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IV —1) Jump across an hydrodynamic discontinuity

flame considered as a discontinuity

flame thickness and curvature neglected

A>d;

flame =~ surface of zero thickness separating two incompressible flows

Low Mach nb approx + inviscid approx: Euler eqs

dp/0t = —V.(pu) pDu/Dt = —-Vp & 0J(pu)/0t = —V.(pl + puu)

tilted planar front

reference frame of the flame r=(z,z), u=(u,w)

Op/0t = =0(pu) [0z — O(pw)/ 0z,

A(pu) /0t = —=0(p + pu?)/0x — d(puw)/dz,
A(pw) /0t = =9 (puw) [dx — A(p + pw?) /9=

lim

dL—>O

a(z,y,t)de =0

L

jump relations (reference frame of the flame)

[pu]T =0 pu = p,Ur = ppUy

[p+puzr_r:0
pu#0 = [w’ =0

Temperature

Tu/ -

;Zocimz if a(r,t) is regular
/
4 Ty,

>
dr
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dr,

<>
UL Ub

o> —P>
Pu Pb

reference frame of the flame front

Ub_p_u Tb

U_L—pb Tu

conservation of mass + isobaric approx

pu>pb

Flame
U Up-Up
>

prd
N

Unburnt mixture Burnt gas
at rest

Zoom
AN
Temperature /] T
T, /

>
dr

Y

Piston effect

Flame front

< Uy
Fresh mixture Burnt gas
< at rest
Uy —Ug

”instantaneous” modification of the flow field, both upstream and donstream
(low Mach nb approx: the speed of sound is infinite, a &~ c0)

tilted front

Inclined flame front SRS 7%
Ub .,

Ups Burnt gas

Fresh mixture

deviation of the stream lines

A Unburned gas p., Burned gas pyp

A U_ ’ 4 < Uj,
| flame motion
«——
\%
, u_| B > Uy
\ flame motion
| —>
- Flame front

instability mechanism |g o Uz /A

A>dp, dL/A—>O



P.Clavin IV yA equation of the perturbed front z = a(y,1)
. ( reference frame !)
Unburmed gas Burmed gas flow velocity at the front ur = (us, wy)
p p,
] —_— < )1+ o
2 Ny = , Up = Ufny = uf—ozwf + ay;
o 1 + a/Q 1 + 04’2
41& y ’ wig = (wy + oyur)/y/1+
wip A I =
’ D oy = 00/0y normal velocity of the front
e ap = Oa /Ot Dy — vt
1 12
reference frame of the planar unperturbed flame VT
(z = 0)
flow velocity relative to the perturbed front
Unzun—Df:(uf—dt—oz:’wa)/ 1+ o Wig = Wiy
normal component tangentail component

conservation of mass
p U, =p"Uy

e (u; — y — oz;w]?) =7 (u}F — (y — oz;w?)

conservation of momentum

p+pU2] " =0 Wiyl T =0
— . / — 2 _|_ . / _|_ 2
P T (uf —ozt—ozwa) —pt _|_p+(uf —ozt—ozwa> ( Wy + uf) = (w?—ka’u}r)
f 1+ o2 / 1+ o2
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IV —2) Linearised Euler equations of an incompressible fluid

—out + —swT =
o U + Oy W 0,
.0 _ 0 s,
a=a-+da (Pia + mf%) dut = —%Mi ™ =pF — ﬁig(t)a?,
— e ot
mp=p Ry =Py 9 9 9
0 — 4+ My— | WT = ——dn+
ot 9 oy ’
x — +0o0o : disturbances remain finite, 8_2 n 0 ¢ 0 s7t —0
. _ Ox?  0Jy? 022
xr — —o0o : no disturbances, du~ =0

transverse coordinates

da(z,y,t) = a(z,t)e™Y  aly,t) = a(t)e™”

2~4
pressure 887-‘-2 . ’k’27':‘_:|: —0 7‘.(’.Z|:<x7t) — ﬁ?(t)e:F|k|w
x
. ou*t . | (0 40\ 4 _ -+ Flklo
flow velocity s +ikw™ =0 P (a +u o7 u(x,t) = :I:‘k‘ﬂ-f (t)e
general solution to the homogeneous equation + particular solution
0 (x,t) = a5 (x, t) + a5 (z, )
~+ ~+ k
bt ou p(a.t) = T (e,
Pr o g+ ZR T [ = Futk ) af(t) = £hAt(t
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k= |kl =2r/A i =ip =1, (t)e e b =ut(t)e

P p
aai (9 N potential ﬂo_lvifs ., N
“ Ry gt R o up=u-(t—x/u U5 =0, Up= gt—x
ot T 8:1: ’ R ( / ) R ’ fxzfortlcltj}n of the bur/nt ga)s flow

3 unknown functions: u; (), (1), 4, (t)

d
{ kr~(x,t) = —p~ (E —|—ﬂ_k> Uy (t)eTH®,
at(z,t) = al (t)e ™ +af (t —z/u't),
- _ d — ~ —kx
k' (x,t) =p" (E — uﬂc) .t (t)e ",
- S 0 4
ikw™ (z,t) = —ku (z,t), ikw'(z,t)= —5 U (x,1).
T

4 boundary conditions at the flame front involving the additional unknown a(t)

2 for the conservation of mass (inner flame structure not modified)
om, = 5m}f =0 m = p(u — da/0t)
2 for the conservation of normal and tangential momentum

7



PClavin IV

notation
IV-3) Conditions at the front
Mass

a(z,t)
ar(t) =a(x =0,1)
, transverse coordinates
Sa(z,y,t) = a(z, e aly,t) = a(t)el
-ﬁ(&g—@gzq#Qm;—m):o = uy =ouf=d, @ (t) = @ (t) + (1) = da/dt
da  duf  d*a
Tangential momentum T @ e
o0 ( _ ,—N\ O [ o . 1 daf(t) ,,_ (1 1Y\ 5.
a—y(wwaayu >—8—y<wf+ayu ) — kup(t)+ﬂ+ gP + kuy (t) =my o T 5 k2a(t)
o B o o elimination of da /dt |
ik.w (z,t) = —ktu (z,t), ikw'(z,t)=—=a"(z,t). g4 5
804;/8y—> —k%a(t) o ii —Lklat = —m i _ i k26 -+ 1 d%a + k.,
H_|_ dt p f p+ e u—l— dt2 Tf
Normal momentum _ a
Mkﬂi? i:ﬁ@gﬂ,~ g
ooy +277 (< o) = o9 + 25w K ) [ = T~ 77 =B 2 o0t
(A (@, t) = a@; (et U
r<0: < d
ki~ (z,t) = —p (= + 0 k) aj (t)et™ 1 d 1 d
\ (dt ) — m ¢ (ﬂTE — k) Uy + Ty (u—£ + k) iy =(p —p)kg(t)a(t)
(At (z,t) = a4 (e F + @ (t — z/uh) A
x>0: _ d _ _ . . ~ 1 -
knt(x,t) =p" (d— — +k:) ah(t)e ™ elimination of U, da
\ t . U dt
Equation for the front
. da ___ da .__
u, =da/dt = (P +P+)@ + 2mfk’g — (@

—p gk + @ —u")
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IV-4) Dynamics of a passive interface

T f =
d’a 3 -
(5~ +7") g + 2B — k(5™ — 7" )g(t) + (@" PTG Ha = 0
Rayleigh Fourier mode |c(t) = & e’ aly,t) = a(t)e™”
Re(c) < 0: linearly stable Re(o) > 0 : linearly unstable

Rayleigh-Taylor instability

Rayleigh-Taylor bubble (upwards propagation) x—> '
g>0, A =P""Pt-0 o=\Agk  Upuppe = 0.361/20R
p— T P+ ok with dimension
Gravity waves w=Imo #0
=t et Gf)=ae™  w=BVok  p=let
Faraday (parametric) instability. Mathieu’s equation
g(t) oscillating dQ—& + w2 [1 4+ ecos(wT)] & =0

dt? 9



raentv—|V-3) Darrieus-Landau instability of flames

M Darrieus 1938

Landau 1944 g=70 mp=p u =pa
d*a da
(P~ +7) s + 2Mph— — (W — T YMpk’a =
Landau Darrieus dt? dt ~ __ A ot
a(t) =ae
w=p /pt =ut/u >1 (p~ +pH)o? 4+ 2mrko — (Ut —u )msk* =
o 1
U = — = —1E4\/1+v, —v; ! =
u_ =Ug Uk 1+U51[ \/ + Up — Uy, ] o=AUrLk, A>0
dr,/A — 0 :no length scale in the problem; dimensional analysis = ¢ « Upk
pu> o 0= /UUL k (pu — pv)/pu < 1: 0= (U, —Up)k/2
k=2n/A shorter is the wavelength stronger is the instability !7
however the analysis is valid only in the limit dy, /A — 0
Stabilisation at small wavelength, A =~ d; ,
8_04 — BDT82—Q, Odiff = l/Tdiﬁ: —BDTk2 = —BULk(de) ?Q', B >0
ot 0y? g

first order correction B >07

Uns;table

k'dL<1: U/UL:Ak_BkZdL—I_ kl km'\ Stable)

|10



rcwinty - V|-6) Curvature effect: a simplified approach
?

modification to the inner flame structure 5m} = 5m? # 0

first order in perturbation analysis dr, /A <1~ dm /p- = (5u; — ¢&y) = —BD710%a/0y?
m_(t)/mf o BdL/CQ&(t) Dr =Updy

Normal momentum Opy +2p Uy (duy —Gy) = dpy +2p U} (Juf — cu)
- - _ 1 I . .
(flame notations: 7 — py, B~ — pus pu > pb) Mg —Tf_ = —2My (,Ob 5 ) m¢(t) + (pu — pp)g(t)a(t)

equation for the flame front (correction due to curvature, finite thickness effect kdy # 0)

d%a déa
(Putpy) 5 +2mpk—- (1 + BRYg) = ka(pu—ps) [9(¢) + UpULk (1 — 2Bkdy)]
dt? dt
curvature effect/

flame propagating downwards g < 0 N
1 d*a da 0 P Nk
— =2Bd 14 P poUk— = (2% 1)k |29+ U2k (122
km " ( " pu) dt? "t Pb Pu o1+ UL Km
non-dimensional parameters ¢, = 5~ /pt =ut/um > 1

s=o0rp, wk=kd, km=1/2B) Go=(pp/pu)Fr™" B =|g|ldr/U}
(1+v, )s? + 2ks — (vp — 1)k [—QO—FH (1 — ﬂ)] =0

Km

Stability limits of flames propagating downwards g = ()

marginal wavenumber [_g 1k (1 K )] —0
(0) /{/m 9




P.Clavin IV Stability limits of flames propagating downwards

non-dimensional parameters x = kd;,  km = 1/(2B)  Go = (pp/pu)Fr~" Fr~' = |g|dL/U?

_ _ K
§=0TL (1+v, )s? + 265 — (vp — 1)k [—goJm(l——)]:O
Km
A |
. ] K 7 Re() A (docraasing Gy Feee
marginal wavenumber g = () —Go+Kk(|1— | =& o o .
y | Rt /i)
gravity stabilizes the large wavelengths of slow propagating flame / ﬁ Yw'\ o
\\ a / g =agec
curvature stabilizes the small wavelengths @ P
gravity stabilizes the large wavelengths of slow propagating flame Ur < 10cm/s
instability threshold Uy ~ 10cm/s . k.d; . k_m . o @
oc 9 9 & 9 ) Lc Du kc

OK with experiments by Boyer Quinard and Searby (1982)

Flames propagating upwards: bubble flames




