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XV-1) Cellular detonations at strong overdrive

Clavin et al (1997) Clavin Denet (2002) Daou Clavin (2003)

Order of magnitude and scaling

Same limit as in § XII-3

Overdriven detonations in the Newtonian approximation

My =7ty /ay =My <1, M. = 0(1/€?), (v — 1) = O(e?)

qv = O(1) & Always unstable to transverse disturbances
Clavin et al (1997)

gN = Qm/CpTN
Underlying linear mechanisms o1 lecture XIV y

T =at,y)

longitudinal oscillation of the complex shock reaction zone Fresh mixture

_|_
transverse oscillatory mode of the lead shock

- X

Shocked gas

Transverse|wave

Longitudinal oscillation
see pp 4-8 lecture XII -—

period of oscillation: tx = 7,.(T )

wavelength of unstable disturbance anty = dn /¢

transverse velocity of the shock disturbances: ay : , —
see pp 7.8 lecture XIV detonation thickness d N =T Nty —(seep 1l lecture X )
tN =Tr (TN)

The unstable wavelengths are much larger than the detonation thickness

Reduced mass-weighted coordinates of order unity (generalization of p 4 lecture XIT)

1 e
D / p(x',y, z,t)dz’ t
Uu N Ja«

r = a(y, z,t) instantaneous shock position e

y = (ey/deez/dN)

B t
X = —
3y



PLavin XV Non-dimensional variables of order unity

denoting w the original dimensional quantities and w the dimensionless quantity

w=4/un, v=ev/uy, p=p/Pn, T=T/Tn and a =d&/dy, dy =TUnty

where the scaling of the transverse velocity v comes from the Rankine-Hugoniot condition

A

notations

VN /TN o (86/dy, di/0z) and the scaling of the transverse coordinates 0/0y = edy' 0/dy, 0/0z = edx'0/0z

FormU]_ati()n (Clavin et al. 1997, Clavin 2002)

A

change of variable

v(t,y)

Vy.v = 0(1)

1 e

X= ——— (2',y, z,t)dx’ D %, 0

ity D0 () - vy 0] vV
y = (ey/dy,ez/dN) tzzi Dt ot 0x o Y
m(t) where| m(t) =1 — (0a/0t)/D and v(x,y,t) = / Vy.V dx’ = O(1)

VIFIVAP e eadiug chock ;
_— or or 0 .
e Y= S ()5 = = u T(u(xy, 1)) where 7(x,y.t) = B/
Stability limat w=a/eTy oy =0 iy /D = 0(2) =

. , 9 Clavin Denet (2002)
EZEpCLTLSZOn Im Ppowers Of €

A

notations

m(t) = 1 + O(e)
Daou Clavin (2003)

small variations across the shocked gas

qN = €¢o u =1+ U(x) + du

T =1+ *Ty(x) + 6T

p=1+¢p,+0p

Linear equations

0 0 du dop ( 8 0 ) )
2| 2 L = o= = F V.v) =—-uV*“
/‘E [(3‘5 i 8}() ou de] o0x ot Ox (V-v) = P
PNUY /Py = € 1 u 0 0 0 . — 2
<8t 5’X) op + &(5u—l—uv) gn (0OW + VW), qN = €°¢2
Rankz’ne-Hugom’Ot conditions = (In/dy)0a/0t =N 06/0t = O(1)  Va=edy (gj,g—f) =0(1)

5p ~ —2€2d’t,

1 (=1,
x=0: 5u%[1—|—M3 5 ]ozt,

[ i

4

5TN ~ —(’y — 1>&t



P.Clavin XV

Outer flow in the burnt gas

a = aexp(ot +ik.y)

o =dty, k = |k|unty /e,

f(x)aexp(ot + ik.y)
o(k) = s(k) £iw(k)

The flow of the unperturbed solution is uniform in the burnt gas

5f<X7Y7t) -

g = O'()—|—620'2 + ...

Acoustic waves

_ 2 2 Y
D2 (82 P2 luy [ d 1 d 5 o | -
D—ﬂép_a?v(@—i_a—gﬂ)ép:o :> {’ypb (&—l—g) —6—2@4—’&[)/{ p(X):O X

: 2 2 2 _ 2.2|
ﬁ(X):pb&eZlX i il:€0'2|:€\/0' + E“x

acoustic wave
in the burnt gas

where gy = €29

1 — g2 e? = (W/1py) € = € (y-1=¢€h
anticipating . 2 . 2. .
gy = O(€) = o2 + k? = O(€?) = il =0(e%), |il = €ily, | il =O0(1)
the sound waves propagate in the burnt gas in a direction quasi-parallel to the front
modification of dp across the is of order €
=7 2 2 - 2 4
x=0: op=—22G4 = p(e°x) = =20 exp(ie®lox) + O(€”)

Vorticity wave

(% + %) 5u(i) = 0, (% + %) V(i) =0 valid up to €? in the burnt gas
Order unity
- (i) _ 9o (i)
x=0: durd&, veVa = du, :a(t—x,y), vy = Va(t —x,y)
Continuity
85uéi)/(9x + V.V(()i) -0 = 0%a/0t* —Via=0, oy = Lik

the growth or damping rate is small of order €
09 7

ily =~ 0p — \/20002—|—(h—|-Q2—1)1452
5

where gy = €2q2 (Y — 1) = €°h
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a(y, t) = Oéeat—Hn Y ou = ﬂ(X)&eUt"i'i”-y v = \7(X>&eat+1” Yy 5]? p( ) ot+ik.y

Outer flow (burnt gas)

0 L 9 54 0 L 9,0 - 2 .
P 8x ou'” =0, g + < =0  valid up to € in the burnt gas o9 = +ik 07
) = [00 + 62u(()2j e™* V.= {—/@2 + V. \72@2) e” v = ool
h unknown constants of integration
2 ~ . P o2 ~
p(e?x) = —2e%gei® 12X — U(a> = 2621l261€ l2x V.V(a) —2e%K2e!c “lax
' i 2 ~ 2 2 . 2 :
the acoustic flow is of order € p(e X) — _9¢ JeXp(le ng) 4+ O(E ) ily ~ og — \/2000_2 + (h 1 gy — 1) 2

the acoustic flow is small, of order €2, and varies on a long length scale

Inner detonation structure (inner zone)

Inner flow (reacting gas)

splitting 1=U9x) +a9(x)  v=VO(x)+ 7@ () U9x)=01)  VO(x)=0()
a(d 90 0 d i . X
%Z:? <8t 8x> op + a—(5u+uv) =qn(oW +ow), —=> & [U(’L) + u( ) } ( ~( )3 ) ,D(z) — / V.V(Z)dxl
subtracting out the acoustics 0

valid up to € gy = €2¢o

du/dx = qgyw = dUW /dx +7V.VY ~ gyw

(gt (‘ic) (V.v) = —uV*op — (8/5% + 8/8X)V.V(Z) ~ (0 valid up to €

subtracting out the acoustics

1 ~ /.
x=0: VNll_W]V@ V.l = 26242 — V.V(Z)%[—l—l—62 (2‘|‘

Rankine-Hugoniot see p.6 lecture X and p.6 lecture XIII

2 _ —0ox : 2
Ke valid up to €
e2 Mg )]

1 v —1

- x
x=0: 5u%[1+&5—(7;1)]m 0t = 2¢il, = U(Z)() ll—l-m— 5 ]0+2€2ilg—l—ﬂ(x)/o V.VOAx ~

C]N/ (W—I-~() )dx
6 0
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Matching

internal solution

o 1 1 x o x .
00 (x) — {1+ - 1 > ]0+262il2—|—ﬂ(x)/ V.VOdx ~ qN/ (w+@(§”w) dx’ v =
U 0 0
VYO~ (14 (24 )| n2e = YV = -1+ (24 — K (1—e )
€2 M2 0 N M2 )| o

at the end of the reaction w =0, w = 0: U®¥(x) — constant term + oscillatory term

constant 1 v—1 b , 1 2 00 .
term [1 T W — T] o—2¢ 1l2\—ub [—1 4@ (2 + eQMg)] ;+QN/0 <W+v ) dx" =0

ilg%O‘O—\/2O'00'2+(h+QQ—1)/{2

external solution _(i) _ {a n 6zul(ﬂ)}

oscillatory term with an amplitude varying on a long length scale, Re(o) = O(€?)

matching —> the constant term of the internal solution should be zero => | equation for ¢ when w is known

Reaction rate and dispersion relation o2(k)

OT oT (). a¢ aw (). i K;2 —0oX
(9’5 aX QN(1+U0 )W E‘I‘& (1+U0 )W Ué>:—a—0(1—e 0) x=0: T:TN(Y7t)7 ¢:0

Clavin et al (1997)

method similar to that used for galloping detonations see p.7-8 lecture XII — additional effect of wrinkling Daou Clavin (2003)

&
<

00 oo |,0002 0002 3 q2 :
O _E (i) — /2 h —1— 1— “h=280 equation for oo(k
/O (Frofw)ax =" [14s0m] = | 5 thtao 5 T 1= gh=8(k)| eq 2(K)

D)= ylr— D (045000 = [ Qe s = [ (14 il s
NT B B /0 7N /0
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Linear growth rate

Daou Clavin (2003)

R/ _ 1 [3@)(%)} _ MY st
adN / VAN N
4 -
quasi-isobaric instability mechanism . stabilizing effect due to compressibility
Im SY <0

SO (k) = By (v = Vs (k) + 55 ()

S (k) =2|Im (E;D—I—S(i)(/ﬁ)—l > (]

sensitivity to T strong instability due to wrinkling AN
N (0.}
. o0 , () () = / (1 +ikx)Q(x)e~*d stabilisation
; . s (k) = ikx)Q(x)e X
s(ﬁj)v(ﬁ:) E/ Oy (x)e™"*dx T 0 —— (N / — _ L N
0 still working when By = 0 instability /"

7 0.005 2.5
6t (a) (b)

— 2.0

5% St 0.0025 Nonphysical‘.’l Unstable branch Im[o]

T 4 Re[o] ﬁ N 15

= 3| 0

Tﬁ 2} 1.0-
1l ~0.0025] os.
0 Unstable branch
o 2 4 6 . 8 10 R T 00 05 10 15 20 25

Arrhenius law with Syqy = 0.1 (y—1)=0.1, By = 10 M2 =50
Threshold of linear instability for 3y =0 v = 1.05, M> = 20
0.002 (MN — 0.267)
Ref] e

0

good agreement between theory and numeric

Analytic
—0.002
gN = 0.24
—-0.004 . . . . .
0 02 04 06 08 1.0

7
N
~——=" T
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Weakly nonlinear analysis of cellular detonations
Clavin Denet (2002)

Near to the instability threshold the dominant nonlinear effects are those responsible for singularity formation

on the inert shock front (representative of Mach stem), see p.12 of lecture XIV

Model equation

A weakly nonlinear analysis leads to a combination of the linear equation for the multidimensional instability

of an overdriven detonation and the nonlinear equation for the lead shock

equation of the detonation front z = a(y,t)

8% 9| Va2 . _ 9
272
— —c"Voa+ = gvLY(a) — 2M n+v/gn =LY ()
nonlinear ?ynamics of the lead shogi quasi-isobaric instability sta% isation due to compressibility
=1+3(y-1)/2 LD(¢) = Bn(y — 1)lgl)v(oz) + l,(;)(a) L (a) ~ k@/2 in Fourier space

@) =g [ Oat -0k 1P =7 [ Walt-x)/dx where W) = 0(x) + ()

Good qualitative agreement with the experimental observation

_/—\

—/h—\

0.8 (b) ——C B —
@ CNVAVAVAVAVAVAVAVAVAVAN —

5 06| ] 11y ‘§///
% o _ _ t W t M
o 0.2 - - n -—\/_
: 451N A7

0.0 | ~ vy _——

: — —

B T 7 ¢T§
Mode number, 10 207 tN é.%

_/_\
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XV-2 Cellular instability near the C] condition

(small heat release)

Clavin Williams 2009, 2012

Formulation

Extension of the analysis of galloping detonations (planar case) pp 9-13 lecture XII

Reactive Euler equations in 2-D geometry

Same as in p.9 lecture XII but with

D/Dt = 0/0t + ud/0x + wd/dy

+ + +
10 1D gn w Ow DT _0, 9,9  Dw_ 10p
vp Dt = a Dt e, Tty Oy Dt Ot Ox oy Dt T o0y
Dy _ w IDT  (y—1)1Dp  gu W
Dt ity T Dt v pDt c¢,T.ty

Distinguished limait

Near the CJ regime the instability threshold concerns transonic conditions associated with small heat release

Clavin Williams 2009

Same distinguished limit as in pp 9-10 lecture XII

notation

X

With the notations of p.10 lecture XII  t= %, X =
N

auzN ’

o _ (v +1) gm
= 1 — 1) = 0O(e
€ 2 o T, < (v—1) (€)
T = %111 (p%) E z ;UT“) one introduces |V = w/au and Y = y/aqu

Anticipating that the transverse convection wd/dy introduces negligible corrections, the reduced equations take

the form
: %, 0
acoustic wavel| —_ N | s AL 9 = B
e i(lj:u)ax (7 £ u) = €W
. o .0 ,
W(1, 0) 5t Tlgg| Y=V

oV 0 - 0 , on it
- — —_— = = I'tlCl
5 p T Iy vorticity wave
o 0|, w9
[a + u&] 10— (y— 17| =ew entropy wave

Boundary conditions: Rankine-Hugoniot at the shock front and boundedness condition in the burnt gas x — o0

10
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Time scale

Scalings

tY L
llat
As in p. 11 lecture XII the slow time scale is controlled by the upstream-running acoustic TR
; wave in the feed back loop between the shock and the reacting gas acoustic wayes
T = EN/G —et]| t = t/EN T = 0(1) 8/(9t = 6(9/(97‘ D >\ eat release
entropy wave
the downstream propagating acoustic wave and the voracity wave are quasi instantaneous induction -
x
Longitudinal variations
gm <K ¢y,  => the variation across the detonation thickness are small
1 . (T —-1T, _ _ _
ﬂzﬂzl—l—eu, %E—ln(£>:€7r, (95( )2620 p=0(1), m=0(1), 6=0(1)
Ay Y DPu Ty

Transverse scaling (obtained by the linear approximation of the Rankine-Hugoniot relations)

Rankine-Hugoniot

wy = (D — uN)oz;

=

(p.5 lecture IV, p.6 lecture XIII)

E=0:

0= |

7 = 2e\/f0a/Oy, Oi/dy = 2e\/f0%a/Oy?> Where x = a(et,>§1

non-dimensional
equation of the
wrinkled shock front

y4/€ a=amplitude/(a,tx)

y = y/(auln) = O(1/Ve)

—

0
is negligible in front of the unsteady term — =

P =w/a, = O0(?)

ar

= 0a/07 = O(1)

- a(T’ 77) a, = da/on = O(1)

<9
0t ZN 87‘

same relations as in the planar case

see p.11 lecture XII

additional relation in the transverse direction

ot Ox Dy -
n=yve=0(1) =€y v =0(1)
Leading order relations B B
transverse convection wa— = _—ya—
downstream propagating acoustic wave y__In 01
2Jr(1+f&)g (7“T+11):62v'v—@ — Q(W—FM):O
ot Ox Oy Ox
entropy-vorticity wave - 0
9 8] . (vy—=1)=¢h — [0 —hr — 9] =0
— i [0 - (y =17 = *w 0&
| Ot Ox | =
i i § ov o
0 ok VTV o Yax | T "oy 0x on

(vorticity wave)



i 2V Model for CJ or near CJ regimes

Clavin Williams 2009, 2012

In the moving frame x = a(n, 7)

0 0 0 0 , 0 0 0 0
T:€t7 n:\/EY7 fEX-&(T],T), E_)a_gy a_y_>\/2<_—a—>, a—)E(E—aTﬁg)

the equations for the downstream running acoustic mode and the entropy-vorticity wave yield

0 9 éﬁb ov om ,0m
T+u) =0 0—hr—yY| =0 w(6, — x~ —— +a
The boundary conditions at £ = 0 (Neumann state) for 7 and 6 are given by the Rankine-Hugoniot conditions in p.7 of lecture X where M,
(D — 0a/0t)

is replaced by /2 that is, to leading order, M, — 1+¢ {\/7 —a; — (1/2)(347)2} + ..

the first nonlinear correction is purely geometrical

ay 1+ (9a/dy)?]

Up to first order, the boundary conditions at £ = 0 for 6, p and 7 are the same as in the planar case p 12 lecture XII where a, — a, + (1/ 2)(a;7)2

E=0:| p+rm=+/f |n=—V[+20k+(1/2)(a;)’ 0 =2h[\/f—a,—(1/2)(a))?] | =0

VEZ0: m=—p+ \/f, 0 = h\/} — hp +1| same relations as in the planar case seep. 13 lecture XII

~

Up stream—running acou StZ.C Wave additional terms coming from the front wrinkling
T
b

0 N PN W 0. % Q _ 0 _} @ _ ’\@

[a—(l—u)&](ﬂ—u)—ew—a—y :> 2 aT+(M aT)é’f X (9?¢)+6xn aﬁag
. ) <
where v is solution to e 8—” — aga—'u with the boundary condition|{ =0: v = 2fa —2[a, + (1/2)(a; ) Ja ;7
§ N § r=a: w=(D—-u)a, (p.blectureIV)

Y

3 first order PDEs for v, ;4 and v with 3 boundary conditions at £ = 0

An integral equation for a(n,7) is obtained when applying the downstream boundary condition

. . . o see Clavin-Williams 2009 for
f — OO w =1, w=0, p= Ky = — f —1 a more general condition:

12 radiation condition
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Multidimensional stability analysis (analytical expressions)

Analytical expressions for the linear growth rate vs the wave number, written o(x) in non-dimensional form, can be
obtained for a simplified reaction rate, assuming that it depends on temperature only at the Neumann state

w(0,1) ~ w(0n,1) with (y—1)Bny=0(1) Oy = 0(1/62) see p. 7 lecture XII
This approximation is well verified for the main mechanism of instability that is associated with the variation
of the induction length
Model equation

Then the linear problem is reduced to solve a single ODE of second order (

&’y Ay Kk _ 1dQ o,
" a - IAlY = 3dc o hlAl 2y
where d¢ = d¢/[f(€)|, Q(€) is the distribution of heat release rate in the steady state and Qy(§) is the distribution

denoting the thermal sensitivity ( see p.8 lecture XII)

with variable coefficients)

The dispersion relation is obtained by applying the 3 boundary conditions:

(=0:Y= —2\/?, dY/d¢ = —20\/?, (—o0:Y =0 Clavin Williams 2009

Analytical result i 4(e0)
The equation for o becomes polynomial for a particular example Q(§) = ﬁ—'e_fa Q' (&) = dé and || ~

55\ "2 S5 single parameter | 0-08 . ]

4<1+0+ 02+2K2> HJ—|—<1—|—0+ 02+2/€2> H=n+1)pn(H-1) 90.06:() /&_1_2.\95\
’ - 2 0.04 | / H=11 N\

S L ]
The multidimensional instability develops at a finite wave length (larger than 5 002 | /H-9\\§\ ;
the detonation thickness by a factor (M2 — 1)~1/2) when increasing the thermal R B lfff;ﬁ‘ \\:\ %
-0.02 : MVELSAL
sensitivity On or the induction length n . The Poincaré-Andronov (Hopf) bifurcation 00 02 04 06 08 JO 12

occurs before the planar instability with a pulsating frequency larger than the transit time by a factor (M2 — 1)~

Bifurcation scenario similar to that of the strongly overdriven regimes see the scaling of length and time p.11
|3



