis="></latexit>

↵(y, t) = ↵̃eiky+�t

Incompressibility condition

��

�t
�u(i) = uN

�

�y
�w(i) � (il±� + uNk2)

(� + il±uN )
p̃N

�NuN
� �

ũN

uN
+ ikw̃N = 0

<latexit sha1_base64="kAGXVGfUmWmMoJSFlvVM5YnqCig="></latexit>

@

@x
�u(i) = � @

@y
�w(i) )
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Lecture 13 :

13-1. Acoustic waves and entropy-vorticity wave

Stability analysis of shock waves

13-2. Analyses

Linearized Euler equations
Linearized flow field

Dispersion relation for general materials

Classification of normal modes

Spontaneous emission of sound and instability

Stability of reacting shocks

Stability of shocks in ideal gases
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Rankine Hugoniot relations (general material)

D > au uN < aN

initial fluid

(pu, ρu) (pN , ρN )

shocked fluid, Neumann state
M = D/a

Mu > 1 MN < 1

p

pN

pu

1/ρ1/ρu1/ρN

Courbe
d'Hugoniot

Droite 
de Rayleigh

�pN =
1
r

�
�u

�N

�2

D2
��N

non-dimensional parameters

r � � (�uD)2

dpN/d��1
N

> 0,

MN n � �N

�u

M
2
N�

1�M
2
N

��

Dispersion relation for general materials

Fresh mixture

x = α(t, y)

x

y

Shocked gas

↵(t, y) = ↵̂ e�t+iky
<latexit sha1_base64="AdIAwL/lcLZyIE3f5Zn5bGcab3U="></latexit><latexit sha1_base64="AdIAwL/lcLZyIE3f5Zn5bGcab3U="></latexit><latexit sha1_base64="AdIAwL/lcLZyIE3f5Zn5bGcab3U="></latexit><latexit sha1_base64="ZV3PFeLTWSgMT9M7FO64xAmFgzU="></latexit>

2 parameters for the material: r and n
<latexit sha1_base64="xAYdxtWneq9/nNEr3aTYc4fmz48="></latexit><latexit sha1_base64="/XKy9TbqFRJ0CTHjhdo9MJ8QZkg="></latexit><latexit sha1_base64="/XKy9TbqFRJ0CTHjhdo9MJ8QZkg="></latexit><latexit sha1_base64="sMSr+kud3HTvAtRFxxPL6lX0vgk="></latexit>

Quadratic equation for �2/a2
Nk2

aS4 + 2bS2 + c = 0, S2 � �2

a2
Nk2

1
(1�M2

N )

a � (1 + r)2 � 4M
2
N , b � (1� r2)n� 2M

2
N , c � (1� r)2n2 > 0.

Linear rate

P. Clavin and F.A. Williams, Philos. Trans. R. Soc. London, A, 370, 597-624

±2MNS
�

1 + S2 = (1 + r)S2 + (1� r)n(
<latexit sha1_base64="mLsDNU6Ynby+ptNexqLbA2x0qBM="></latexit><latexit sha1_base64="mLsDNU6Ynby+ptNexqLbA2x0qBM="></latexit><latexit sha1_base64="mLsDNU6Ynby+ptNexqLbA2x0qBM="></latexit><latexit sha1_base64="EuPuJ4uTd64ZX1MlGoZ7fKoCexI="></latexit>
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Classification of normal modes

↵(t, y) = ↵̂ e�t+iky
<latexit sha1_base64="AdIAwL/lcLZyIE3f5Zn5bGcab3U="></latexit><latexit sha1_base64="AdIAwL/lcLZyIE3f5Zn5bGcab3U="></latexit><latexit sha1_base64="AdIAwL/lcLZyIE3f5Zn5bGcab3U="></latexit><latexit sha1_base64="ZV3PFeLTWSgMT9M7FO64xAmFgzU="></latexit>

aS4 + 2bS2 + c = 0, S2 � �2

a2
Nk2

1
(1�M2

N )

a � (1 + r)2 � 4M
2
N , b � (1� r2)n� 2M

2
N , c � (1� r)2n2 > 0.

Re(�) < 0 : stable mode exponentially damped e�|Re(�)|t
<latexit sha1_base64="rsvqtjmyztG2bXGF119oRkzYBqQ="></latexit><latexit sha1_base64="rsvqtjmyztG2bXGF119oRkzYBqQ="></latexit><latexit sha1_base64="rsvqtjmyztG2bXGF119oRkzYBqQ="></latexit><latexit sha1_base64="enuuisI/S26HZ5yPm7yvX8IvJkI="></latexit>

Re(�) > 0 : unstable mode exponentially amplified e|Re(�)|t
<latexit sha1_base64="ckpJ/RsoVFkPkqHBS8jV+EkqKIM="></latexit><latexit sha1_base64="ckpJ/RsoVFkPkqHBS8jV+EkqKIM="></latexit><latexit sha1_base64="ckpJ/RsoVFkPkqHBS8jV+EkqKIM="></latexit><latexit sha1_base64="tkd2rErcPs4cjLPKGTtGQegrr20="></latexit>

neutral oscillatory modesS2 < 0 : Re(�) = 0, � � Im(�) �= 0

Normal mode

Vorticity wave
(shear flow)

Non-radiative
acoustic wave

�p = p̃N exp (il±x + iky + �t)

<latexit sha1_base64="cTxqJ/PBMkBsUqwA37F5ZHwDHS4="></latexit>

�u = �u(i) + �u(a)

longitudinal component of the velocity (unperturbed shock) of the sound wave:

ex.(uNex � aNeK) = uN � aN
l�

l2 + k2

Neutral oscillatory modes

uN

�
l2 + k2 � aN l > 0

uN

�
l2 + k2 � aN l < 0

Spontaneous generation of sound. Radiating condition:

Non-radiating condition:

tn
<latexit sha1_base64="MC23qALUqmXrRMBeqKE9zfPbMR8="></latexit><latexit sha1_base64="MC23qALUqmXrRMBeqKE9zfPbMR8="></latexit><latexit sha1_base64="MC23qALUqmXrRMBeqKE9zfPbMR8="></latexit><latexit sha1_base64="EKLAwIMrhBQ/obYDtKgjtYb2aZQ=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIR1F3BjcuK9oFaZTKd1qFpJiQToZR+glv9Kj/AP9C/8M6YglpEJ5A5c+65h/sI4lCm2vNeC87c/MLiUnG5tLK6tr5R3txqpipLuGhwFaqkHbBUhDISDS11KNpxItgwCEUrGJyaeOtBJKlU0aUexaIzZP1I9iRnmqgLfRvdlSte1bPHnQV+DirIT12VX3CDLhQ4MgwhEEETDsGQ0ncNHx5i4joYE5cQkjYuMEGJcjNSCVIwYgf079NrTFiRRpF+Ahd7FFekTAgbZ9fGM+ti2N99GNVk6hjRHeReQ2I17on9K2+q/G/eNbEaPRzbbiXNIraMmQrPXTI7AVO5+6UrTQ4xcQZ3KZ4Q5jZzOlPX5qS2dzNHZuNvVmlY8+a5NsO7qZKW6f9c3SxoHlR9r+qfe5XaSb7WInawi33a3RFqOEMdDfLu4xFPeHYOnSuHOfxT6hTynG18O074AUvUi8U=</latexit>

1/tn
<latexit sha1_base64="z0Mw7Vnx6HsOFmzF1vJvOWPrtfE="></latexit><latexit sha1_base64="z0Mw7Vnx6HsOFmzF1vJvOWPrtfE="></latexit><latexit sha1_base64="z0Mw7Vnx6HsOFmzF1vJvOWPrtfE="></latexit><latexit sha1_base64="ZZnJfxXhM31427IRgQI3tMi49OM="></latexit>

n > 0
<latexit sha1_base64="lMiCKQ0hwHOLuXdeeuCyOUzy+vk="></latexit><latexit sha1_base64="WRIeoRbA/iEWLRqKv23SWNOg6SE="></latexit><latexit sha1_base64="WRIeoRbA/iEWLRqKv23SWNOg6SE="></latexit><latexit sha1_base64="MtAthv6vrVuEKyHWx0tdEixzCS0=">AAACsnicjVHLSsNAFD3GV62vqks3wSK4KokUdCUFNy4r2gfWIpPptA5NMyGZCKX0E9zqV/kB/oH+hXfGFNQiOoHMmXPPPdxHEIcy1Z73uuAsLi2vrBbWiusbm1vbpZ3dZqqyhIsGV6FK2gFLRSgj0dBSh6IdJ4KNglC0guG5ibceRJJKFV3rcSy6IzaIZF9ypom6is68u1LZq3j2uPPAz0EZ+amr0gtu0YMCR4YRBCJowiEYUvo68OEhJq6LCXEJIWnjAlMUKTcjlSAFI3ZI/wG9JoQVaRTpp3BxSHFFyoSwcXZtPLMuhv3dh1FNpo4x3UHuNSJW457Yv/Jmyv/mdYjV6OPUditpFrFlzFR47pLZCZjK3S9daXKIiTO4R/GEMLeZs5m6Nie1vZs5Mht/s0rDmjfPtRneTZW0TP/n6uZB87jiexX/0ivXqvlaC9jHAY5odyeo4QJ1NMh7gEc84dmpOjcOc/in1FnIc/bw7TjhB2Roi1w=</latexit>

unstable
<latexit sha1_base64="7VzmWBldOAlQYUm9qmAsHFa31Q4="></latexit><latexit sha1_base64="7VzmWBldOAlQYUm9qmAsHFa31Q4="></latexit><latexit sha1_base64="7VzmWBldOAlQYUm9qmAsHFa31Q4="></latexit><latexit sha1_base64="D3ua2imAg+c6+3Cd0F3XBQ4Q7ek="></latexit>

stable
<latexit sha1_base64="0CFow1fT++qkpq5Xo4w4obDv/No="></latexit><latexit sha1_base64="0CFow1fT++qkpq5Xo4w4obDv/No="></latexit><latexit sha1_base64="0CFow1fT++qkpq5Xo4w4obDv/No="></latexit><latexit sha1_base64="Ckkr4Ww85vI4aL3VE8LxbCEyYJ0="></latexit>

<latexit sha1_base64="v6CEiH50v1GPaUR3DopkWhjBAaI="></latexit>

Re(�) = 0
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Classification of normal modes
p

pN

pu

1/ρ1/ρu1/ρN

Courbe
d'Hugoniot

Droite 
de Rayleighr � � (�uD)2

dpN/d��1
N

> 0,

n � �N

�u

M
2
N�

1�M
2
N

�

2 non-dimensional parameters

Normal mode

Vorticity wave
(shear flow)

Non-radiative
acoustic wave

uN

�
l2 + k2 � aN l > 0

uN

�
l2 + k2 � aN l < 0

Spontaneous generation of sound. Radiating condition:

Non-radiating condition:

Neutral oscillatory modes

Classification of the normal modes in the parameters space

r∗ =
n−

�
(1−M2

N )
�
1− ρu

ρN

�

n + 1

radiating radiating
non

Re(σ) < 0Re(σ) = 0Re(σ) > 0

1n− 1
n + 1

−(1 + 2MN ) rr∗

UNSTABLE STABLE
oscillatory modes

P. Clavin and F.A. Williams, Philos. Trans. R. Soc. London, A, 370, 597-624

tn
<latexit sha1_base64="MC23qALUqmXrRMBeqKE9zfPbMR8="></latexit><latexit sha1_base64="MC23qALUqmXrRMBeqKE9zfPbMR8="></latexit><latexit sha1_base64="MC23qALUqmXrRMBeqKE9zfPbMR8="></latexit><latexit sha1_base64="EKLAwIMrhBQ/obYDtKgjtYb2aZQ=">AAACsnicjVHLSsNAFD2Nr1pfVZdugkVwVRIR1F3BjcuK9oFaZTKd1qFpJiQToZR+glv9Kj/AP9C/8M6YglpEJ5A5c+65h/sI4lCm2vNeC87c/MLiUnG5tLK6tr5R3txqpipLuGhwFaqkHbBUhDISDS11KNpxItgwCEUrGJyaeOtBJKlU0aUexaIzZP1I9iRnmqgLfRvdlSte1bPHnQV+DirIT12VX3CDLhQ4MgwhEEETDsGQ0ncNHx5i4joYE5cQkjYuMEGJcjNSCVIwYgf079NrTFiRRpF+Ahd7FFekTAgbZ9fGM+ti2N99GNVk6hjRHeReQ2I17on9K2+q/G/eNbEaPRzbbiXNIraMmQrPXTI7AVO5+6UrTQ4xcQZ3KZ4Q5jZzOlPX5qS2dzNHZuNvVmlY8+a5NsO7qZKW6f9c3SxoHlR9r+qfe5XaSb7WInawi33a3RFqOEMdDfLu4xFPeHYOnSuHOfxT6hTynG18O074AUvUi8U=</latexit>

1/tn
<latexit sha1_base64="z0Mw7Vnx6HsOFmzF1vJvOWPrtfE="></latexit><latexit sha1_base64="z0Mw7Vnx6HsOFmzF1vJvOWPrtfE="></latexit><latexit sha1_base64="z0Mw7Vnx6HsOFmzF1vJvOWPrtfE="></latexit><latexit sha1_base64="ZZnJfxXhM31427IRgQI3tMi49OM="></latexit>

n > 0
<latexit sha1_base64="lMiCKQ0hwHOLuXdeeuCyOUzy+vk="></latexit><latexit sha1_base64="WRIeoRbA/iEWLRqKv23SWNOg6SE="></latexit><latexit sha1_base64="WRIeoRbA/iEWLRqKv23SWNOg6SE="></latexit><latexit sha1_base64="MtAthv6vrVuEKyHWx0tdEixzCS0=">AAACsnicjVHLSsNAFD3GV62vqks3wSK4KokUdCUFNy4r2gfWIpPptA5NMyGZCKX0E9zqV/kB/oH+hXfGFNQiOoHMmXPPPdxHEIcy1Z73uuAsLi2vrBbWiusbm1vbpZ3dZqqyhIsGV6FK2gFLRSgj0dBSh6IdJ4KNglC0guG5ibceRJJKFV3rcSy6IzaIZF9ypom6is68u1LZq3j2uPPAz0EZ+amr0gtu0YMCR4YRBCJowiEYUvo68OEhJq6LCXEJIWnjAlMUKTcjlSAFI3ZI/wG9JoQVaRTpp3BxSHFFyoSwcXZtPLMuhv3dh1FNpo4x3UHuNSJW457Yv/Jmyv/mdYjV6OPUditpFrFlzFR47pLZCZjK3S9daXKIiTO4R/GEMLeZs5m6Nie1vZs5Mht/s0rDmjfPtRneTZW0TP/n6uZB87jiexX/0ivXqvlaC9jHAY5odyeo4QJ1NMh7gEc84dmpOjcOc/in1FnIc/bw7TjhB2Roi1w=</latexit>

oscillatory unstable

oscillatory stable

<latexit sha1_base64="F+TiVbaQdtUTyIc/zdwNEP5rD3Q="></latexit>

Re(�) = 0



OK with experiments K.C. Lapworth (1959)  J.F.M, 6, 469-480

polytropic gas, � = cst.

r � � (�uD)2

dpN/d��1
N

=
1

M
2
u

, n � �N

�u

M
2
N�

1�M
2
N

� =
M

2
u

(M2
u � 1)

uN

D =
�u

�N
=

(� � 1)M2
u + 2

(� + 1)M2
u

,
pN

pu
=

2�M2
u � (� � 1)
(� + 1)

, M2
N =

(� � 1)M2
u + 2

2�M2
u � (� � 1)

±2SMN

�
1 + S2 = S2

�
1 + M

�2
u

�
+ 1�±2MNS

�
1 + S2 = (1 + r)S2 + (1� r)n,
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Shock waves in polytropic gases have neutral modes with non-radiating acoustic waves

They are stable with a relaxation of initial disturbances in power laws 1/t3/2

Stability of shocks in ideal gases

! Formation of Mach stems
(see next lecture)

Mu > 1, � > 1 � (n� 1)/(n + 1) < r < r�

Clavin Williams 2012

radiating radiating
non

Re(σ) < 0Re(σ) = 0Re(σ) > 0

1n− 1
n + 1

−(1 + 2MN ) rr∗

UNSTABLE STABLE
oscillatory modes

1

2M
2
u � 1

<
1

M
2
u

<
M

2
u � (M2

u � 1)2
�

2M
�2
u [2�M

2
u � (� � 1)]�1

2M
2
u � 1

r∗ =
n−

�
(1−M2

N )
�
1− ρu

ρN

�

n + 1



Stability of reacting shocks

n �
�

�b

�u

�
M

2
b

1�M
2
b

==
1

M
�2
u � 1� 2Vb

=
1
�

r =
(1� �) + 1

M
2
u

(1 + �) + 1
M

2
u

=
�

n� 1
n + 1

� �

�
1 + 1

M
2
u(1��)

1 + 1
M

2
u(1+�)

�

�

r � � �uD2

dpb/d��1
b

= M
2
u

1 + Vb

1�M
2
uVb

Vb =
�
M
�2
u � (1 + �)

�
/2 � �

��
1�M

�2
u

�2
� 4QM

�2
u

� =

��
1�M

�2
u

�2
�

�
1�M

�2
uCJ

�2
M

2
uCJ

M
�2
u

0 � � < 1
CJ wave overdriven regime

r =
(1� �) + 1

M
2
u

(1 + �) + 1
M

2
u

Reacting shocks = detonations considered as an hydrodynamic discontinuity
thickness = 0: no modification of the inner structure

parallel to the unperturbed planar solution
For the CJ marginal regime the acoustic waves in the burned gas propagate in the direction

12

�
n� 1
n + 1

�
� r

radiating radiating
non

Re(σ) < 0Re(σ) = 0Re(σ) > 0

1n− 1
n + 1

−(1 + 2MN ) rr∗

UNSTABLE STABLE
oscillatory modes

P. Clavin and F.A. Williams, (2012) Philos. Trans. R. Soc. London, A, 370, 597-624

They are stable with a relaxation of initial disturbances in power laws
Overdriven reacting shocks in polytropic gases have neutral modes with non-radiating acoustic waves

<latexit sha1_base64="VxxUpzQK2g6klSVnsx+5xDtUaf4="></latexit>

6= Majda Rosales (1983)



Details of the calculation
<latexit sha1_base64="8wxCfkso6UUqUoHrmI7hz32sLSc="></latexit><latexit sha1_base64="uMs+EPU3KY0hSmBAfki4klEifNk="></latexit><latexit sha1_base64="uMs+EPU3KY0hSmBAfki4klEifNk="></latexit><latexit sha1_base64="TO9XAMb9uITA8Ul88xE8+Q8CsVE="></latexit>



P.Clavin XIII

14

D > au uN < aN

initial fluid

(pu, ρu) (pN , ρN )

shocked fluid, Neumann state
M = D/a

Mu > 1 MN < 1

Rankine Hugoniot relations (general material)

�uN

uN
=

�
�N

�u
� 1

�
1 + r

(1� r)
��/�t

D
,

�wN

uN
=

�
�N

�u
� 1

�
��

�y

Fresh mixture

x = α(t, y)

x

y

Shocked gas

x

y

�u
�w

longitudinal momentum pN � pu = �m2

�
1

�N
� 1

�u

�

�pN

pN

=
2
m

�
1� pu

pN

�
�u

��

�t
+

m2

pN�N

��N

�N

�
���

���

�pN

pN

= �2

�
1� pu

pN

�

(1� r)
��/�t

D
,

��N

�N

= �2
�

�N

�u
� 1

�
r

(1� r)
��/�t

D
�

�pN =
1
r

�
�u

�N

�2

D2
��N

Quadratic equation for �2/a2
Nk2

Clavin Williams 2012

aS4 + 2bS2 + c = 0, S2 � �2

a2
Nk2

1
(1�M2

N )

a � (1 + r)2 � 4M
2
N , b � (1� r2)n� 2M

2
N , c � (1� r)2n2 > 0.

taking the square

Linear rate

��

�t
= ��

��

�y
= ik��(y, t) = �̂eiky+�t

±
�

S2 + 1
p̃N

�NaNuN
= �S

ũN

uN
+

ikw̃N

|k|uN

MN�
1�M

2
N

non-dimensional parameters
p

pN

pu

1/ρ1/ρu1/ρN

Courbe
d'Hugoniot

Droite 
de Rayleigh

r � � (�uD)2

dpN/d��1
N

> 0,

tangent to the Hugoniot curve (geometrical construction)
�pN

pN

=
1
r

(�uD)2

pN�N

��N

�N
�

MN n � �N

�u

M
2
N�

1�M
2
N

��

±2MNS
�

1 + S2 = (1 + r)S2 + (1� r)n

S � �

aN |k|
1�

1�M
2
N

�

mass �N (uN � ��/�t� wN��/�y) = �u(D � ��/�t) �m = ��u
��

�t
��NuN + �N (�uN � ��/�t) = ��u��/�t�

Jump conditions p.5 lecture IV

�wN = (D � uN )��/�y�tangential momentum wN = (D � uN )��
y

(details of the calculation)
<latexit sha1_base64="F1KTKBFMrWExloyys3ZEG1zaAfE="></latexit><latexit sha1_base64="/Aef5dWiToUM2kgjx4y0h6XLYSY="></latexit><latexit sha1_base64="/Aef5dWiToUM2kgjx4y0h6XLYSY="></latexit><latexit sha1_base64="cYwAUBxHNYaAam6If5uogmRn3ys="></latexit>
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Compatibility condition

P.Clavin XIII

� (il±� + uNk2)
(� + il±uN )

p̃N

�NuN
� �

ũN

uN
+ ikw̃N = 0

�
�

�t
+ uN

�

�x

�2

�p� a2
N

�
�2

�x2
+

�2

�y2

�
�p = 0 (� + il±uN )2 + a2

N (l2± + k2) = 0 �2 + 2i�l±uN � l2±u2 + a2
N (l2± + k2) = 0�

�(il±uN� + u2
Nk2) = �2 + il±�uN + (a2

N � u2
N )(l2± + k2)

a2
N (l2± + k2) = �(� + il±uN )2 = (� + il±uN )

�
� �

�
1�M

2
N

�
(� + il±uN )

�
�

i
l±
|k| =

MNS ±
�

1 + S2

�
1�M

2
N

with S � �

aN |k|
1�

1�M
2
N

= (� + il±uN )
�
�M

2
N �

�
1�M

2
N

�
il±uN

�
�

�pN

pN

� �̇t

uN
,

p̃N

pN

� i�
�̂

uN

�uN

uN
� �̇t

uN
,

ũN

uN
� i�

�̂

uN

�wN

uN
� ��

y,
w̃N

uN
� ik�̂

The Rankine Hugoniot relations yields an equation for S � �

aN |k|

�(il±uN� + u2
Nk2) = �(� + il±uN )

�
1�M

2
N

�
±

�
1 + S2

�
|k|uN

±
�

S2 + 1
p̃N

�NaNuN
+ S

ũN

uN
� ikw̃N

|k|uN

MN�
1�M

2
N

= 0

� (il±� + uNk2)
(� + il±uN )

p̃N

�NuN
� �

ũN

uN
+ ikw̃N = 0 � �

�
1�M

2
N

�
±

�
1 + S2

�
|k|uN

p̃N

�NuN
� �

ũN

uN
+ ikw̃N = 0

(Buckmaster Ludford 1988. Clavin et al. 1997)

Dispersion relation for general materials

15

Downstream boundary condition

�p = p̃N exp (il±x + iky + �t)
x�� : bounded condition (in the unstable case, Re� > 0)

selection of the the sign in l± such that eil±x does not diverge

(details of the calculation)
<latexit sha1_base64="F1KTKBFMrWExloyys3ZEG1zaAfE="></latexit><latexit sha1_base64="/Aef5dWiToUM2kgjx4y0h6XLYSY="></latexit><latexit sha1_base64="/Aef5dWiToUM2kgjx4y0h6XLYSY="></latexit><latexit sha1_base64="cYwAUBxHNYaAam6If5uogmRn3ys="></latexit>



shocked material

D > au uN < aN

incident

reflected

shocked material

D > au uN < aN

incident transmitted

Transmitted or reflected sound wave

16

±2MNS
�

1 + S2 = (1 + r)S2 + (1� r)n

S = i�, � > 1
neutral oscillatory mode

�
��������

��������

radiating waves: l/|k| =
�
MN��

�
�2 � 1

�
/

�
1�M

2
N , /

�
1�M

2
N ,

2MN�
�

�2 � 1 = ��2 (1 + r) + (1� r)n > 0,

non-radiating waves: l/|k| =
�
MN� +

�
�2 � 1

�
/

�
1�M

2
N ,

�2MN�
�

�2 � 1 = ��2 (1 + r) + (1� r)n < 0

�

D’Yakov Kontorovich 1954-57
A neutral oscillatory mode that is radiating is considered as unstable

p̃r

p̃i
= �

�
2MN�

�
�2 � 1� �2 (1 + r) + (1� r)n

�
�
�2MN�

�
�2 � 1� �2 (1 + r) + (1� r)n

�

If a normal mode is radiating the response of the shock diverges when the reflected (or transmitted) waves matched the radiating normal mode

denominator goes trough 0incident
reflected �

� �

Oscillatory neutral modes
Spontaneous emission of sound and instability

P.Clavin XIII

Damping (n < 0) or amplification (n > 0) involving power laws tn

can be described by Laplace transform not by Fourier transform

Power laws of neutral modes
±2MN�

�
�2 � 1� �2 (1 + r) + (1� r)n = 0Square root in the dispersion relation � cut in the complex plane � power laws

Bates 2007

Neutral modes with non-radiating acoustic waves relaxe following a power law in time
Neutral modes with a radiating acoustic wave is unstable according a power law in time

tn n < 0
tn n > 0

D’Yakov Kontorovich 1954-57

details of calculation
<latexit sha1_base64="IUJvgzN8lEeZvi4K8E3NUnJjL1o="></latexit><latexit sha1_base64="F054mYzAwN0zE91ewA79c2Y9fYA="></latexit><latexit sha1_base64="F054mYzAwN0zE91ewA79c2Y9fYA="></latexit><latexit sha1_base64="BYRPYV8B50c7exW5t9RWhq7Lqro="></latexit>
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Mach stem formation
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slip
line

secondary shock

in
it

ia
l s

ho
ck

D

D
tangential components are equal

tangential components are equal

normal components are di�erent
(di�erence of density)

normal components are equal

tangential component are di�erent
(no di�erence of density)

Propagation
velocity

example of a triple point propagating in a uniform flow

Introduction. 
Recent experimental and DNS results

What is a Mach stem ?
3 shock waves + 1 slip line (degenerescence of shear layer)

called also contact line discontinuity ( Courant Friedrichs 1948)
Triple point =

First observed during the reflection of an oblique shock front incident an a wall

example of stationary triple point

Mach stem

Incident shock

Reflected shock

slip line



Mach stems and cellular detonationsP.Clavin XIV

visualisation of the cellular structures by optical methods
H.N. Presles et al. (1987) Combust. Flame, 70, 207-213

markings left on soot-coated foils on the walls
F. Joubert et al. (2008) Combust. Flame, 152, 482-495

pr
op

ag
at

io
n

Transverse structures of gaseous detonations have been observed for a long time
Shchelkin and Troshin (1965) Mono Book Corp.

Experimental observations of the cellular structure of detonations

Fresh mixture
x = α(t, y)

x

y

Shocked gas

Tr
an

sv
er

se
 w

av
e

transverse oscillatory modes (normal modes of the lead shock)
+

see lecture XIII Longitudinal oscillation

longitudinal oscillation of the complex shock reaction zone
(Galloping detonation)

Underlying linear mechanisms

see lecture XII

Seconda
ry

shock

Slip
line

Secondaryshock

Shock
wave

Shock
wave

Slipline

Mach stems propagating
in the transverse direction

Propagation

Le
ad

ing
 s

ho
ck

 fr
on

t

Heat

release

zone

Triple

point

Trajectory of


triple point

Secondary

shock

trajectory of triple points

Nonlinear mechanisms
singularity of slope of the lead shock � formation of Mach stems

Theory:  
Clavin (2002) Int. J. Bifurcation and Chaos., 12 (11) 2535-2546

Clavin and Denet (2002) P.R.L 88 (4) 044502
Clavin (2013) J. Fluid Mech., 721, 324-339

Clavin (2017) Combust. Sci. Technol., 189 (5), 747-775



OK with experiments

Schlieren experiments in shock tubes

5

P.Clavin XIV Spontaneous formation of Mach stems on shock fronts
K.C. Lapworth (1959)  J.F.M, 6, 469-480

M.G. Briscoe and A.A. Kovitz (1968)  J.F.M, 31(3), 529-546

Shock reflection from a wavy wall

Shchelkin & Troshin 1965

Strehlow 1984

Transverse structures
markings left by the transverse structure of cellular detonationsquite similar to the

Shchelkin Troshin 1965

Comparison with experiments

Triple points

B. Denet et al. (2015) Combust. Sci. Technol. 187, (1-2), 296-323 

DNS in 2 dimension geometry
G. Lodato et al. (2016)  J.F.M, 789, 221-258



Spontaneous formation of Mach stems
P.Clavin XIV

6

The incoming shock wave is not strong, Mu = 1.5 and the amplitude of wavy wall is small 1 mm
Immediately after reflection the wrinkled reflected shock has a smooth sinusoidal form

26 µs 30 µs 34 µs10 µs6 µs 14 µs

Singularity of slope is formed spontaneously at about 15 µs leading to triple points clearly observed as early as 20 µs

18 µs 22 µs
Lodato Vervisch 2015

The shock is quasi-planar with Mach stems propagating in the transverse direction
without deformation as solitons are known to do

crossing each other

Lodato Vervisch 2015

0 µs 10 µs 20 µs 30 µs 40 µs 50 µs 60 µs 70 µs 80 µs

Su�ciently far from the wall the wall e�ect becomes negligible

Long-lived Mach stems on quasi-planar inert shock front

G. Lodato et al. (2016)  J.F.M, 789, 221-258
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uN/D � �2, a2
N � uND, aN/au = O(1)

Mu = O(1/�), (� � 1) = O(�2)�2 �M2
N � 1

In order to simplify the presentation the analysis is performed for strong shock in the Newtonian limit

Linear dynamics

M
2
u � 1, (� � 1)� 1,

Distinguished limit

M
2
u(� � 1) = O(1), M

2
N � (� � 1)/2 + 1/M

2
u � 1,

in the frame of the unperturbed planar shock

D > au uN < aN

initial fluid

(pu, ρu) (pN , ρN )

shocked fluid, Neumann state
M = D/a

Mu > 1 MN < 1

x = 0
x

where for simplicity some unimportant �2 terms have been omitted in �pN and �wN

�pN

pN

� �2
�̇t

D
,

��N

�N

= �2
�

au

aN

�2 �̇t

D
,

(�uN � �̇t) = � [(� � 1)M2
u � 2]

2M
2
u

�̇t, �wN � D��
y,

Rankine-Hugoniot relations ( see p. 6 & p.9 lecture XIII)

Analysis for strong shocks in the Newtonian limit
P. Clavin (2017) Combust. Sci. Technol., 189 (5), 747-775

Multidimensional analysis of shock fronts

� � aNk, �2�/�t2 � a2
N�2�/�y2 = 0

Fresh mixture

x = α(t, y)

x

y

Shocked gasWave equation

� � ±iaN |k|�
Quasi-isobaric approximation of the flow in the shocked gas

±2SMN

�
1 + S2 = S2

�
1 + M

�2
u

�
+ 1 S � �

aN |k|
1�

1�M
2
NDispersion relation see p. 10 lecture XIII

<latexit sha1_base64="XbsGOz4z15fH5ADKUX5f80kgJNM="></latexit>

x = ↵(y, t) in the transverse direction



P.Clavin XIV

8

� � aNk, �2�/�t2 � a2
N�2�/�y2 = 0

Fresh mixture

x = α(t, y)

x

y

Shocked gas

Wave equation
� � aN |k| �̇t = O(aN��

y)

uN/D � �2, a2
N � uND, aN/au = O(1)

Mu = O(1/�), (� � 1) = O(�2)�2 �M2
N � 1

l/|k| = O(�)�

Normal mode

Vorticity wave
(shear flow)

Non-radiative
acoustic wave

the acoustic waves propagates in a direction quasi-parallel to the front

(l/|k|)
�

1�M
2
N = MN� +

�
�2 � 1 > 0

� � �/(aN |k|) � 1MN = �

�u(a) = O(��pN/�NaN ) �u(a) = O(�2�pN/�NuN )ũ(a) = � il±uN

� + il±uN

p̃N

�NuN
eil±x,

�w(a) = O(�pN/�NaN ) �w(a) = O(��pN/�NuN )w̃(a) = � ikuN

� + il±uN

p̃N

�NuN
eil±x,

see p. 4 lecture XIII � �u(a) = O(�2�̇t)

�w(a) = O(��̇t)

�

aN

MN
=

aN/au

MuMN
D = O(D)pN � �Na2

N � �NuN
aN

MN

� �pN/(�NuN ) = O(�̇t)�pN/pN � �2�̇t/D
Rankine-Hugoniot:

( see p. 6 & p.10 lecture XIII) weak acoustic wave

�p = p̃N exp (il±x + iky + �t) il± = ±il,

(see pp.4-5 lecture XIII)
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Normal mode

Vorticity wave
(shear flow)

Non-radiative
acoustic wave

the vorticity wave is a shear flow quasi-parallel to the front
propagating at a subsonic velocity in the normal direction

�u(i)

�x
+

�w(i)

�y
= 0 � � 1

uN

�2�

�t2
+D�2�

�y2
= 0

�u(i) = �̇t(y, t� x/uN ) �w(i) = D��
y(y, t� x/uN )�

�
�

�t
+ uN

�

�x

�
u(i) = 0

uND � a2
N � Wave equation

A subsonic wave that is su�ciently tilted yields a trace on the front that is sonic

� =
uN

aN
� 1

x

y

uN�t

aN�t

uN/D � �2, a2
N � uND, aN/au = O(1)

Mu = O(1/�), (� � 1) = O(�2)�2 �M2
N � 1

Fresh mixture

x = α(t, y)

x

y

Shocked gas

the acoustic waves are negligibly smaller than the vorticity wave

�u(i)|x=0 = �uN � �̇t �w(i)|x=0 = �wN � D��
y

|�u(a)/�u(i)| = O(�2)

|�w(a)/�w(i)| = O(�2)
�

� �uN � �̇t �wN � D��
y = O(�̇t/�)

|�u(i)/�w(i)| = O(�)

(�uN � �̇t) = � [(� � 1)M2
u � 2]

2M
2
u

�̇t,
Rankine-Hugoniot:
( see p. 6 & p.10 lecture XIII)

� � aNk, �2�/�t2 � a2
N�2�/�y2 = 0

Wave equation
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Weakly nonlinear analysis

Nonlinear Euler equations

�u

�t
+ uN

�u

�x
= U � 1

�

�p

�x
,

�w

�t
+ uN

�w

�x
=W � 1

�

�p

�y
,

�U � �u
�u

�x
+ w

�u

�y
, �W � �u

�w

�x
+ w

�w

�y
,

The weakly nonlinear approximation is valid when the nonlinear terms U and V are small
(compared with the linear terms)

This is the case for small amplitudes of the wrinkles |��
y|� � � �MN = uN/aNwhere namely for �� 1

�u � u� uNwhere
w � w(i)

� u(i)

DuN � a2
N

u(i) = �̇t(y, t� x/uN )
w(i) = D��

y(y, t� x/uN )

�̈tt = a2
N���

y2

U = O(��u(i)/�t) W = O(��w(i)/�t)

where � � |�̇t|/uN = O(|��
y|aN/uN ) that is � = O(|��

y|/�)

P. Clavin (2013) J. Fluid Mech., 721, 324-339
P. Clavin (2017) Combust. Sci. Technol., 189 (5), 747-775

Linear solution

source terms

U � 1
2

�H

�x
, W � �1

2
D
uN

�H

�y
,

where H � [��̇2
t (y, t� x/uN ) + a2

N�
�2
y (y, t� x/uN )].

Perturbation analysis for �� 1

progressive wave: �̇t = ±aN��
y � H = 0, U = 0, V = 0

no first order correction term coming from the Reynolds tensor
the shear wave u(i) = �̇t(y, t� x/uN ) w(i) = D��

y(y, t� x/uN ) is an exact solution of the Euler equations for p = 0

the first order correction terms should come from the boundary conditions at x = �(y, t) (Rankine-Hugoniot)

<latexit sha1_base64="P1FmhDzCKa5vFK3BOdrMF9Z5U8g="></latexit>
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mass �N (uN � ��/�t� wN��/�y) = �u(D � ��/�t)

�wN = (D � uN )��/�ytangential
momentum

pN

pu
=

2�M2
u � (� � 1)
(� + 1)

�M2
umomentum

p.5 lecture IV

longitudinal

where Mu =
(D � �̇t)

au

�
1 + ��2

y

�1/2
p.7 lecture X

the Rankine-Hugoniot conditions yield

x = �(y, t) : p = pN , u = uN , w = wN

pN/pN � 1� 2�̇t/D, uN � uN � �̇t +D��2
y , wN � D��

y

�

The shift of the front position also introduces quadratic terms

x = 0 : �u � uf (y, t) � �uN � �u�
x, w � wf (y, t) � wN � �w�

x

�u�1
N �uf/�t + �wf/�y = 0

The nonlinear equations for the wrinkles is obtained from the incompressible condition

H = 0 � the nonlinear terms coming from shift of the front position do not contribute

�uN�(�u�
x)/�t + �(�w�

x)/�y = 0

the only nonlinear term that yields a correction of order � � |��
y|/�

D|�
�2
y /�̇t| = O(|��

y|/�)|�̇t| = O(aN��
y), D/aN = O(1/�) �

Limiting the attention to the nonlinear corrections of order � � |��
y|/�

� 1
uN

�uN

�t
+

�wN

�y
= 0 � �2�

�t2
� a2

N
�2�

�y2
+D �

�t

�
��

�y

�2

= 0 (a2
N � DuN )

D�
�2
y /|�̇t| � (D/aN )|��

y| � �nonlinear correction of order �,
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Mach stem formation
�2�

�t2
� a2

N
�2�

�y2
+D �

�t

�
��

�y

�2

= 0

D�
�2
y /|�̇t| � (D/aN )|��

y| � �nonlinear correction of order �,

Two timescales problem:
�s � L/aN

�l � �s/�
short time
long time

wavelength of the wrinkles
(period of oscillation)
(for the formation of a singularity of slope)

Non-dimensional form

�2A
�t2

� �2A
�y2

+ �
�

�t

�
�A
�y

�2

= 0

t � t/�s, y � y/L, A � �/(��L)

small nonlinear correction term producing a singularity at finite (but long) non-dimensional time 1/� , t = O(1/�)
that is at the long timescale t = O(�l)�

���

���

�

�t
� �

�t
+ �

�

�t�

�2

�t2
� �2

�t2
+ 2�

�

�t
�

�t� + �2 �2

�t’2

t and t� � �t,so that A may be considered to depend on two reduced time variables

�̇t � D�
�2
y /2

Geometrical construction for the slip line and the secondary shock

Normal mode

Mach stem

(triple point)

Vorticity wave

(shear flow)

Non-radiative

acoustic wave

Secondary


shock

Slip

line

C

D

D

C
Collapse of points C and D by a Huygens like construction

�̇t � D��2
y ��̇t/(1 + ��2

y )1/2 = D
di�erent only by a numerical factor 1/2

one gets 2�
�2A

�t�t� + �2 �2A

�t’2
+ �

�

�t

�
�A

�y�

�2

+ �2 �2

�t�

�
�A

�y�

�2

= 0

Considering a simple progressive wave y� = y± t
and looking for a solution in the form A(y, t) = A(y�, t�)

leading order 2
�A

�t� +
�

�A

�y�

�2

� 0�B/�t� + B�B/�y� = 0
known to produce a singularity after a finite time see pp 3-4 lecture X

Burgers equation for B(y�, t�) � �A/�y�

P. Clavin (2013) J. Fluid Mech., 721, 324-339
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�2�

�t2
� a2

N
�2�

�y2
+D �

�t

�
��

�y

�2

= 0

Numerical solution of the model equation and comparison with experiments

The trajectory of the corners looks quite similar
to the traces left on the wall by a cellular detonation

B. Denet et al. (2015) Combust. Sci. Technol. 187, (1-2), 296-323 

(a) t = 0µs (b) t = 10µs (c) t = 20µs

(d) t = 30µs (e) t = 40µs (f) t = 50µs

(g) t = 60µs (h) t = 70µs (i) t = 80µs

Figure 3: Time frames of the evolution of the shock after reflection. The reference marks in (g)
are 2mm spaced.

Figure 4: Contour map of the speed of sound at t = 280µs.

6

(a) t = 0µs (b) t = 10µs (c) t = 20µs

(d) t = 30µs (e) t = 40µs (f) t = 50µs

(g) t = 60µs (h) t = 70µs (i) t = 80µs

Figure 3: Time frames of the evolution of the shock after reflection. The reference marks in (g)
are 2mm spaced.

Figure 4: Contour map of the speed of sound at t = 280µs.

6

 0.01

 0.015

 0.02

 0.025

 0.03

 0.035

 0.04

-0.005  0  0.005  0.01  0.015  0.02  0.025  0.03

No
rm

al
iz

ed
 d
is

ta
nc
e

Normalized streamwise position

Initial condition: sinusoidal shock front of small amplitude

The formation of corners is clearly observed

Good agreement with experiments and DNS

G. Lodato et al. (2016)  J.F.M, 789, 221-258



P.Clavin XIV

14

 Shock-vortex interaction

Consider a cylindrical and very subsonic vortex of diameter L and turnover velocity ve, ve/au � �

Mu = O(1/�), (� � 1) = O(�2)�2 �M2
N � 1

Interaction time �int = L/D � turnover time L/ve � frozen flow ue(r) we(r) + small disturbances of the front

The disturbances of the front during the crossover can be described by a linear analysis

Interaction time �int = L/D � propagation time in the transverse direction of the wrinklesL/aN

strong shock + weak vortex

squeezed vortex
by compression

uN � D

Initial

vortex

Transmitted

vortex

Weak acoustic

pulse

Strong

acoustic


burst

Vorticity


wave

After the interaction time, t > �int, the wrinkled shock front propagates in a quiescent medium

2 timescales: short crossover and longer transverse propagation of the wrinkles

the crossover provides the initial conditions

�u1f (y, t) = ue|x=�Dt, �w1f (y, t) = we|x=�Dt, �p1f (y, t) = pe|x=�Dt

vortex

�pN

pN

� �p1f

pu

� 2
(�u1f � �̇t)

D
,

��N

�N

� ��1f

�u

= 2
�

au

aN

�2 (�u1f � �̇t)
D

,

(�uN � �̇t) =
[(� � 1)M2

u � 2]

2M
2
u

(�u1f � �̇t) , �wN � D��
y + �w1f ,

Rankine-Hugoniot
(the subscript f denotes the value at the shock front of the upstream flow)

(generalization of the relations p. 6)

(ve � au/Mu)

Formulation

Similar analysis but with an upstream flow
�u1(r, t), �w1(r, t), �p1(r, t)

Linear analysis of the crossover

Clavin (2013) J. Fluid Mech., 721, 324-339
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�u(a)

�t
� � 1

�N

�p

�x
,

�w(a)

�t
� � 1

�N

�p

�y
,

�2p

�t2
� a2

N

�
�2p

�x2
+

�2p

�y2

�
Acoustic in the shocked gases (Doppler neglected for simplicity) 0 < t < �int

�u(a) � �p/(�NaN )
ve/au � �, 0 < t < �int : �u(a)|x=0 � �u(a)

N � 2(aN/D)(�u1f � �̇t)

ve/au � � : �pN/pN � 2(�u1f � �̇t)/D

�p1f/pu

ve/D
� (ve/au)2

ve/D
� (ve/au)

�
� 1�p1f/pu is negligibleRankine-Hugoniot

longitudinal component
of the vortex velocity

To leading order

ve/au � �, 0 < t < �int : �̇t � 2(aN/D)�u1f , �(y, t) = 2
aN

D

� 0

�Dt
dx

ue(x, y)
D

|�| = O(�2Lve/au), |��
y| = O(�2ve/au)

Wrinkles of very small amplitude are left on the shock front by the vortex

(aN/D)�u1f = O(�ve) � ��w1f/�y = O(ve/L)� (aN/D)��u1f/�x � ve/(�L)

x = 0, 0 < t < �int : �/�t = O(D/L), �/�y = O(1/L)

Initial

vortex

Transmitted

vortex

Weak acoustic

pulse

Strong

acoustic


burst

Vorticity


wave� |�w(a)|/|�u(a)| = O(�)

A quasi-planar and longitudinal pressure burst of transverse extension L is generated

�p/�x � (1/aN )�p/�t � (D/aN )�p/L � ��1(�p/�y)

Acoustic burst

�u(i) = �u(i)
N (y, t� x/uN ), �w(i) = �w(i)

N (y, t� x/uN )Vorticity wave ��u(i)

�x
= � 1

uN

��u(i)

�t
= O

�
D
uN

�u(i)

L

�
= O

�
�u(i)

�2L

�

Incompressibility ��u(i)/�x + ��w(i)/�y = 0 |�u(i)|/|�w(i)| = O(�2) The vorticity wave is quasi-parallel to the front

�uN � �̇t

�wN � D��
y + �w1f

�u(i)|x=0 � �u(i)
N = �uN � �u(a)

N � �̇t � 2(aN/D)�u1f

�w(i)|x=0 � �w(i)
N = �wN � �w(a)

N � D��
y + �w1f � �w(a)

N

Vorticity wave (transmitted vortex)
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ve/au � �, 0 < t < �int : �̇t � 2(aN/D)�u1f , �(y, t) = 2
aN

D

� 0

�Dt
dx

ue(x, y)
D

During crossover

Composite solution for a single vortex

�2�

�t2
� 2

aN

D
��u1f

�t
beginning of interaction < t < end of interaction :

After crossover
�2�

�t2
� a2

N
�2�

�y2
+D �

�t

�
��

�y

�2

� 0

involves a time scale of evolution L/aN longer than L/D

valid during a short lapse of time of order L/D

Composite equation

�2�

�t2
� a2

N
�2�

�y2
+D �

�t

�
��

�y

�2

= 2
aN

D
��u1f

�t

Strong shock propagating in a weakly turbulent flow

taking advantage of the two di�erent time scales

� = aN/D � 1

�u1f (y, t) = ue|x=�Dt

ue(x, y)frozen velocity field

short living forcing term

Clavin (2013) J. Fluid Mech., 721, 324-339
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Model equation
Extension to 3 dimensions

� � y/L, � � z/L, � � aN t/L, � � �/(�L)

length scale unity
��/�� is a small (reduced) forcing term fluctuating rapidly

B. Denet et al. (2015) Combust. Sci. Technol. 187, (1-2), 296-323 
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B. Denet et al. (2015)

Numerical analysis of the model equation
B. Denet et al. (2015) Combust. Sci. Technol. 187, (1-2), 296-323 

Model equation: B. Denet et al. (2015)DNS: J. Larsson et al. (2013) J. Fluid. Mech. 717, 293-321 

Comparison with DNS
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Lecture 15 : Cellular detonations

15-1. Cellular detonations at strong overdrive

15-2. Cellular instability near the CJ condition

Order of magnitude. Scaling
Formulation
Outer flow in the burnt gas
Inner structure
Matching
Linear growth rate
Weakly nonlinear analysis

Formulation
Scaling
Model for CJ or near CJ regimes
Multidimensional stability analysis
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Longitudinal oscillation

longitudinal oscillation of the complex shock reaction zone

transverse oscillatory mode of the lead shock

Cellular detonations

Pulsation ⇡ 2⇡/tN
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Underlying mechanisms
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Fresh mixture
x = α(t, y)

x

y

Shocked gas
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+

Longitudinal oscillation

longitudinal oscillation of the complex shock reaction zone

Underlying linear mechanisms

transverse oscillatory mode of the lead shock

Cellular detonations

period of oscillation: tN � �r(TN )
transverse velocity of the shock disturbances: aN

�

�
detonation thickness dN = uN tN tN � �r(TN )

wavelength of unstable disturbance aN tN = dN/�

The unstable wavelengths are much larger than the detonation thickness by an order 1/✏
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�2 �M
2
N � 1, M

2
u = O(1/�2), (� � 1) = O(�2)MN = uN/aN ,
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 Cellular detonations at strong overdrive
Clavin et al (1997) Clavin Denet (2002) Daou Clavin (2003)

Order of magnitude and scaling
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Overdriven detonations in the Newtonian approximation Mu � 1, MN ⌧ 1
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Clavin(2002)(2017)
<latexit sha1_base64="5vZRQOIzRSZzdJJlSNBA0Thyg0Y="></latexit><latexit sha1_base64="o3rJfCp43JSwnXUSvKbcadq8Epg="></latexit><latexit sha1_base64="o3rJfCp43JSwnXUSvKbcadq8Epg="></latexit><latexit sha1_base64="jLog1SqHSbqmmT+JvlWjjnfzEF0="></latexit>

See the review by Clavin (2017) Combust. Sci . Technol. 189 (5) pp 747-775



v̂N/uN � (��̂/�y, ��̂/�z) and the scaling of the transverse coordinates �/�y = �d�1
N �/�y, �/�z = �d�1

N �/�z

tN
D

Dt̂
=

@

@t
+ [m(t)� v(x, y, t)]

@

@x
+ v

@

@y
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m(t) ⌘ 1� ✏
2
@↵/@t = 1 +O(✏2)
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v(x, y, t) ⌘
Z x

0
(@v/@y)dx0 = O(1)
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linear approximation
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Non-dimensional variables of order unity
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u ⌘ û/uN , v ⌘ ✏v̂/uN , p ⌘ p̂/pN , ↵ ⌘ ↵̂/dN
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mass weighted coordinate
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x ⌘ 1

⇢NdN

Z x̂

↵̂
⇢(x̂0, ŷ, t̂)dx̂0, t ⌘ t̂/tN , y ⌘ ✏ŷ/dN
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Fresh mixture
x = α(t, y)
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�2 �M
2
N � 1, M

2
u = O(1/�2), (� � 1) = O(�2)

Overdriven detonations in the Newtonian approximation

 Weakly unstable detonations at strong overdrive

MN = uN/aN

The unstable wavelengths are much larger than the detonation thickness by an order 1/✏
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qN = O(�2)Stability limit qN ⌘ Q/cpTN
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The detonation is stable against the longitudinal disturbances
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�u =
⇥
1 + (1/M

2
u)� (� � 1)/2

⇤
@↵/@t, v =

⇥
1� (1/M

2
u)
⇤
@↵/@y
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�p = �2✏2@↵/@t, �TN/TN ⇡ �(� � 1)@↵/@t
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x = 0 :
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Rankine-Hugoniot
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Boundary conditions
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u = 1 + �2u2(x) + �u T = 1 + �2T 2(x) + �TqN = �2q2 p = 1 + ✏4p4 + �p
<latexit sha1_base64="W7rukdn7rl3EqXbzzCkA8CGxywM="></latexit><latexit sha1_base64="mZrPlkQbPWAljETRCmkVNyG+EiY="></latexit><latexit sha1_base64="mZrPlkQbPWAljETRCmkVNyG+EiY="></latexit><latexit sha1_base64="3tnpjBx/xpVnWq2spEdM8mgv4Q0="></latexit>

Linearization
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✓
@

@t
+

@

@x

◆
@v

@y
= �u

@2�p

@y2
<latexit sha1_base64="D8LX59LhmyY3SJPf2z5/PZiO/dg="></latexit><latexit sha1_base64="lld+pNcHw8x1nWNCvc/Opzn8juM="></latexit><latexit sha1_base64="lld+pNcHw8x1nWNCvc/Opzn8juM="></latexit><latexit sha1_base64="oyML1rRfTRAgfERkOFQkxCFscy8="></latexit>
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<latexit sha1_base64="jSbO05pVxTqzA5u2ekGCeRTuEVg="></latexit><latexit sha1_base64="k3dv47yMZU3HbKmM6F8yDWl6shw="></latexit><latexit sha1_base64="k3dv47yMZU3HbKmM6F8yDWl6shw="></latexit><latexit sha1_base64="5HcR/onIOpknpTrY0fkhMxwUWKw="></latexit>

Linear equations valid up to ✏4
<latexit sha1_base64="crIfemEFdz9BjzM6ryrSmOy9E34="></latexit><latexit sha1_base64="xsGuE9zkwrveunMG3e2Ow+i3c6g="></latexit><latexit sha1_base64="xsGuE9zkwrveunMG3e2Ow+i3c6g="></latexit><latexit sha1_base64="ZTfvebxMVZFzS6giNQzfvNriPpw="></latexit>
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<latexit sha1_base64="GPG18v+kqFJS1JrB5rAy6aNaa6c="></latexit><latexit sha1_base64="61Bs+luBCzL/WGVp7nf2y6YJFqY="></latexit><latexit sha1_base64="61Bs+luBCzL/WGVp7nf2y6YJFqY="></latexit><latexit sha1_base64="0+UjrLOg5iXVmc/YKDbPqW24SrE="></latexit>
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<latexit sha1_base64="QQaVzI7npJiHz7/A5dHVKA2PRIE="></latexit><latexit sha1_base64="ly8pd0v1GAbeFnXOGXtKtPGypkY="></latexit><latexit sha1_base64="ly8pd0v1GAbeFnXOGXtKtPGypkY="></latexit><latexit sha1_base64="lIIuylxF9GX6UGgKxRkT9ktEgHQ="></latexit>

Euler eq.
<latexit sha1_base64="WCGUYxJl5UgCnteR31cbQgugYrY="></latexit><latexit sha1_base64="j+UVPHBrTWzjbWaP1zI/XpIt7Qo="></latexit><latexit sha1_base64="j+UVPHBrTWzjbWaP1zI/XpIt7Qo="></latexit><latexit sha1_base64="70q9Zyj7BaVdCORuVdaJMya6LmY="></latexit>

Energy eq.
<latexit sha1_base64="so0Td6ZTUdOJHIyxXtJFeh1gtZM="></latexit><latexit sha1_base64="c2aJmq2w8gneJseE/itOZ/C0LNo="></latexit><latexit sha1_base64="c2aJmq2w8gneJseE/itOZ/C0LNo="></latexit><latexit sha1_base64="nRZZoM2gQZ/dyH4N5dWVdju8mh0="></latexit>

rate of heat release
<latexit sha1_base64="Kv4fkF9ISwkiGUpMbThRUw75K+w="></latexit><latexit sha1_base64="v1gTwfyz8P/1BgaYGyf41h5KqtY="></latexit><latexit sha1_base64="v1gTwfyz8P/1BgaYGyf41h5KqtY="></latexit><latexit sha1_base64="jPX+3h4nYeLRO5TKBEtpYphBfzE="></latexit>divergence

<latexit sha1_base64="7SXAbcSTxTYapzu6CRUOcLx8m9Q="></latexit><latexit sha1_base64="yfrKWUZKQgPsJEnI2oaboflhFaM="></latexit><latexit sha1_base64="yfrKWUZKQgPsJEnI2oaboflhFaM="></latexit><latexit sha1_base64="YyJQLbsvQk59X1xVazWbne5dS84="></latexit>
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� = �̃ exp(�t + i�.y) �f(x,y, t) = f̃(x)�̃ exp(�t + i�.y)x = ↵(y, t)
<latexit sha1_base64="5xm4+4pTGH5ZHAicXLWe+bbFUik="></latexit><latexit sha1_base64="Z1Sly9+n/Qwi3Wdu6zBXtDDb0uE="></latexit><latexit sha1_base64="Z1Sly9+n/Qwi3Wdu6zBXtDDb0uE="></latexit><latexit sha1_base64="UquukiYYTRMlp9lJtmEEP6XqMdQ="></latexit>

wrinkled front of the lead shock
<latexit sha1_base64="6atXIrZKBJM9WsBPNajbWm2SdYc="></latexit><latexit sha1_base64="mnbadueC7UvoVy8So23mR9PK8Cg="></latexit><latexit sha1_base64="mnbadueC7UvoVy8So23mR9PK8Cg="></latexit><latexit sha1_base64="M8cRb5Hf/j0LfY3Fy2ayzmWT7wY="></latexit>

�() = �0() + ✏2�2() + ... ?
<latexit sha1_base64="d1i+1x6OSI+hkWwxUBteVOq+hNI="></latexit><latexit sha1_base64="lepaYzLZU3LPbaq/xOrcr3/jq4Q="></latexit><latexit sha1_base64="lepaYzLZU3LPbaq/xOrcr3/jq4Q="></latexit><latexit sha1_base64="o8h6FLyw8lnYvkrO/e6LTWmPaio="></latexit>

Expansion in powers of ✏
<latexit sha1_base64="Z7Z7l60uWYfK9NR4NXxjC106APg="></latexit><latexit sha1_base64="RxZMYVvE8GHjm/zSTTOwMynm3aM="></latexit><latexit sha1_base64="RxZMYVvE8GHjm/zSTTOwMynm3aM="></latexit><latexit sha1_base64="EfUEFFtB9tWbpdPXxH/L7ZUGRmo="></latexit>
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<latexit sha1_base64="3eSCx5SGMp9fkEy7Xfel4ql9cbo="></latexit><latexit sha1_base64="mDpGR4/j1XQu786isPBiuzeT4oI="></latexit><latexit sha1_base64="mDpGR4/j1XQu786isPBiuzeT4oI="></latexit><latexit sha1_base64="7EfA1bE3nI0n55Xef5VW8wJY2ro="></latexit>
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<latexit sha1_base64="TVDIq6JMX1ySPaFUIIrNxydDc+0="></latexit><latexit sha1_base64="gveV0di/3znRsskPt74LSW+Rkwg="></latexit><latexit sha1_base64="gveV0di/3znRsskPt74LSW+Rkwg="></latexit><latexit sha1_base64="IuvwitWqQJPSOWOWRQlPw8vSaSE="></latexit>

Linear analysis in normal modes
<latexit sha1_base64="IFcZDq56kaVTU6SOtvisF/0Arhc="></latexit><latexit sha1_base64="eUOzAaTSEy6CDyXTVfDeYh4EYVk="></latexit><latexit sha1_base64="eUOzAaTSEy6CDyXTVfDeYh4EYVk="></latexit><latexit sha1_base64="VqbOoMqvSllk2D1g1b9CQxeBKgQ="></latexit>
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<latexit sha1_base64="sNvuTcWjFtFq7IwQD2TZiFHpCog="></latexit><latexit sha1_base64="Bdwp9wjfp5ZSb4kmE1Bpu9+uRYg="></latexit><latexit sha1_base64="Bdwp9wjfp5ZSb4kmE1Bpu9+uRYg="></latexit><latexit sha1_base64="c0BZmLOew8rXFCMz4hmhpFBHvJ0="></latexit>
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<latexit sha1_base64="xPKO8lrVpr58ntz88xMl4uOW1OU="></latexit><latexit sha1_base64="YUGE43E1+BuR8MZSr1OJlsSMxWE="></latexit><latexit sha1_base64="YUGE43E1+BuR8MZSr1OJlsSMxWE="></latexit><latexit sha1_base64="Uhna0r3zOtGd0ugGT6hE8Sf2kMA="></latexit>

Rankine-Hugoniot
<latexit sha1_base64="hmWykSWqol/D/JuJsc9SH0sJhso="></latexit><latexit sha1_base64="9LlnDsjh0mkzP1lZ6LoNK9eRk0w="></latexit><latexit sha1_base64="9LlnDsjh0mkzP1lZ6LoNK9eRk0w="></latexit><latexit sha1_base64="0p4T0qdmwI1fgR7swpCwDRwUYhw="></latexit>

continuity
<latexit sha1_base64="aQaIfvKpOolTE1HNj2TfxSyGZOg="></latexit><latexit sha1_base64="QsU7Giq3jfp+3y7ULHJ44K8QrjI="></latexit><latexit sha1_base64="QsU7Giq3jfp+3y7ULHJ44K8QrjI="></latexit><latexit sha1_base64="XLQ13JhzwxlVe8J5lvcbl0MPETY="></latexit>
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<latexit sha1_base64="APtF+B205hcCAAUwSF6QzuRN4+E="></latexit><latexit sha1_base64="ybfrbWqK2vE9QC9LKE/TwcKu0jg="></latexit><latexit sha1_base64="ybfrbWqK2vE9QC9LKE/TwcKu0jg="></latexit><latexit sha1_base64="hwvAHtBzHSHm0OYj0Qt9xKCcSXA=">AAACoXicjVHLSsNAFD2Nr1qr1rWbYBFclYkbXQpuXFawD6ilTNJpHZpkwmQilNIfcOt3+QH+gf6Fd8YU1CI6gcyZc8893EeYxTI3jL1WvI3Nre2d6m5tr17bPzhs1Lu5KnQkOpGKle6HPBexTEXHSBOLfqYFT8JY9MLZtY33HoXOpUrvzDwTw4RPUzmRETdEtUeNJmsxd/x1EJSgifKoxgvuMYZChAIJBFIYwjE4cvoGCMCQETfEgjhNSLq4wBI1yi1IJUjBiZ3Rf0qvBWFFGkX6JXycUlyRUhO2zr6LF87Fsr/7cKrJ1jGnOyy9EmINHoj9K2+l/G/egFiDCS5dt5JmkTnGTiUqXQo3AVu5/6UrQw4ZcRaPKa4JRy5zNVPf5eSudztH7uJvTmlZ+45KbYF3WyXtMvi5uXXQPW8FrBXcMlRxjBOc0coucIUbtNEhyzGe8Owxr+sNP3fuVcrlH+Hb8UYf95+IaQ==</latexit><latexit sha1_base64="P/gDfT5HV+crfYTnMEE2m6moqvA="></latexit><latexit sha1_base64="P/gDfT5HV+crfYTnMEE2m6moqvA="></latexit><latexit sha1_base64="Bsw8qEf+9AGFhG4huT0iJp8i+EY="></latexit><latexit sha1_base64="Bsw8qEf+9AGFhG4huT0iJp8i+EY="></latexit><latexit sha1_base64="ybfrbWqK2vE9QC9LKE/TwcKu0jg="></latexit><latexit sha1_base64="ybfrbWqK2vE9QC9LKE/TwcKu0jg="></latexit><latexit sha1_base64="ybfrbWqK2vE9QC9LKE/TwcKu0jg="></latexit><latexit sha1_base64="ybfrbWqK2vE9QC9LKE/TwcKu0jg="></latexit><latexit sha1_base64="Bsw8qEf+9AGFhG4huT0iJp8i+EY="></latexit>
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transverse travelling waves
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Zeroth-order of the vorticity wave �p(i) = 0
<latexit sha1_base64="BXft22gd6gYi7+qJLphdn0gGf6Y="></latexit><latexit sha1_base64="xJHj+IrBhOEQtYkf3FigCE7KMtE="></latexit><latexit sha1_base64="xJHj+IrBhOEQtYkf3FigCE7KMtE="></latexit><latexit sha1_base64="tqyafSkWyWhTE8tklGik9FrjKOA="></latexit>

length and time scales of order unity
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 Linear analysis at strong overdrive: acoustics +entropy-vortivity waves

�p = ✏2�p(a)2 + ...
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<latexit sha1_base64="Gt6IOUSUWKcRTZzmN3NYFvMr520="></latexit><latexit sha1_base64="cNTMHw/qyikSTBhM3rzCAuIufC8="></latexit><latexit sha1_base64="cNTMHw/qyikSTBhM3rzCAuIufC8="></latexit><latexit sha1_base64="tqFa6kLAqMFzUGpnavMflmDXb1E="></latexit>
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<latexit sha1_base64="ZepfevyHyiy32HB32O3L1E42bK8="></latexit><latexit sha1_base64="kuUwQs+UoeHLlzom+EI9ttlCTpA="></latexit><latexit sha1_base64="kuUwQs+UoeHLlzom+EI9ttlCTpA="></latexit><latexit sha1_base64="ZOUP1WK/sI1fgdALCzozx3ZTHdg="></latexit>

heat release
<latexit sha1_base64="LuusvGS8JmiE7oVMjCmQ+VVFcIA="></latexit><latexit sha1_base64="snoxk3GONBHB/4dHgNZ9UxgQth8="></latexit><latexit sha1_base64="snoxk3GONBHB/4dHgNZ9UxgQth8="></latexit><latexit sha1_base64="R5Zqo3we08CPmiIdwQvxerfCb5g="></latexit>

Two zones :
<latexit sha1_base64="yZl0FfnPKkhIPVmZAOsb5m2f/fQ="></latexit><latexit sha1_base64="yZl0FfnPKkhIPVmZAOsb5m2f/fQ="></latexit><latexit sha1_base64="yZl0FfnPKkhIPVmZAOsb5m2f/fQ="></latexit><latexit sha1_base64="mEvrZ2k49S2+x2L/tYDObilKWkA="></latexit>

Thin quasi-isobaric inner layer where the heat is released
<latexit sha1_base64="+nySlWpEoZosPXihie1GKlX2MYw="></latexit><latexit sha1_base64="Uu+WYvB2bLwsVLypqLRigGYiT7s="></latexit><latexit sha1_base64="Uu+WYvB2bLwsVLypqLRigGYiT7s="></latexit><latexit sha1_base64="8SAGjqja00KVfoI5RLu6AM/+n6s="></latexit>

inner zone
<latexit sha1_base64="FEAY7hfYKtw1m9Z4rVMxgNJN+DM="></latexit><latexit sha1_base64="w1JqKbLWL4+3u0xlVxRAG2oZX1Y="></latexit><latexit sha1_base64="w1JqKbLWL4+3u0xlVxRAG2oZX1Y="></latexit><latexit sha1_base64="2IiClnitRQJTs3yZvvyjJtnMWR0="></latexit> outer zone (inert)

<latexit sha1_base64="BBdFWJIUGVk4TRHAlTqedFqKIjE="></latexit><latexit sha1_base64="BoEA4/4T6Tp2nwcXoBjuOPC02B8="></latexit><latexit sha1_base64="BoEA4/4T6Tp2nwcXoBjuOPC02B8="></latexit><latexit sha1_base64="sNTppiKNH4EwQVN7Hz0AuCvWgkA="></latexit>

Outer inert zone
<latexit sha1_base64="IRhB89u3hqzCXACkaVlETn+d1X4="></latexit><latexit sha1_base64="iSvN4mSgsZyU52KTybK06v5I4iA="></latexit><latexit sha1_base64="iSvN4mSgsZyU52KTybK06v5I4iA="></latexit><latexit sha1_base64="D6w3Xs6uVaT0Crud3F0q2RI1CoQ="></latexit>

the sound waves are smaller than the entropy-vorticity wave by a factor ✏2
<latexit sha1_base64="ilr2TGGVtTosl7x1A/Wt5ia+nJY="></latexit><latexit sha1_base64="4ZDQkZOHYtr5CFeJrLYCP4Gsqio="></latexit><latexit sha1_base64="4ZDQkZOHYtr5CFeJrLYCP4Gsqio="></latexit><latexit sha1_base64="JM6ChCCWb7fnwB3Nb18dPEhjTmI="></latexit>

�
1
�

ub

pb

�
d
dx

+ �

�2

� 1
�2

d2

dx2
+ u2

b�
2

�
p̃(x) = 0D2

Dt2
�p� a2

N

�
�2

�x2
+

�2

�y2

�
�p = 0 �

Acoustic waves in the outer zone
<latexit sha1_base64="nrAsYD8Dt77SO9nzcbtU9JfP8yQ="></latexit><latexit sha1_base64="nrAsYD8Dt77SO9nzcbtU9JfP8yQ="></latexit><latexit sha1_base64="nrAsYD8Dt77SO9nzcbtU9JfP8yQ="></latexit><latexit sha1_base64="v8QfWUXOkynHV5oMDKHth7V4fKM="></latexit>

p̃(x) = p̃b exp(ilx)
<latexit sha1_base64="Al0kN7jq9/0MTDpZqBvm0wBGqfg="></latexit><latexit sha1_base64="SiPx1Bmfe/HNmrW8lbkRh2q1Aak="></latexit><latexit sha1_base64="SiPx1Bmfe/HNmrW8lbkRh2q1Aak="></latexit><latexit sha1_base64="RjvzLwv9yGbEL5UErZTjF+aZi9s="></latexit>

<latexit sha1_base64="2tTBELj15l3FxYXSaSxzxBpPEDw="></latexit>

�() = �0() + ✏2�2()
<latexit sha1_base64="Srv7yjcKChp0SR6IVsslFBp4B7k="></latexit>

�0() = ±i

<latexit sha1_base64="ei+4z/9qthK57NGIkgmmqaXY6q4="></latexit>

�p = p̃(x)e�t+i.y

R. Daou and P. Clavin (2003), J. Fluid Mech.,  482, 181-206
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Inner structure of the detonation

Ũ (i)(x) = O(1) Ṽ(i)(x) = O(1) ũ � Ũ (i)(x) + ũ(a)(�2x) ṽ � Ṽ(i)(x) + ṽ(a)(�2x)

�.Ṽ(i) �
�
�1 + �2

�
2 +

1
�2M2

u

��
�2e��x

Ũ (i)(x)�
�
1 +

1
M2

U

� � � 1
2

�
� + 2�2il2 + u(x)

� x

0
�.Ṽ(i)dx� � qN

� x

0

�
˜̇w + �̃(i)

0 ẇ
�

dx�

method similar to that used for galloping detonations

˜
<latexit sha1_base64="wrLw4bOxFX16a7jVzeoezOUd1ZM="></latexit><latexit sha1_base64="wrLw4bOxFX16a7jVzeoezOUd1ZM="></latexit><latexit sha1_base64="wrLw4bOxFX16a7jVzeoezOUd1ZM="></latexit><latexit sha1_base64="N2HobhFo3s7lRWMxPSSbGpskRG4="></latexit>

˜
<latexit sha1_base64="wrLw4bOxFX16a7jVzeoezOUd1ZM="></latexit><latexit sha1_base64="wrLw4bOxFX16a7jVzeoezOUd1ZM="></latexit><latexit sha1_base64="wrLw4bOxFX16a7jVzeoezOUd1ZM="></latexit><latexit sha1_base64="N2HobhFo3s7lRWMxPSSbGpskRG4="></latexit>

where qN � �2q2 (� � 1) � �2h

�0 = ±i
<latexit sha1_base64="V09PKp2rucbsaECo3Rv4lM/ZyUY="></latexit><latexit sha1_base64="3sxEwNtNeIw4ENkxrh52ZLeEtk8="></latexit><latexit sha1_base64="3sxEwNtNeIw4ENkxrh52ZLeEtk8="></latexit><latexit sha1_base64="5tu+XhSlTfJnN0VOJW47jXY2Spo="></latexit>

il2 = �0 �
p
2�0�2 + (h+ q2 � 1)2

<latexit sha1_base64="jsSXRLEb16eoTuvoWcXz1Ni7FJ4="></latexit><latexit sha1_base64="nxCuI4LkFhLvnRmdtEByYyjikec="></latexit><latexit sha1_base64="nxCuI4LkFhLvnRmdtEByYyjikec="></latexit><latexit sha1_base64="wzmH2+6Es9tjrbkjSPu0eTtUEbM="></latexit>

Outer inert zone

p̃
(a)(✏2x) = �2✏2� exp(i✏2l2x) +O(✏4)

<latexit sha1_base64="rAt2j+vcvaUUsHJC50YgYF9/PrI="></latexit><latexit sha1_base64="z2B9izZjj8k3WU+xBw904WPiCJQ="></latexit><latexit sha1_base64="z2B9izZjj8k3WU+xBw904WPiCJQ="></latexit><latexit sha1_base64="EsNqNvNJy5QJKGoPlDX3CxtX9ic="></latexit>

ũ(a)
2 (✏2x) = 2il2 exp(i✏

2l2x)
<latexit sha1_base64="PuHYvXX8WDz22+7pR/1LZxuZC4Q="></latexit><latexit sha1_base64="NpoKzjG8Yu2MbnvehqSTOrKMbGg="></latexit><latexit sha1_base64="NpoKzjG8Yu2MbnvehqSTOrKMbGg="></latexit><latexit sha1_base64="mdcaCUsJfDmdAW8mppq6EAWO7yI="></latexit>

@v(a)2 /@y = �22 exp(i✏2l2x)
<latexit sha1_base64="QbmDMyUoxldWEps1DeWpnsYnBM4="></latexit><latexit sha1_base64="M4fwTcr1NrQDBJCxx9T969qVd6U="></latexit><latexit sha1_base64="M4fwTcr1NrQDBJCxx9T969qVd6U="></latexit><latexit sha1_base64="EL+XxmyvZPUdOXKtmYvLoBW2zsM="></latexit>

u⇤ = contant of integration
<latexit sha1_base64="+yX0sTsD+dQHFFIxaY7wqm0hQ00="></latexit><latexit sha1_base64="EGf9bA+K6QWLly1Co59htpFapZU="></latexit><latexit sha1_base64="EGf9bA+K6QWLly1Co59htpFapZU="></latexit><latexit sha1_base64="503TORFKwfuef1U6E0g0WVtkN2A="></latexit>

u⇤ and �2 are obtained by matching with the inner solution
<latexit sha1_base64="tJ5tFA6Pay8MprD5hP8yc619xls="></latexit><latexit sha1_base64="tJ5tFA6Pay8MprD5hP8yc619xls="></latexit><latexit sha1_base64="tJ5tFA6Pay8MprD5hP8yc619xls="></latexit><latexit sha1_base64="eLEW9nohMSbXaQvwPaG3RogfTU4="></latexit>

<latexit sha1_base64="b7e1oOafuL2k4YOegQkZpEiB0mw="></latexit>

ũ(i) = (�0 + ✏2u⇤) exp(��x)

<latexit sha1_base64="+1ts3eFo09dDgNrrE/3gY8+To/E="></latexit>

@v(i)/@y = (�2 + ✏2�u⇤) exp(��x)
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Matching

lim
x�1

Ũ (i)(x) = ũ(i)(x)
<latexit sha1_base64="Xo2cmGlC5tdMrvUOuC0J+QdxrGY="></latexit><latexit sha1_base64="929mNtu1M7PjjA8JFpZADUIrtmE="></latexit><latexit sha1_base64="929mNtu1M7PjjA8JFpZADUIrtmE="></latexit><latexit sha1_base64="9vUQikfSecnbLmHe9hUwxxIHVmQ="></latexit>

constant terms of lim
x�1

Ũ (i)(x) = 0
<latexit sha1_base64="ykDX+hMQfv2fvWo0H73yV7tylEU="></latexit><latexit sha1_base64="IjL/z5qtAUHo2HdcBng/wrPeu8w="></latexit><latexit sha1_base64="IjL/z5qtAUHo2HdcBng/wrPeu8w="></latexit><latexit sha1_base64="4qk5hY2rYI1kqRPUu/JIbopkq+o="></latexit>

fast oscillation x = O(1)
<latexit sha1_base64="UBv1x83PA/1vOoRiIiYQPEAQRJk="></latexit><latexit sha1_base64="pmcMW3tbATeF2DOfGjWpYDMfftI="></latexit><latexit sha1_base64="pmcMW3tbATeF2DOfGjWpYDMfftI="></latexit><latexit sha1_base64="ZNcFpPozYvZOdoyFfjRAtlg2jHQ="></latexit>

slowly damped x = O(1/✏)
<latexit sha1_base64="2z011VqLO7mBMw8YpNNK0DbRzoU="></latexit><latexit sha1_base64="oQnF6KpMRd6smgwoMrhtzgm9lqA="></latexit><latexit sha1_base64="oQnF6KpMRd6smgwoMrhtzgm9lqA="></latexit><latexit sha1_base64="y5j+43HNU1SzEuLdnY5bk2jZRg8="></latexit>

ũ(i) =
�
±i+ ✏2u⇤� exp(±ix� ✏2�2x)

<latexit sha1_base64="/0I2zwQfXawdBXZFsZrArHRZzlI="></latexit><latexit sha1_base64="8LQFIH75SwG4XHbReeFbPKCgU6c="></latexit><latexit sha1_base64="8LQFIH75SwG4XHbReeFbPKCgU6c="></latexit><latexit sha1_base64="cdD2bK7zORlYGFt3xKSjfLYzt58="></latexit>

P.Clavin (2002), Nonlinear PDE’s in condensed matter and active flows, 49-97, Kluwer 
See also the review by Clavin (2017) Combust. Sci . Technol. 189 (5) pp 747-775

�0

�

�
2
�0�2

�2
+ h + q2 � 1� �0�2

�2
+ 1� 3

4
h =

q2

2
S(i)(�)

(� � 1) � �2h

S(i)(�) � �N (� � 1)s(i)
�N

(�) + s(i)
q (�)

s(i)
q (�) �

� �

0
(1 + i�x)�(x)e�i�xdxs(i)

�N
(�) �

� �

0
��N (x)e�i�xdx

where
<latexit sha1_base64="Ylt093PYd22WeAWunw6vviQphK0="></latexit><latexit sha1_base64="FFTb5c9hvxu0CV8njokVkCxmv+A="></latexit><latexit sha1_base64="FFTb5c9hvxu0CV8njokVkCxmv+A="></latexit><latexit sha1_base64="oLtPHLm28uTKmSssQTcGoe4ANNc="></latexit>

qm/(cpTN ) = ✏2q2
<latexit sha1_base64="HrgMk7C0anOYRDvK/6IMziZqxiM="></latexit><latexit sha1_base64="sKCNm+dz9BG7HZ3kCpc3Ghi5b9s="></latexit><latexit sha1_base64="sKCNm+dz9BG7HZ3kCpc3Ghi5b9s="></latexit><latexit sha1_base64="kcgvfop7lN6P5WF0LH0xtU5iwfQ="></latexit>

�0 = ±i
<latexit sha1_base64="fkMQTMdPU9isAD2/OsazQGKuebs="></latexit><latexit sha1_base64="44VYX7m9/5PLjNid+QxAfjSiEXo="></latexit><latexit sha1_base64="44VYX7m9/5PLjNid+QxAfjSiEXo="></latexit><latexit sha1_base64="zPAKlX4xPlp5HA/GaTf/vb9t4D4="></latexit>

<latexit sha1_base64="nAO6iyyKexH7Z+gbEAOXcSDXsO0="></latexit>

⌦(x) is the distribution of the non-dimensional rate of heat release in the steady state

Algebraic equation of second degree for �2
<latexit sha1_base64="5WkSCK96lDOsa1g97LnkBCMbAy4="></latexit><latexit sha1_base64="89pgZ8oSxK1tkUk3zK+jSyWZwhc="></latexit><latexit sha1_base64="89pgZ8oSxK1tkUk3zK+jSyWZwhc="></latexit><latexit sha1_base64="H+LVkrsZUaY8pD77MkJ0lVHVwp0="></latexit>

<latexit sha1_base64="B3j4D6s94HKyptN2evfcqj7X6O8="></latexit>

⌦0
N (x) is its derivative with respect to the Neumann temperature, denoting its sensitivity to the overdriven regime



S(i)(�) � �N (� � 1)s(i)
�N

(�) + s(i)
q (�)

s(i)
q (�) �

� �

0
(1 + i�x)�(x)e�i�xdx

s(i)
�N

(�) �
� �

0
��N (x)e�i�xdx

sensitivity to TN
strong instability due to wrinkling

quasi-isobaric instability mechanism
Im S(i) < 0

S(a)(�) � 2

�����Im

�
(� � 1)

2qN
+ S(i)(�)� 1

�����

stabilizing e�ect due to compressibility

> 0
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Linear growth rate

2
Re(�)/�,

qN
= �Im

�
S(i)(�)

�
� MN�

qN
S(a)(�)

0 0.2 0.4 0.6 0.8 1.0 1.2
−0.004

−0.002

0

0.002

Numeric

Analytic

Threshold of linear instability for �N = 0 � = 1.05, M2
u = 20

qN = 0.26

qN = 0.24

good agreement between theory and numeric

(MN = 0.267)

Arrhenius law with �NqN = 0.1
0 2 4 6 8 10

−1

0

1

2

3

4

5

6

7

still working when �N = 0

qN = 0.03

qN = 0.04

−0.005

−0.0025

0

0.0025

0.005

Unstable branch

Stable
branch

(a)

Nonphysical

0 1.5 2.0 2.50.5 1.0 0 1.5 2.0 2.5
0.0

0.5

1.0

1.5

2.0

2.5

Unstable branch

(b)

0.5 1.0

(� � 1) = 0.1, �N = 10, M2
u = 50

qN �
�

stabilisation
instability

R. Daou and P. Clavin (2003), J. Fluid Mech.,  482, 181-206



P.Clavin XV

12

Weakly nonlinear analysis of cellular detonations

Near to the instability threshold the dominant nonlinear e�ects are those responsible for singularity formation

Model equation
A weakly nonlinear analysis leads to a combination of the linear equation for the multidimensional instability

of an overdriven detonation and the nonlinear equation for the lead shock

Mode number,

G
ro

w
th

 ra
te

(a)

(b)
(c)

Good qualitative agreement with the experimental observation

stabilisation due to compressibility

L(a)(�) � ��̃/2 in Fourier space

x = �(y, t)equation of the detonation front
�2�

�t2
� c2�2� +

�|��|2

�t
= qNL(i)(�)� 2MN

�
qN

�

�t
L(a)(�)

quasi-isobaric instability

L(i)(�) = �N (� � 1)l(i)�N
(�) + l(i)q (�)

l(i)�N
(�) =

�2

�t2

� �

0
��N (x)�(t� x)dx, l(i)q (�) = �2

� �

0
�(x)�(t� x)/dx where �(x) � �(x) + d(x�)/dx

c2 = 1 + 3(� � 1)/2

on the inert shock front (representative of Mach stem), see p.12 of lecture XIV

P. Clavin and B. Denet (2002), Phys. Rev.  Lett.,  88 (4) 044502



�2�

�t2
� �2�

�y2
+

�

�t

�
��

�y

�2

= [qNG(�)�MN
�

qND(�)]

NL term

linear terms due to combustion

linear growth linear damping
(compressible e�ect)(quasi-isobaric mechanism)

nonlinear dynamics of the lead shock

G(�) = �N (� � 1)
�2

�t2
Gp(�) +

�2

�y2
Gw(�)

Gp(�) =
� �

0
��N (x)�(t� x, y)dx

G(
w�) =

� �

0
�(x)�(t� x, y)/dx �(x) � �(x) + d(x�)/dx

��
N (x) � ��/��N

thermal sensitivity
distribution of heat release rate

of theQuasi-iobaric instability mechanism

1-D galloping mechanism modification due to wrinkling

Superposition of two mechanisms
Nonlinear dynamics of the lead shock + linear oscillation due to the heat release

Multdim instability before 1-D instability

Oscillatory frequency �tN = O(1) tN � �reac(TN )where
Nonlinear wavelength selection � � a uN tN/MN a � [2� 5]

Conclusion for large overdrives
<latexit sha1_base64="9LCw2KH3tp/2MnpfX37wMzVpLDM="></latexit><latexit sha1_base64="BWUNG77AlSgDLEpYrhiHVsYEXi0="></latexit><latexit sha1_base64="BWUNG77AlSgDLEpYrhiHVsYEXi0="></latexit><latexit sha1_base64="mkpgb1e894LCJgWZUaK1XcrBQGM="></latexit>
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D heat releaseinduction

oscillations

oscillations
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)

Relative distance

D = 3100 m/s, T   = 2027 KN
D = 3000 m/s, T   = 1925 KN
D = 2900 m/s, T   = 1825 KN

feedback
loop

shock wave heat release

direct
influence acoustic waves

entropy wave

�
acoustic waves
entropy wave

Two di�erent coupling mechanisms:

Analytical solutions have been obtained in two limiting cases (opposite conditions):

CJ (or near CJ) close to the instability threshold
<latexit sha1_base64="+kmch/wzECDyy7M8jRcBTsXmbro="></latexit><latexit sha1_base64="+kmch/wzECDyy7M8jRcBTsXmbro="></latexit><latexit sha1_base64="+kmch/wzECDyy7M8jRcBTsXmbro="></latexit><latexit sha1_base64="BRq5Paw3Sb1MjXW9wy/mKokLEpQ="></latexit>

P. Clavin and L. He (1996),  J. Fluid Mech.  306, 353-378

Transonic flow
<latexit sha1_base64="RDGifErD7DjZiA7PHRMnkpgbzjs="></latexit><latexit sha1_base64="f5jC/TXJvkT9oi8e2JEjDEvogQU="></latexit><latexit sha1_base64="f5jC/TXJvkT9oi8e2JEjDEvogQU="></latexit><latexit sha1_base64="vAaDrJI6kk2KHAPpCRrclgz6E7c="></latexit>

Upwards propagating acoustic wave
<latexit sha1_base64="MdkhAArVovMJdXB3bVrnOr1gnfc="></latexit><latexit sha1_base64="rRz84UYMllsTZTr6pZMoMAsw4lo="></latexit><latexit sha1_base64="rRz84UYMllsTZTr6pZMoMAsw4lo="></latexit><latexit sha1_base64="EpgN5GO58pXJluIfCh1srtKzKd4="></latexit>

Slowest (dominant) mechanism in the loops:
<latexit sha1_base64="1tdU87CwL9NWrKNa7Znxisd0VTE="></latexit><latexit sha1_base64="0RKB7cyeUFLNTyhoywKOn39KPN4="></latexit><latexit sha1_base64="0RKB7cyeUFLNTyhoywKOn39KPN4="></latexit><latexit sha1_base64="gwCFzESWL4Ba3Q8JOqwTaWt1+h8="></latexit>

Fresh mixture
x = α(t, y)

x

y

Shocked gas

Tr
an

sv
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se
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e

Longitudinal oscillation

Propagation

Le
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ing
 s

ho
ck

 fr
on

t

Heat

release

zone

Triple

point

Trajectory of


triple point

Secondary

shock

Dynamics of the detonation waves near the CJ regime
<latexit sha1_base64="rAKOIv31nKpIOX7frtTsQVdlqYw="></latexit><latexit sha1_base64="H+bnG93tWluFr5hGQqEOkCt8A9A="></latexit><latexit sha1_base64="H+bnG93tWluFr5hGQqEOkCt8A9A="></latexit><latexit sha1_base64="0RGh0kKaf/x+d/IvuAPAxWzDiRg="></latexit>

Strongly overdriven detonation in the Newtonian limit

dominant mechanism: entropy wave
quasi-isobaric flow

P. Clavin and L. He (1996),  J. Fluid Mech.  306, 353-378

P. Clavin and F. A. Williams (2009),  J. Fluid Mech.  624, 125-150
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D heat releaseinduction

oscillations

oscillations

induction
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Relative distance

D = 3100 m/s, T   = 2027 KN
D = 3000 m/s, T   = 1925 KN
D = 2900 m/s, T   = 1825 KN

feedback
loop

shock wave heat release

direct
influence

entropy wave

acoustic waves

entropy wave
downstream running acoustic wave

upstream running acoustic wave

Fast: quasi-instanteneous
<latexit sha1_base64="facT5bRwds2pOjdS3RlFJjGkxPY="></latexit><latexit sha1_base64="U4hL/Ib7hHuRhqhJ5RXmn2CiBLc="></latexit><latexit sha1_base64="U4hL/Ib7hHuRhqhJ5RXmn2CiBLc="></latexit><latexit sha1_base64="tp7O1amGhdQC0uIIxL7BoocTvhU="></latexit>

Slow
<latexit sha1_base64="qO4lUHkPc+DlmS6l7OPSxMSrxK0="></latexit><latexit sha1_base64="VtqLfgtqYiZk3l+oQcw2pzQ8hVM="></latexit><latexit sha1_base64="VtqLfgtqYiZk3l+oQcw2pzQ8hVM="></latexit><latexit sha1_base64="yFk1qhUxMBAnMXSQ/xHy76j5WJY="></latexit>

Distinguished limit

Same distinguished limit as in pp 9-10 lecture XII
�2 � (� + 1)

2
qm

cpTu
� 1 (� � 1) = O(�)

Near the CJ regime the instability threshold concerns transonic conditions associated with small heat release
Clavin Williams 2009

!
notation

Cellular instability near the CJ regime 
( basic approximation:  small heat release )

Clavin Williams 2009, 2012
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Clavin Williams 2009, 2012

Distinguished limit

�2 � (� + 1)
2

qm

cpTu
� 1

!
notation

Tu !
<latexit sha1_base64="rOI9z9US/att2g4ZWc5dDNO4Y3o="></latexit><latexit sha1_base64="StboQbvc6I0d//z/gZxD58rihvA="></latexit><latexit sha1_base64="StboQbvc6I0d//z/gZxD58rihvA="></latexit><latexit sha1_base64="o1Y1qINaiFlbKWc7TtEq7PD3TtU="></latexit>

(� � 1)/✏ < 1
<latexit sha1_base64="d0lUe3ZIbXFljzt3vu/AVVb46JE="></latexit><latexit sha1_base64="libFKpNNlZnMmmqYNu62swBYXkg="></latexit><latexit sha1_base64="libFKpNNlZnMmmqYNu62swBYXkg="></latexit><latexit sha1_base64="Rhe6K/Z9wM4DYa4JM5rrbmLBRhM="></latexit>

MCJ � 1 ⇡ ✏
<latexit sha1_base64="Ap7wgddvDIB9Fdgy579vt/dwEk4="></latexit><latexit sha1_base64="xssDVzhYxw98hHQR4Dge/fyHN0U="></latexit><latexit sha1_base64="xssDVzhYxw98hHQR4Dge/fyHN0U="></latexit><latexit sha1_base64="FEJaadEdSWE58Zzbh9WbZlHDEa8="></latexit>

✏ (� � 1)
E

kBTu
= O(1)

<latexit sha1_base64="5AvWGOMM5L8J2//PnWR3p1S9qfA="></latexit><latexit sha1_base64="yRIMDsbcw4VrO1j4UphpGPxVaBg="></latexit><latexit sha1_base64="yRIMDsbcw4VrO1j4UphpGPxVaBg="></latexit><latexit sha1_base64="TGsTDPcYfUr5P7O10Olzy3+V7I8="></latexit>

,
<latexit sha1_base64="fMqYzITlDBN09/+YZCuzhOd5HTU="></latexit><latexit sha1_base64="FwUy1LoO59LnBaSOtLUh9p6lt0s="></latexit><latexit sha1_base64="FwUy1LoO59LnBaSOtLUh9p6lt0s="></latexit><latexit sha1_base64="g1HyXSso2UEZ1NEIV4FzLYVIjiU=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwISUpgi4Lbly2YB9QS5mk0zo2yYRkIpTSL3Crn+UH+Af6F94ZU1CL6AQyZ84993AfXhyIVDnOa8FaWV1b3yhulra2d3b3yvsH7VRmic9bvgxk0vVYygMR8ZYSKuDdOOEs9ALe8SZXOt554EkqZHSjpjHvh2wciZHwmSKqeTYoV5yqY469DNwcVJCfhiy/4BZDSPjIEIIjgiIcgCGlrwcXDmLi+pgRlxASJs4xR4lyM1JxUjBiJ/Qf02tGWJJGkn4OGycUl6RMCGtn28Qz46LZ330Y1aTrmNLt5V4hsQp3xP6Vt1D+N69HrMIIl6ZbQbOIDaOn4ucumZmArtz+0pUih5g4jYcUTwj7JnMxU9vkpKZ3PUdm4m9GqVn99nNthnddJS3T/bm6ZdCuVV2n6jadSv08X2sRRzjGKe3uAnVco4GW8X7EE56tmtW1Bhb7lFqFPOcQ3451/wGDloqY</latexit>

,
<latexit sha1_base64="fMqYzITlDBN09/+YZCuzhOd5HTU="></latexit><latexit sha1_base64="FwUy1LoO59LnBaSOtLUh9p6lt0s="></latexit><latexit sha1_base64="FwUy1LoO59LnBaSOtLUh9p6lt0s="></latexit><latexit sha1_base64="g1HyXSso2UEZ1NEIV4FzLYVIjiU=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwISUpgi4Lbly2YB9QS5mk0zo2yYRkIpTSL3Crn+UH+Af6F94ZU1CL6AQyZ84993AfXhyIVDnOa8FaWV1b3yhulra2d3b3yvsH7VRmic9bvgxk0vVYygMR8ZYSKuDdOOEs9ALe8SZXOt554EkqZHSjpjHvh2wciZHwmSKqeTYoV5yqY469DNwcVJCfhiy/4BZDSPjIEIIjgiIcgCGlrwcXDmLi+pgRlxASJs4xR4lyM1JxUjBiJ/Qf02tGWJJGkn4OGycUl6RMCGtn28Qz46LZ330Y1aTrmNLt5V4hsQp3xP6Vt1D+N69HrMIIl6ZbQbOIDaOn4ucumZmArtz+0pUih5g4jYcUTwj7JnMxU9vkpKZ3PUdm4m9GqVn99nNthnddJS3T/bm6ZdCuVV2n6jadSv08X2sRRzjGKe3uAnVco4GW8X7EE56tmtW1Bhb7lFqFPOcQ3451/wGDloqY</latexit>

,
<latexit sha1_base64="fMqYzITlDBN09/+YZCuzhOd5HTU="></latexit><latexit sha1_base64="FwUy1LoO59LnBaSOtLUh9p6lt0s="></latexit><latexit sha1_base64="FwUy1LoO59LnBaSOtLUh9p6lt0s="></latexit><latexit sha1_base64="g1HyXSso2UEZ1NEIV4FzLYVIjiU=">AAACsHicjVHLSsNAFD2Nr1pfVZdugkVwISUpgi4Lbly2YB9QS5mk0zo2yYRkIpTSL3Crn+UH+Af6F94ZU1CL6AQyZ84993AfXhyIVDnOa8FaWV1b3yhulra2d3b3yvsH7VRmic9bvgxk0vVYygMR8ZYSKuDdOOEs9ALe8SZXOt554EkqZHSjpjHvh2wciZHwmSKqeTYoV5yqY469DNwcVJCfhiy/4BZDSPjIEIIjgiIcgCGlrwcXDmLi+pgRlxASJs4xR4lyM1JxUjBiJ/Qf02tGWJJGkn4OGycUl6RMCGtn28Qz46LZ330Y1aTrmNLt5V4hsQp3xP6Vt1D+N69HrMIIl6ZbQbOIDaOn4ucumZmArtz+0pUih5g4jYcUTwj7JnMxU9vkpKZ3PUdm4m9GqVn99nNthnddJS3T/bm6ZdCuVV2n6jadSv08X2sRRzjGKe3uAnVco4GW8X7EE56tmtW1Bhb7lFqFPOcQ3451/wGDloqY</latexit>

E

kBTN
⌘


T

ẇ

@ẇ

@T

�

T=TN
<latexit sha1_base64="+DxIiNyi8V1CIhqOJi387rAflM4="></latexit><latexit sha1_base64="DL6B0sMq+wu1oTYs8zHjNnWHTNE="></latexit><latexit sha1_base64="DL6B0sMq+wu1oTYs8zHjNnWHTNE="></latexit><latexit sha1_base64="zC86NiNmF1OTWxoMKBMU8DPgzck="></latexit>

Reactive Euler equations in 2-D geometry

D/Dt � �/�t + u�/�x + w�/�y

1
�p

D±p

Dt
± 1

a

D±u

Dt
=

qm

cpT

ẇ
tN
� �w

�y
Dw

Dt
= �1

�

�p

�y

D�

Dt
=

ẇ
tN

1
T

DT

Dt
� (� � 1)

�

1
p

Dp

Dt
=

qm

cpTu

ẇ
tN

D±/Dt = D/Dt± a @/@x
<latexit sha1_base64="jFxG5MXYrztkeNVq8VWZVVfpRDM="></latexit><latexit sha1_base64="m3k548mOAmhHChUhborKZMT9uEg="></latexit><latexit sha1_base64="m3k548mOAmhHChUhborKZMT9uEg="></latexit><latexit sha1_base64="2hKXed/zXdfwsBF18OE5DTRIRfw="></latexit>

Formulation of the free boundary problem
<latexit sha1_base64="XUXmIc34apEqyfX+kHZ83iBNS4g="></latexit><latexit sha1_base64="JY6TkOFTbMeV2Wwx/YWjWW1UBEc="></latexit><latexit sha1_base64="JY6TkOFTbMeV2Wwx/YWjWW1UBEc="></latexit><latexit sha1_base64="HoOEAJZvt0qfNf2ORYJ6ImEGtQ4="></latexit>

Boundary conditions
<latexit sha1_base64="CGZToiIo/MqVyqAb+ntfg3iZHnA="></latexit><latexit sha1_base64="cUNI6m0oqbA0YZzpGGIJf1RqZas="></latexit><latexit sha1_base64="cUNI6m0oqbA0YZzpGGIJf1RqZas="></latexit><latexit sha1_base64="CQAuFordtJG1TSB4Bhu2TvJOjaI="></latexit>

On the lead shock x = ↵(y, t) : Neumann conditions
<latexit sha1_base64="hXyyhtfZMlV+kK7BELKINcLStkM="></latexit><latexit sha1_base64="/c7ApZXlEwtvtTRcQKIZ97SaTks="></latexit><latexit sha1_base64="/c7ApZXlEwtvtTRcQKIZ97SaTks="></latexit><latexit sha1_base64="wFPKKS+wvztQseBlfxou/ED+ysA="></latexit>

At infty in the burned gas: boundedness condition
<latexit sha1_base64="jlE9NPo3yWQPpD7I6jH2EHK3xAA="></latexit><latexit sha1_base64="wfR32KFF80F+LnC7rRx6FlVDLvA="></latexit><latexit sha1_base64="wfR32KFF80F+LnC7rRx6FlVDLvA="></latexit><latexit sha1_base64="doR5IcdwaTFtOnSMWUxpPcINlmw="></latexit>

High thermal sensitivity of the inductio
<latexit sha1_base64="d9/44tQQkVlLjC2R/pqgEOiOJqc="></latexit><latexit sha1_base64="A8/Wki2wCRMXbAnYmhBBZpZLgy8="></latexit><latexit sha1_base64="A8/Wki2wCRMXbAnYmhBBZpZLgy8="></latexit><latexit sha1_base64="2nuWAgYXwjF6KyLCy4jxT4icMhQ="></latexit>

Transonic flow
<latexit sha1_base64="oiJDNTU3Mhfczl6exjEwkg6BVjc="></latexit><latexit sha1_base64="HxecHSXXDkNjLH7w+SaThnI7qH4="></latexit><latexit sha1_base64="HxecHSXXDkNjLH7w+SaThnI7qH4="></latexit><latexit sha1_base64="KZANMovETcnOUpmeO/dRe63XHS4="></latexit>

M ⌘ a�1
u @↵/@t

<latexit sha1_base64="3mCdUMS0JYjYgU0digXxcn9QiOM="></latexit><latexit sha1_base64="XB2ivk7d/sB45a4uq78MpzwSn6Y="></latexit><latexit sha1_base64="XB2ivk7d/sB45a4uq78MpzwSn6Y="></latexit><latexit sha1_base64="/4UetPCyHlwDqFDMEBaMbyaK+x8="></latexit>

compressional heating
<latexit sha1_base64="ATAJAhhgv9eiubbSp61sMnBcByM="></latexit><latexit sha1_base64="zBJ6D84iJ4fUKYsXYa/FigkVgEs="></latexit><latexit sha1_base64="zBJ6D84iJ4fUKYsXYa/FigkVgEs="></latexit><latexit sha1_base64="d8ykg8d3lQ9QgqucO79Rp9kZGbM="></latexit>

t/tN = ✏⌧, x/autN = ⇠, y/autN = ⌘/✏1/2
<latexit sha1_base64="FVju/HfuzuOgGuNukArMwJejRjQ="></latexit><latexit sha1_base64="QqxQKM157WgPEEOCoXntmm5jpk4="></latexit><latexit sha1_base64="QqxQKM157WgPEEOCoXntmm5jpk4="></latexit><latexit sha1_base64="2po9EVJgmPh2OeIIxS6JEClqYck="></latexit>

Scaling laws
<latexit sha1_base64="IKQ/jgLUWXWbs2KWCME4BCAm3t8="></latexit><latexit sha1_base64="ehh0xlDRTA0Ygb+425YpCV4YkCk="></latexit><latexit sha1_base64="ehh0xlDRTA0Ygb+425YpCV4YkCk="></latexit><latexit sha1_base64="xHEgtgqscoar8wRIViDPxqdHa6U="></latexit>

u/au = 1 + ✏µ, v/au = ✏3/2⌫, ln(p/pu) = ✏⇡, (T � Tu)/Tu = ✏2✓
<latexit sha1_base64="uQ4sS8XnkV+N4gvEdnYf3PuCEOA="></latexit><latexit sha1_base64="yfu5mgVdo5RfBc0p1SmlKRiozNg="></latexit><latexit sha1_base64="43/T71xicl0cj/wz5dtDhcMPxq8="></latexit>

Cellular CJ detonation (small heat release)
<latexit sha1_base64="SbMEkfwEpjvuIi4h+VQBAkXM7/4="></latexit><latexit sha1_base64="irDSlYFG3QHAjSUSOL+O3bleUOE="></latexit><latexit sha1_base64="irDSlYFG3QHAjSUSOL+O3bleUOE="></latexit><latexit sha1_base64="Fcv4zz7do53KNM1wEM88F9m1Tz4="></latexit>



Bifurcation scenario similar to that of the strongly overdriven regimes

Normal mode analysis
<latexit sha1_base64="kNUdqQRLQRhyhX+d+ier3tJx5pE="></latexit><latexit sha1_base64="8a0p6+Tvj+Xk2zTSKqRH793Vxps="></latexit><latexit sha1_base64="8a0p6+Tvj+Xk2zTSKqRH793Vxps="></latexit><latexit sha1_base64="eK7LOrcnU9Va6dNJO/lP5DYyA3U="></latexit>

⇠ = ↵(⌘, ⌧) = e�⌧+i⌘
<latexit sha1_base64="76iwp2IQpUMqneApZl01UlfrTeg="></latexit><latexit sha1_base64="V+3PDjfx7Qic2+vdt+EcgdTiDcg="></latexit><latexit sha1_base64="V+3PDjfx7Qic2+vdt+EcgdTiDcg="></latexit><latexit sha1_base64="HD0gNcePsTXV9BecQ4olZHc68JY="></latexit>

Equation for the front of the lead shock
<latexit sha1_base64="NhqdY3POXenh4fbO+97N5cEsCLI="></latexit><latexit sha1_base64="o9MQMDuSBwN5n24a3dwYENX89bo="></latexit><latexit sha1_base64="o9MQMDuSBwN5n24a3dwYENX89bo="></latexit><latexit sha1_base64="+LhSfWZM+Kta2mjVlxJRCC9cJVM="></latexit>

�2 � (� + 1)
2

qm

cpTu
� 1

Cellular CJ detonation (small heat release)
<latexit sha1_base64="SbMEkfwEpjvuIi4h+VQBAkXM7/4="></latexit><latexit sha1_base64="irDSlYFG3QHAjSUSOL+O3bleUOE="></latexit><latexit sha1_base64="irDSlYFG3QHAjSUSOL+O3bleUOE="></latexit><latexit sha1_base64="Fcv4zz7do53KNM1wEM88F9m1Tz4="></latexit>

Clavin Williams 2009, 2012

t/tN = ✏⌧, x/autN = ⇠, y/autN = ⌘/✏1/2
<latexit sha1_base64="FVju/HfuzuOgGuNukArMwJejRjQ="></latexit><latexit sha1_base64="QqxQKM157WgPEEOCoXntmm5jpk4="></latexit><latexit sha1_base64="QqxQKM157WgPEEOCoXntmm5jpk4="></latexit><latexit sha1_base64="2po9EVJgmPh2OeIIxS6JEClqYck="></latexit>

Wavenumber

(a)

4

�
1 +

� +
�

�2 + 2�2

2

�n+2

= H� +

�
1 +

� +
�

�2 + 2�2

2

�

Analytical result

Model for the distribution of heat release rate of the CJ wave
<latexit sha1_base64="RjeXX3S/44va4zCtEnMhtBjjxVQ="></latexit><latexit sha1_base64="pNMLN5/xVo3fTVd2IQhoVVLtsf8="></latexit><latexit sha1_base64="pNMLN5/xVo3fTVd2IQhoVVLtsf8="></latexit><latexit sha1_base64="xRZwrqYkvYTkT/9/FBISuMZd3gk="></latexit>

⌦(⇠) = ⇠ne�⇠/n!, ⇠ � 0, n � 1
<latexit sha1_base64="cOCzMm25h1iz931er39iaeIv85s="></latexit><latexit sha1_base64="cOCzMm25h1iz931er39iaeIv85s="></latexit><latexit sha1_base64="cOCzMm25h1iz931er39iaeIv85s="></latexit><latexit sha1_base64="EBRZ9nBfWokJ8rchHIdo4dYdY3o="></latexit>

Algebraic equation for �() with a single parameter H = (n+1)(��1)
qm

cpTN

E

kbTN
<latexit sha1_base64="hMaBxTQpMfU84C1wxCCEsRSMeEc="></latexit><latexit sha1_base64="2nyO36DLMZ+fo34KQvuv52QZqxg="></latexit><latexit sha1_base64="2nyO36DLMZ+fo34KQvuv52QZqxg="></latexit><latexit sha1_base64="MKv3aiNWHzLxqEhc4Z+n+PkDj4Y="></latexit>



Increasing the thermal sensitivity of the induction length
<latexit sha1_base64="NTf2ZPk8HUFZb+7+sXr9DlmZRgA="></latexit><latexit sha1_base64="bJooBiGonGycHYZrnRQP0JQs55Y="></latexit><latexit sha1_base64="bJooBiGonGycHYZrnRQP0JQs55Y="></latexit><latexit sha1_base64="6OpKh3ZEKVcxbWZITqSAv10Edrk="></latexit>

or
<latexit sha1_base64="cZfMRC1u9eL1z0pGh21xaxoiCzI="></latexit><latexit sha1_base64="cZfMRC1u9eL1z0pGh21xaxoiCzI="></latexit><latexit sha1_base64="cZfMRC1u9eL1z0pGh21xaxoiCzI="></latexit><latexit sha1_base64="Egk3CIZT8XdHJH+fe7jE2DQsHcI="></latexit>

sti↵ening the distribution of heat release promote the instability.
<latexit sha1_base64="WSpxSwWX6g32kAnqdPdnXT5opn0="></latexit><latexit sha1_base64="3zYgHSPDVkQaXkxJawi+o/2RDfw="></latexit><latexit sha1_base64="3zYgHSPDVkQaXkxJawi+o/2RDfw="></latexit><latexit sha1_base64="wXCqvXWAlvEP45vB7OvIwkBW0r4="></latexit>

The bifurcation scenario of CJ waves is similar to that at large overdrive
<latexit sha1_base64="/LBIiT2b+41DCfH5DYJruCc3dHE="></latexit><latexit sha1_base64="N7zyxqXLZiCKllgwctwfhg2exFw="></latexit><latexit sha1_base64="N7zyxqXLZiCKllgwctwfhg2exFw="></latexit><latexit sha1_base64="ZJ6sHCTbhaWwrHwj91Dmy3Rt6Dk="></latexit>

The integral equations are of the same type
<latexit sha1_base64="B3634I+YSx2Riva6hglU4vuYM34="></latexit><latexit sha1_base64="+3jv3wUPfg09oyfvwWCLRdEtsyw="></latexit><latexit sha1_base64="+3jv3wUPfg09oyfvwWCLRdEtsyw="></latexit><latexit sha1_base64="rihCmCEx8dL5eykgJkNW3PVuMWs="></latexit>

Generic character of the results:
<latexit sha1_base64="CrjKcvlMVDyw08DJKcWgSKvVKgE="></latexit><latexit sha1_base64="CrjKcvlMVDyw08DJKcWgSKvVKgE="></latexit><latexit sha1_base64="CrjKcvlMVDyw08DJKcWgSKvVKgE="></latexit><latexit sha1_base64="KxYnXIs5SSGUkduE1Vntj7rQBZY="></latexit>

Detonations are unstable against the transverse disturbances before the longitudinal ones
<latexit sha1_base64="LJVQV3c0FEXGDRyQK6b5iGRn/n4="></latexit><latexit sha1_base64="4oMdAADxphtPSuzmvIDXlnE3cAA="></latexit><latexit sha1_base64="4oMdAADxphtPSuzmvIDXlnE3cAA="></latexit><latexit sha1_base64="HVMf5NR+yI5SlGBAmtmapbwPTDE="></latexit>

Unstable wavelengths are larger than the detonation thickness
<latexit sha1_base64="twEncy0RTuBWVRmdlo5QvTs7brA="></latexit><latexit sha1_base64="n2esfCdqILZ0NTZPaqigLe2bMWs="></latexit><latexit sha1_base64="n2esfCdqILZ0NTZPaqigLe2bMWs="></latexit><latexit sha1_base64="MErHax0XZZgOcdXa+J4zIk00DZE="></latexit>



Thank you for your attention



Details of the calculation (strong overdrive)
<latexit sha1_base64="htv6D4jjfAl7r86R3rlhF2mGFQ8="></latexit><latexit sha1_base64="PuGY5gpFnv6ECWfyCzrbS3xIAjw="></latexit><latexit sha1_base64="PuGY5gpFnv6ECWfyCzrbS3xIAjw="></latexit><latexit sha1_base64="Dh83MovP1KzmzppB4OabyQ6q4pk="></latexit>
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Non-dimensional variables of order unity
denoting ŵ the original dimensional quantities and w the dimensionless quantity

where the scaling of the transverse velocity v̂ comes from the Rankine-Hugoniot condition
v̂N/uN � (��̂/�y, ��̂/�z) and the scaling of the transverse coordinates �/�y = �d�1

N �/�y, �/�z = �d�1
N �/�z

u � û/uN , v � �v̂/uN , p � p̂/pN , T � T̂ /TN and � � �̂/dN , dN � uN tN !
notations

Stability limit qN = O(�2)qN � qm/cpTN

x = 0 : �u �
�
1 +

1
M2

u

� (� � 1)
2

�
�̇t, v �

�
1� 1

M2
u

�
��, �p � �2�2�̇t, �TN � �(� � 1)�̇t

Rankine-Hugoniot conditions �̇t � (tN/dN )��̂/�t = u�1
N ��̂/�t = O(1)

�2
��

�

�t
+

�

�x

�
�u� �

du

dx

�
= ���p

�x

�
�

�t
+

�

�x

�
(�.v) = �u�2�p

1
�

u

p

�
�

�t
+

�

�x

�
�p +

�

�x
(�u + u�) = qN (�ẇ + �ẇ),

Linear equations

�Nu2
N/pN = �2

qN = �2q2

u = 1 + �2u2(x) + �u T = 1 + �2T 2(x) + �T p = 1 + �4p4 + �p

Expansion in powers of �2

qN = �2q2

Formulation

!
notations

� �r

�t
+ m(t)

�r

�x
=

�

�x
[u + r(x)�(x,y, t)] where r(x,y, t) � �N/�̂(in the linear approximation)

continuity

uN/D = O(�2) � m(t) = 1 + O(�2)
Clavin Denet (2002) Daou Clavin (2003)

(Clavin et al. 1997, Clavin 2002)

!
change of variabley � (� y/dN , � z/dN ) t � t

tN

(y,z,t)
x � 1

�NuN tN

� x

�
�(x�, y, z, t)dx�

�
m(t) � 1� (��̂/�t̂)/Dwhere

D
Dt

=
�

�t
+ [m(t)� �(x,y, t)]

�

�x
�(x,y, t) �

� x

0
�.v dx� = O(1)y �.v = O(1)yv(t,y)

and

+v.�y

m(t)�
1 + |��|2 mass flux across

the leading shock

details of the analysis
<latexit sha1_base64="DaRG3agTvkm0/2F6uDhktNQ6aV0="></latexit><latexit sha1_base64="PqJXiyY/SDD1kA9xQmvTYLrlPRg="></latexit><latexit sha1_base64="PqJXiyY/SDD1kA9xQmvTYLrlPRg="></latexit><latexit sha1_base64="YX5VV6c5loQe51OeGaEWII+pvQs="></latexit>
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valid up to �2 in the burnt gas

ũ(i) =
�
�0 + �2ũ(i)

b2

�
e��x �.ṽ(i) =

�
��2 + �2�.ṽ(i)

b2

�
e��x

Outer flow

�0 = ±i�

�u = ũ(x)�̃e�t+i�.y �v = ṽ(x)�̃e�t+i�.y
�(y, t) = �̃e�t+i�.y �p = p̃(x)�̃e�t+i�.y

1
�

u

p

�
�

�t
+

�

�x

�
�p +

�

�x
(�u + u�) = qN (�ẇ + �ẇ), �

valid up to �2
subtracting out the acoustics

d
dx

�
Ũ (i) + u(x)�̃(i)(x)

�
� qN

�
˜̇w + �̃(i)

0 ẇ
�

�̃(i) �
� x

0
�.Ṽ(i)dx�

qN = �2q2

du/dx = qN ẇ � dŨ (i)/dx + u�.Ṽ(i) � qN
˜̇w

�2?

�.ṽ(i)
b2 = �0ũ

(i)
b2

unknown constants of integration

(burnt gas)

�
�

�t
+

�

�x

�
(�.v) = �u�2�p

subtracting out the acoustics

� (�/�t + �/�x)�.V(i) � 0 valid up to �2

Inner flow

Inner detonation structure (inner zone)

splitting Ũ (i)(x) = O(1) Ṽ(i)(x) = O(1)ũ � Ũ (i)(x) + ũ(a)(�2x) ṽ � Ṽ(i)(x) + ṽ(a)(�2x)

(reacting gas)

the acoustic flow is small, of order �2, and varies on a long length scale

ũ(a) = 2�2il2ei�2l2x �.ṽ(a) = �2�2�2ei�2l2xp̃(�2x) = �2�2�ei�2l2x �
the acoustic flow is of order �2 il2 � �0 �

�
2�0�2 + (h + q2 � 1) �2

x = 0 : �u �
�
1 +

1
M2

u

� (� � 1)
2

�
�̇t ũ(a) = 2�2il2 � Ũ (i)(x)�

�
1 +

1
M2

U

� � � 1
2

�
� + 2�2il2 + u(x)

� x

0
�.Ṽ(i)dx� �

qN

� x

0

�
˜̇w + �̃(i)

0 ẇ
�

dx�

x = 0 : v �
�
1� 1

M2
u

�
�� �.ṽ(a) = �2�2�2 � �.Ṽ(i) �

�
�1 + �2

�
2 +

1
�2M2

u

��
�2e��x valid up to �2

Rankine-Hugoniot see p.6 lecture X and p.6 lecture XIII

details of the analysis
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Ũ (i)(x)�
�
1 +

1
M2

U

� � � 1
2

�
� + 2�2il2 + u(x)

� x

0
�.Ṽ(i)dx� � qN

� x

0

�
˜̇w + �̃(i)

0 ẇ
�

dx�

��.Ṽ(i) �
�
�1 + �2

�
2 +

1
�2M2

u

��
�2e��x

� x

0
�.Ṽ(i)dx� =

�
�1 + �2

�
2 +

1
�2M2

u

��
�2

�

�
1� e��x

�

qN = �2q2

�0 = ±i�P.Clavin XV
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at the end of the reaction ẇ = 0, ˜̇w = 0 : Ũ (i)(x)� constant term + oscillatory term

matching � the constant term of the internal solution should be zero � equation for �

= 0

when ˜̇w is known

� = ±i� + �2�2
2

method similar to that used for galloping detonations additional e�ect of wrinkling
Clavin et al (1997)
Daou Clavin (2003)see p.7-8 lecture XII

�2?

Matching

�T

�t
+

�T

�x
= qN (1 + �(i)

0 )ẇ ��

�t
+

��

�x
= (1 + �(i)

0 )ẇ x = 0 : T = TN (y, t), � = 0�(i)
0 = ��2

�0

�
1� e��0x

�

Reaction rate and dispersion relation �2(�)

S(i)(�) � �N (� � 1)s(i)
�N

(�) + s(i)
q (�) s(i)

�N
(�) �

� �

0
��N (x)e�i�xdx s(i)

q (�) �
� �

0
(1 + i�x)�(x)e�i�xdx

�0

�

�
2
�0�2

�2
+ h + q2 � 1� �0�2

�2
+ 1� 3

4
h =

q2

2
S(i)(�)

� �

0

�
˜̇w + �̃(i)

0 ẇ
�

dx� =
�2

�

�
�1 + S(i)(�)

� � equation for �2(�)

il2 � �0 �
�

2�0�2 + (h + q2 � 1) �2

�
1 +

1
M2

u

� � � 1
2

�
��2�2il2�ub

�
�1 + �2

�
2 +

1
�2M2

u

��
�2

�
+qN

� �

0

�
˜̇w + �̃(i)

0 ẇ
�

dx�
constant

term

internal solution

ũ(i) =
�
�0 + �2ũ(i)

b2

�
e��x

oscillatory term with an amplitude varying on a long length scale, Re(�) = O(�2)

external solution

details of the analysis
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Details of the calculation (CJ wave)
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 Cellular instability near the CJ condition  

Formulation

Boundary conditions: Rankine-Hugoniot at the shock front and boundedness condition in the burnt gas x��

P.Clavin XV
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Clavin Williams 2009, 2012

Distinguished limit

Same distinguished limit as in pp 9-10 lecture XII
�2 � (� + 1)

2
qm

cpTu
� 1 (� � 1) = O(�)

Near the CJ regime the instability threshold concerns transonic conditions associated with small heat release
Clavin Williams 2009

!
notation

�̆ � w/aut � t

tN
, x � x

autN
, ŭ � u

au
, �̆ � 1

�
ln

�
p

pu

�
, �̆ � (T � Tu)

Tu
y � y/autNWith the notations of p.10 lecture XII one introduces and

Extension of the analysis of galloping detonations (planar case) pp 9-13 lecture XII

D/Dt � �/�t + u�/�x + w�/�y

1
�p

D±p

Dt
± 1

a

D±u

Dt
=

qm

cpT

ẇ
tN
� �w

�y
Dw

Dt
= �1

�

�p

�y

D±

Dt
� �

�t
± (a± u)

�

�x
+ w

�

�y

Reactive Euler equations in 2-D geometry

D�

Dt
=

ẇ
tN

1
T

DT

Dt
� (� � 1)

�

1
p

Dp

Dt
=

qm

cpTu

ẇ
tN

Same as in p.9 lecture XII but with

�
�

�t
+ ŭ

�

�x

�
�̆ = ���̆

�y�
�

�t
+ ŭ

�

�x

�
� = ẇ

acoustic wave vorticity wave

entropy wave

w�/�y introduces negligible corrections, the reduced equations take
the form

ẇ(�, �)

Anticipating that the transverse convection
�

�

�t
± (1± ŭ)

�

�x

�
(�̆ ± ŭ) = �2ẇ� ��̆

�y�
�

�t
+ ŭ

�

�x

�
[�̆ � (� � 1)�̆] = �2ẇ

(small heat release)
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x�(t)� = 0

D heat releaseinduction

oscillations

oscillations

induction

x�(t)� = 0

D heat releaseinduction

oscillations

oscillations

induction

acoustic waves

entropy wave

y

� � t

tN/�
= � t t � t/tN �/�t = ��/��

the downstream propagating acoustic wave and the voracity wave are quasi instantaneous

� = O(1)

Scalings
Time scale

same relations as in the planar case
see p.11 lecture XII
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��
�

�t
+ ŭ

�

�x

�
� = ẇ

�
�

�t
+ ŭ

�

�x

�
�̆ = ���̆

�y

��

�x
= ���

��
additional relation in the transverse direction

(vorticity wave)

µ = O(1), � = O(1), � = O(1)

qm � cpTu � the variation across the detonation thickness are small

Longitudinal variations

ŭ � u

au
= 1 + �µ, �̆ � 1

�
ln

�
p

pu

�
= ��, �̆ � (T � Tu)

Tu
= �2�

Leading order relations
w

�

�y
=

�2

tN
�

�

��
is negligible in front of the unsteady term

�

�t
=

�

tN

�

��
transverse convection

downstream propagating acoustic wave

� �

�x
(� + µ) = 0

�
�

�t
+ (1 + ŭ)

�

�x

�
(�̆ + ŭ) = �2ẇ� ��̆

�y

entropy-vorticity wave �

��
[� � h� � �] � 0(� � 1) � �h�

�

�t
+ ŭ

�

�x

�
[�̆ � (� � 1)�̆] = �2ẇ

wN = (D � uN )��
y

Rankine-Hugoniot
� where

Transverse scaling

x = a(�t, y)� = 0 : �̆ = 2�
�

f�a/�y, ��̆/�y = 2�
�

f�2a/�y2

non-dimensional
equation of the
wrinkled shock front
a = amplitude/(autN )

(obtained by the linear approximation of the Rankine-Hugoniot relations)

(p.5 lecture IV, p.6 lecture XIII)

�
�

y � y/(autN ) = O(1/
�

�)

�̆ � w/au = O(�3/2)� ��̆/�y = O(�2) � �2a/�y2 = O(�)
�

�

�t
± (1± ŭ)

�

�x

�
(�̆ ± ŭ) = �2ẇ� ��̆

�y �

As in p. 11 lecture XII the slow time scale is controlled by the upstream-running acoustic
wave in the feed back loop between the shock and the reacting gas

� � y
�

� = O(1) � = O(1)�̆ = �3/2� � x = a(�, �)
a�

� � �a/�� = O(1)

ȧ� � �a/�� = O(1)

y
�

�



3 first order PDEs for �, µ and �

27

P.Clavin XV
Model for CJ or near CJ regimes

Clavin Williams 2009, 2012

� � x�a(�, �),
�

�x
� �

��
,

�

�y
�
�

�

�
�

��
� a�

�
�

��

�
,

�

�t
� �

�
�

��
� ȧ�

�

��

�
� = �t, � =

�
�y,

The boundary conditions at � = 0 (Neumann state) for � and � are given by the Rankine-Hugoniot conditions in p.7 of lecture X where Mu

is replaced by (D � ��/�t)
au [1 + (��/�y)2]1/2 Mu � 1 + �

��
f � ȧ� � (1/2)(a�

�)2
�

+ ..that is, to leading order,
the first nonlinear correction is purely geometrical

In the moving frame x = a(�, �)

� � � 0 : � = �µ +
�

f, � = h
�

f � hµ + � same relations as in the planar case see p. 13 lecture XII

Up to first order, the boundary conditions at � = 0 for �, µ and � are the same as in the planar case p 12 lecture XII

� = 2h[
�

f � ȧ� � (1/2)(a�
�)2]

where ȧ� � ȧ� + (1/2)(a�
�)2

� = 0 : µ + � =
�

f, µ = �
�

f + 2[ȧ� + (1/2)(a�
�)2], � = 0

the equations for the downstream running acoustic mode and the entropy-vorticity wave yield
�

��
(� + µ) = 0

��

��
� ���

��
+ a�

�
��

��
�

��
[� � h� � �] � 0

��

��
= ẇ(�, �)

��

��
=

�µ

��
� a�

�
�µ

��
� = 0 : � = 2

�
fa�

� � 2[ȧ� + (1/2)(a�
�)2]a�

�

x = � : w = (D � u)��
y (p.5 lecture IV)

where � is solution to with the boundary condition

with 3 boundary conditions at � = 0

additional terms coming from the front wrinkling

�
Upstream-running acoustic wave

2
�

�

��
+ (µ� ȧ� )

�

��

�
µ = �ẇ(�, �) +

��

��
� a�

�
��

��

�
�

�t
� (1� ŭ)

�

�x

�
(�̆ � ŭ) = �2ẇ� ��̆

�y

� �� : � = 1, ẇ = 0, µ = µb = �
�

f � 1

An integral equation for a(�, �) is obtained when applying the downstream boundary condition
see Clavin-Williams 2009 for
a more general condition:
radiation condition
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Multidimensional stability analysis (analytical expressions)
P.Clavin XV

form, can be
obtained for a simplified reaction rate, assuming that it depends on temperature only at the Neumann state
Analytical expressions for the linear growth rate vs the wave number, written �(�) in non-dimensional

Model equation
Then the linear problem is reduced to solve a single ODE of second order

d2Y

d�2
� �

dY

d�
� �2

2
|µ|Y =

1
2

d�
d�

+
�

2
h|µ|��

N

(with variable coe�cients)

( see p.8 lecture XII)

where d� = d�/|µ(�)|, �(�) is the distribution of heat release rate in the steady state and ��
N (�) is the distribution

denoting the thermal sensitivity

,

ẇ(�, �) � ẇ(�N ,�) with

� = 0 : Y = �2
�

f, dY/d� = �2�
�

f, � �� : Y = 0

The dispersion relation is obtained by applying the 3 boundary conditions
Clavin Williams 2009

:

Wavenumber

(a)

This approximation is well verified for the main mechanism of instability that is associated with the variation
of the induction length

the detonation thickness by a factor (M2
u � 1)�1/2)

(M2
u � 1)�1occurs before the planar instability with a pulsating frequency larger than the transit time by a factor

sensitivity �N or the induction length n . The Poincaré-Andronov (Hopf) bifurcation

when increasing the thermal
The multidimensional instability develops at a finite wave length (larger than

see the scaling of length and time p.11Bifurcation scenario similar to that of the strongly overdriven regimes

Analytical result
The equation for � becomes polynomial for a particular example �(�) =

�n

n!
e�� ��

N (�) =
d(��)

d�
|µ| � 1and

4

�
1 +

� +
�

�2 + 2�2

2

�n+2

= H� +

�
1 +

� +
�

�2 + 2�2

2

�
H � (n + 1)�N (� � 1)
single parameter

(E/kBTN )(T b � Tu)/T b = O(1)
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@2⇡1

@⌧2
=

1

(1� q)

@2⇡1

@z21

<latexit sha1_base64="o0qnPys8+1qqLz2dOEYyq4Ss/lY="></latexit>

⇡1 = ⇡1f (⌧ �
p
1� q z1)downstream running acoustic wave <latexit sha1_base64="oE8zz72RW9pJ01oSSs/S9hjUCKs="></latexit>

v = vf (⌧ �
p

1� q z1)

<latexit sha1_base64="BjrsUEd/SqAuLnEFiSMkjEzKRig="></latexit>

@v

@⌧
= � 1

�

@⇡1

@z1

<latexit sha1_base64="QdsWBDx0MgqnF4/+CdrZkyoD/Ts="></latexit>

speed of the piston

<latexit sha1_base64="EbICGgreQ43QVZoZqqRZniGnLQo="></latexit>

semi-permeable piston

<latexit sha1_base64="oxyqzZkqimafPlz7k5PSysZli5M="></latexit>

flow velocity

<latexit sha1_base64="pvSwiJ+sH1paLv1QKzPbFAi5bjA="></latexit>

uuf (t)

<latexit sha1_base64="WD6eA8NWbvFn1YvCj0J9NRd0V9w="></latexit>

Uf (t)

<latexit sha1_base64="BS+pcv+AwPNwQKAuAJ+Zq36ROBk="></latexit>

Tuf (t)

downstream running acoustic wave

<latexit sha1_base64="T4b65bbrpTvTFKQUd2E88iBQrkI="></latexit>

= �(t)Ub(t)

<latexit sha1_base64="lr1TsEvJgsZrcli3IIdQHAbNSMU="></latexit>

d�

dt
> 0

external flow of unburned gas

<latexit sha1_base64="vURmaGlMijsGOmD7EbRaHUdny0I="></latexit>z1 ⌘ "z
<latexit sha1_base64="CFP20/CizOFGAx6mNcgDcCzlDgo="></latexit>

z1 = 0

<latexit sha1_base64="x3jRjSehk+x+7UetDVJddU0Mpe0="></latexit>

⇡1f (t)

<latexit sha1_base64="uWdP2U92UQSlAdiFCTKhG72t4Zw="></latexit>

vf (t)

<latexit sha1_base64="7rHSGYLbMR8XtdmPnlhtus45/hw="></latexit>

@v

@z1
=

p
(1� q)

�

@⇡1

@z1

acoustic wave

<latexit sha1_base64="yWWHqfnWu99KkSL+85MI/iaWwMo="></latexit>

z 6 at

<latexit sha1_base64="dZk7oBWXdw1546sQzmuRD0+Erco="></latexit>

z > ⌧p
1� q

:
<latexit sha1_base64="IAp7KI8GkQW9zQ1YnyxAuft2+go="></latexit>

v = vf (⌧ = 0)
<latexit sha1_base64="1eLjTS6BL3YsodPSKNomzF2PiS0="></latexit>

⌧ = 0 :
<latexit sha1_base64="IAp7KI8GkQW9zQ1YnyxAuft2+go="></latexit>

v = vf (⌧ = 0)

<latexit sha1_base64="Nf1Y4/Mqs9kWTZq+uvLDcwqU4CE="></latexit>

z = 0 :
<latexit sha1_base64="ZAfTS54e0dHs0ovIVRVMre6llJ4="></latexit>

⇡1 = ⇡1f (⌧)
<latexit sha1_base64="8mvm7BMfj94IP5MbgoIDoGe2J8M="></latexit>

v = vf (⌧)

<latexit sha1_base64="EO1xLN95jJHw5RL8qZMY2h63c8I="></latexit>

z1 = ⌧/
p

1� q

weak discontinuity

uniform flow (initial state)

<latexit sha1_base64="rl7BQN0SA7J73h0mOV/K9oyTebY="></latexit>

vf (⌧) = vf (⌧ = 0) +

p
1� q

�
⇡1f (⌧)

<latexit sha1_base64="y4S52xMW6RN46hgv3I5kgJ0eKeQ="></latexit>

⇡1 = ⇡1f (⌧ = 0) = 0

<latexit sha1_base64="UBUU5br8LegILk/KXg6fDVc0hlw="></latexit>

z1 > ⌧/
p

1� q

<latexit sha1_base64="y4S52xMW6RN46hgv3I5kgJ0eKeQ="></latexit>

⇡1 = ⇡1f (⌧ = 0) = 0

<latexit sha1_base64="NpkB4wZr3YhYSVtIYy6qKgoEuxc="></latexit>

⇡1 = 0
<latexit sha1_base64="aDKRG2GPImiHRCtDr488DT3H3J4="></latexit>

v = v1f (⌧ = 0)

spatial integration

Compressible external flow upstream from the flame

 Riemann solution (linear approximation) before the shock formation on the leading edge

pressure versus flow velocity on the flame20 bis
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